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INTERO DU ALON, i 


Discorso inaugurale. 


DI 


G. FOLVANI 


Presidente della Societa Italiana di Fisica 


Contrariamente alle volte precedenti, quest’anno abbiamo voluto dare, 
all’inaugurazione di questo corso, minore risalto perchè il giorno 27 p. v. sarà 
qui, in questa sede, ricordata tutta Vattivita che l'Ente Villa Monastero ha 
svolto in questo quinquennio, e ci è sembrato doveroso non tormentare con 
troppi discorsi i nostri graditi ascoltatori. 

Tutto ciò però non esime il Presidente della Società Italiana di Fisica di 
prendere occasione dalla prima riunione del Corso di quest'anno per dare a 
tutti voi — docenti, allievi, uditori — qui convenuti per partecipare al Corso, 
il benvenuto più cordiale da parte della Società Italiana di Fisica e mio 
personale ed esprimere i ringraziamenti più vivi alle varie persone e ai vari 
enti che dando, in un modo o in un altro, ma tutti con estrema premura e cor- 
tesia, il loro aiuto alla nostra fatica hanno permesso che anche quest’anno 
il Corso si tenesse. Finanziano il Corso il Ministero della Pubblica Istruzione, 
il Consiglio Nazionale delle Ricerche, il Comitato Nazionale per le Ricerche 
Nucleari, la RAI, l’Università di Milano, la Prefettura di Como, le Societa 
Moto Guzzi di Mandello sul Lario, la Società Condor di Milano, 1> Società 
Badoni, Caleotto, Carenno, Fiocchi, Metalgraf, Serpentino, Orobia di Lecco; 
e naturalmente, la Società Italiana di Fisica. A tutti questi enti, ai loro 
reggitori premurosi e cordiali il ringraziamento più sentito della Scuola e 


della Società. 


Ma accanto agli aiuti finanziari non meno importanti sono quelli scientifici 
e questi soprattutto ci sono stati porti dai docenti che qui terranno le lezioni: 
di loro è lungo quest'anno l’elenco dato il particolare carattere che alla orga- 
nizzazione del Corso ha voluto dare il Direttore prof. FUMI dell’Università 


di Palermo. 
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Eccone i nomi: F. G. Fumt, Università di Palermo (Direttore del Corso); 
P. AIGRAIN, Ecole Normale Supérieure, Paris; S. AMELINCKX, Rijksuniver- 
siteit Gent; H. Brooks, Harvard University, Cambridge Mass.; F. C. Brown, 
University of Illinois, Urbana; G. Buscu, Eidgenéssische Technische Hoch- 
schule, Ziirich; D. L. DEXTER, University of Rochester; H. Y. FAN, Purdue 
University, Lafayette Ind.; F. C. FRANK, University of Bristol; J. FRIEDEL, 
École Nationale Supérieure des Mines, Paris; A. GUINIER, Conservatoire Na- 
tional des Arts et Métiers, Paris; Y. HAVEN, Philips Research Laboratories 
Eindhoven; R. Hitscu, Universitàt Gottingen; W. KANZIG, General Elec- 
tric Research Laboratory, Schenectady; W. Koun, Carnegie Institute of 
Technology, Pittsburgh Penn.; A. B. LIpIARD, Atomic Energy Research 
Establishment, Harwell; O. MADELUNG, Siemens-Schuckert-Werke Laborato- 
rium, Erlangen; N. F. Mort, University of Cambridge; H. Pick, Technische 
Hochschule, Stuttgart; D.PINnEs, Princeton University; J. R. SCHRIEFFER, 
University of Illinois, Urbana; A. SEEGER, Technische Hochschule, Stuttgart; 
F. Serrz, University of Illinois, Urbana; R. SmMoLUCHOWSKI, Carnegie Insti- 
tute of Technology, Pittsburgh Penn.; H. G. VAN BUEREN, Philips Research 
Laboratories, Eindhoven; C. ZENER, Westinghouse Research Laboratories, 
Pittsburgh Penn.; J. M. Ziman, University of Cambridge. 

A tutti quanti ho nominato vada il ringraziamento più vivo della Società 
Italiana di Fisica e mio personale. Desidero inoltre porgere particolari e affet- 
tuose espressioni di gratitudine al prof. FUMI per avere egli con entusiasmo 
e fattiva abilità organizzato il Corso fino nei più minimi particolari e così 
bene da rendersi degno di ogni lode, come degna di ogni lode sarà la sua 
direzione. 


E un caloroso e non meno cordiale ringraziamento va anche a voi, allievi 
e uditori carissimi qui convenuti, insieme con i maestri, da tutte le parti del 
mondo. E, come gli altri anni, nonostante la lista sia lunga, desidero presen- 
tarli reciprocamente. 


Allievi: F. BASSANI e M. Tosi (Italia), Segretari del Corso; D. ABOAV 
(Inghilterra), A. Ascot (Italia), M. ASDENTE (Italia), I. BARDUCCI (Italia), 
G. BIorci (Italia), G. BoATO (Italia), E. BOESMAN (Belgio), E. BRAUN (Israele), 
A. CARLEVARO (Italia), R. CoLomBo (Italia), E. DANIEL (Francia), J. DES 
CLOZEAUX (Francia), A. R. DE VROOMEN (Olanda), W. DUCHATEAU (Belgio), 
D. M. Epwarps (Inghilterra), R. FEDER (Stati Uniti), T. FEDERIGHI (Italia), 
M. FuysimoTro (Giappone), W. GEBHARDT (Germania), E. GERMAGNOLI (Italia). 
L. HEDIN (Svezia), R. Howarp (Stati Uniti), G. V. Kipson (Canada), L. KocH 
(Francia), F. A. LEVI (Italia), F. Lùry (Germania), A. MANFRINO (Italia), 
G. F. NARDELLI (Italia), D. H. NrBLETT (Inghilterra), N. NILSSON (Svezia), 
M. Oppo (Italia), A. PAoLETTI (Italia), L. PASSARI (Italia), J. K. Roros (Stati 
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Uniti), H. SAMELSON (Stati Uniti), W. D. TwosE (Inghilterra), C. M. van 
BAAL (Olanda), A. ZMERLI (Francia) 


Uditori: W. BALTENSPERGER (Svizzera), A. F. Brown (Inghilterra), PH. 
CHOQUARD (Svizzera), D. DAUTREPvE (Francia), P. A. P. FAELENS (Belgio), 
A. J. E. FOREMAN (Inghilterra), L. GruLotro (Italia), B. B. GoopMAN (Inghil- 
terra), S. C. JAIN (India), C. LAFLEUR (Belgio), W. MARTIENSSEN (Germania), 
M. MATYAS (Cecoslovacchia), A. C. Moore (Inghilterra), P. P. NAOR (Israele), 
W. J. NoBLE (Canada), G. Picus (Russia), G. W. PRATT (Stati Uniti), P. 
PRINGSHEIM (Stati Uniti), A. RGEANOV (Russia), A. Rose (Stati Uniti), M. 
SANTANGELO (Italia), M. SUurFOZyNSKI (Polonia), B. Virtoz (Svizzera), J. 
WUCHER (Francia). 


Considerando questa varietà di genti, diverse per cultura, tradizioni, ten- 
denze, idealità e ideologie, qui riunite al solo scopo d’indagare quel maravi- 
glioso libro « dove il senno eterno scrisse i propri concetti », e indagando rag- 
giungere tra loro — e questo avverrà, siatene certi: l’esperienza di questi 
cinque anni ce lo assicura — quella cordiale colleganza e amicizia che il comune 
studio e la bellezza e la pace del luogo — anch'esse hanno la loro importanza — 
fatalmente iavoriscono, si è portati a credere che anche questa nostra Scuola, 
nel suo piccolo, ma in un campo particolarmente sensibile e importante quale 
è quello dell’alta scienza, possa valere per la sua parte a stabilire o a rafforzare 
quei legami di reciproca stima e di reciproco rispetto che sono il fondamento 
di ogni convivenza civile. 

Con questa persuasione e con l’augurio che i vostri lavori siano altamente 
proficui, dichiaro aperto il V Corso della Scuola Internazionale di Fisica della 
Società Italiana di Fisica. 


SUPPLEMENTO AL VOLUME VII, SERIE X NO 2, U9a8 
DEL NUOVO CIMENTO 1° Trimestre 


Prolusione 


DI 


F. G. FUMI 


Direttore del Corso 


This year the International Summer School of the Italian Physical 
Society is devoted to solid State Physics. The term Solid State Physics in its 
present connotation was perhaps not adopted till the period of the second 
world war, and the field it covers is actually very vast, and may appear 
rather indefinite to an outsider. Indeed one hears that solid state physicists 
concern themselves with the study of the interactions between electrons, and 
electrons and phonons in crystalline lattices, problems which have a real 
taste of theoretical physics, but also with the study of luminescent materials, 
a field which has almost the sound of technological research. One hears that 
Solid State Physics includes such widely different branches as superconduc- 
tivity, semiconductors, the plastic behaviour of metals, radiation damage, 
ferroelectricity, ferromagnetism. One hears also that Solid State Physics 
is of very direct use to engineers to develop new materials, and to induce 
new properties in old materials. This broadness and heterogeneity of the 
subject prevents, I fear, people outside the field from having a clear idea 
of what Solid State Physics really is. 

In effect, I feel it is only possible to say tautologically that Solid State 
Physics is the study of the physical properties of solids, particularly of. the 
special properties exhibited by atoms and molecules because of their association 
and regular periodic arrangement in crystals. The basic unifying feature of 
Solid State Physics is really represented by the Bravais symmetry of the as- 
sembly of atoms in crystalline solids: it is this symmetry which determines, on 
the one hand, the form of electronic wave functions in solids and the types of 
atomic vibrations, and, on the other hand, restricts to a few categories the pos- 
sible types of imperfections in solids. It is the regularity of the crystalline array 
which makes possible the study of such complicated systems as solids really 
are, in the same way that the lack of this regularity makes the study of liquids 
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a more difficult endeavour. Naturally, among the many properties of solids, 
those tend to be preferred which can be discussed in terms of simple, concrete 
models, which certainly simplify the real problem a great deal, but include 
its essential elements. This modellistic character of Solid State Physics is perhaps 
its most noteworthy feature. 


My aim in planning this Summer Course has been to give a broad outline 
of the different modern aspects of Solid State Physics, to illustrate how they 
all actually link together. I focused my attention, on the one hand, on the 
more theoretical aspects, the quantum theory of solids, and, on the other hand, 
on the imperfection-determined properties of solids, which are receiving such 
world-wide attention. The field of semiconductors, the third main line of the 
course, can in some ways be envisaged as a cross-product of the other two, 
but it really has an individuality of its own. The major field of Solid State 
Physics which was consciously left out of the program is the field of magnetic 
properties of solids which received detailed attention in the very successful 
course that Prof. GruLoTro organized at Varenna last summer. 

On the quantum theory of solids, we shall have six series of lectures 
various and one seminar. Prof. BRooxKs will deal in his seven lectures with 
the basic concepts of energy bands in solids, and with the approximational 
techniques to deal with the problem of cohesion in solids. Prof. DEXTER 
will treat the optical properties of solids, dealing in particular with recent 
views on the exciton. Prof. FRIEDEL will discuss metallic alloys in the 
light of quantum theory. Prof. Morr will examine the problem of the 
transition from the insulating to the conducting state in a solid. Prof. PINES 
will devote five lectures to a presentation of the method of collective coordi- 
nates that he and Prof. Boum developed a few years ago, illustrating applica- 
tions of it to the study of electron-electron and electron-phonon interactions 
in solids. The electron-phonon interactions will then be discussed in more 
detail by Dr. SCHRIEFFER in his seminar on the recent Bardeen-Cooper- 
Schrieffer theory of superconductivity. Finally Prof. ZIMAN will discuss in 
three lectures the effect of lattice imperfections on the thermal and electrical 
conductivity of solids. 

On lattice imperfections specifically, we will have seven series of lectures 
various and eight seminars. Prof. FRANK will illustrate the basic concepts 
of dislocation theory, while Prof. Srrrz will treat point imperfections and 
their role in the physics of solids in general. Prof. GUINIER will illustrate 
the type of information that X-ray techniques can give on the presence 
of lattice imperfections. Prof. Hmscu will speak on the recent Géttingen 
work on thin films, and Prof. Pick will discuss classical and recent work on 
the most important types of colour centres. Prof. SMOLUCHOWSKI will present 
the recent ideas on the yet somewhat puzzling, and certainly involved, pheno- 
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menon of radiation damage. Finally Prof. ZENER will illustrate various appli- 
cations of the anelastic techniques that he has brought into Solid State Physics 
with such success. The titles of the individual seminars on imperfections are, 
I feel, self-explanatory. 

Concerning semiconductors, I should first say how sorry we all are that 
Dr. SHockLEY, Nobel Prize winner, who was scheduled to give a group of 
five lectures on transistor physics, could not be with us owing to urgent needs 
of his industrial laboratory in California. However, we are fortunate to 
have here Prof. FAN who will give a group of seven introductory lectures 
on the bulk properties of valence semiconductors. Prof. BuscH will then 
discuss the recent work on the new types of semiconducting compounds, such 
as InSb, and Prof. KoHN will treat the important problem of impurity levels 
in semiconductors. Dr. AIGRAIN and Dr. MADELUNG will also give two seminars. 

The program as it stands probably looks rather formidable, but I have 
strong hopes that the relaxing atmosphere of Lake Como, and the friendliness 
and informality that I am sure will permeate our meetings will help us to 
survive it. 


Per concludere, sono certo di esprimere il pensiero di tutti i partecipanti 
al corso porgendo il più sentito ringraziamento all’Ente Villa Monastero e 
al suo Presidente avv. Bosisio per l’ospitalità concessaci, e un particolare 
ringraziamento alla Società Italiana di Fisica, specie nella persona del suo 
instancabile Presidente prof. POLVANI, per aver deciso di dedicare questo 
5° Corso della Scuola Internazionale di Fisica all'argomento che appassiona tutti 
noi, e con noi varie migliaia di fisici in tutto il mondo: la Fisica dei solidi. 
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Teoria quantistica dei solidi. 


Quantum Theory of Cohesion. 


H. BROOKS 


Harvard University, Cambridge, Massachusetts 


i 


Qualitative considerations. 


1. — Introduction. 


The cohesive energy of a crystal is defined as the difference in total energy 
between the crystal and an equal number of separated neutral atoms. Exper- 
imentally it may be determined as the heat of sublimation. 

In these lectures we shall be concerned almost exclusively with the cohesion 
of simple metals, and shall not discuss ionic or covalent solids in any detail. 
The subject of cohesive energy really embraces three closely related topics: 


1) The value of the cohesive energy at the equilibrium lattice constant. 


2) The variation of cohesive energy with lattice constant, i.e. experi- 
mentally the pressure-volume relations at absolute zero. 


3) The prediction of the equilibrium lattice constants. 


A more difficult problem is the prediction of the relative stability of al- 
lotropic modifications. The differences in energy between such modifications 
usually are less than 3 kcal per mol, and, except for a few qualitative ideas, 
are beyond the scope of present quantitative theory. Since these lectures will 
be primarily concerned with the quantitative theory of cohesion, we will not 
touch on the subject of phase changes. In the present state of the theory 
we can discuss quantitatively only those factors in the cohesive energy which 
depend upon the atomic volume and are relatively independent of the arrange- 
ment of atoms in the crystal structure. 
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We may divide the cohesive energy of a metallic element into two parts, 
as follows: 


1) A part arising from the fact that the free atom wave functions must 
be modified so as to join smoothly from cell to cell in the crystal. 


2) A part which arises from the interactions of the overlapping electrons 
among each other. 


The first energy has been termed by WIGNER and Serrz [1] the boundary 
correction. To a certain approximation it may be regarded as a one-electron 
problem. It is the part of the problem which is concerned with the formation 
of energy bands in crystals, and will be the major concern of these lectures. 

The second part of the energy is usually referred to as the interaction energy. 
It is the part of the problem of cohesion which is specifically a many electron 
problem. In these lectures we shall have little to say in detail about the inter- 
action energy, since this will form a major topic of Professor PINES’s lectures. 


2. — Units and nomenclature. 


In these lectures we shall use the Bohr system of units in which the unit 
of energy is the rydberg (1 Ry = 13.60 eV), and the unit of length is the radius 
(0.5292-10-8 em) of the first Bohr orbit ina hydrogen atom of infinite nuclear 
mass. In this system of units we should note particularly that the Schrédinger 
equation of a hydrogen atom takes the form 


9 
(1.1) Vip +|B +5 p=0. 


y 


The potential of a point charge is 2/r, and the energy associated with a plane 
wave of wave vector k, i.e. of the form y=exp[ik-r], is H—k?. The co- 
hesive energy may be expressed in units of rydbergs per atom. Often cohesive 
energies are expressed in kcal per mole, the conversion being 1 Ry per atom = 
== 312 kcal/mol. 


3. — Alkali metals. 


These are the simplest of all metallic solids principally because they may 
be described in terms of one electron per atom outside of well-defined ion cores 
which do not at all participate in binding and are in fact unmodified in the 
solid. This rigorous separation of ion cores and valence electrons is exemplified 
in the large difference in binding energy between the most tightly bound va- 
lence electron in the metal and the most weakly bound electron in the core. 
These two energies and their ratio are shown in Table I, all in rydbergs. 
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TABLE I. 

Element Valence Electron Core Electron Core/Valence 

Li .688 5.56 8.1 

Na .606 3.60 5.9 

K -494 2.34 4.7 
| Rb .464 2.04 4.4 
| Cs .429 Tee 4.0 


For all these metals the loosest binding to the core is between 4 and 8 times 
the tightest binding of a valence electron in the metal. 

It is also of interest to compare the cohesive energy of the metal with the 
ionization energy of the free atom. This is shown in Table II, which indi- 
‘ates that the cohesive energy is between 1 and } the ionization energy with 
surprising constancy for all the elements except Li. 


ABB I 
"È == : 

| Da | Na K Rb | Cs 
N ao ea ee | 
| : | Cohesive Energy | | | | 

Ratio | ———_——___k 32.0.5008 ee | 218 214. PAA 
| | Ionization Energy | | | | 

| | 


4. Multivalent metals with valence electrons outside rare gas configuration. 


In these elements the separation between valence electrons and ion cores 
can be made as in the alkali metals. Indeed, because of the nuclear charge 
the rare gas ion cores are even more compact than in the alkali metals, and 
hence more completely isolated from binding in the metal. It is interesting 
to observe that when cohesion is expressed in terms of binding per valence 
electron, binding energies are of the same order of magnitude for most of the 
elements in this class. As in the case of the alkali metals the elements 
from the first row of the periodic table show exceptionally high binding. 
In Table III we show cohesive energies per electron for elements of valence 
1, 2, 3 and 4. 

WAR DELL. 


| | 
Li ay) Be .12: B ete 03 C | 137 
Na 084 | Mg .058 aa ie Sin fi .O70meae 
K .070 Ca .074 Se) | .099 AR GA) 
Rb .066 Sr .063 va) .110 Zr) | 100 
Cs .060 Ba .067 La) .094 | Ce) | .068 
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The elements followed by ) are of doubtful significance in the table be- 
cause with these elements the valence electrons in the free atom are beginning 
to fill a d or f shell. In the solid it is probable that there is a corresponding 
d or f band which is low lying and which partially overlaps the normal valence 
band, thus increasing the cohesive energy because the valence electrons have 
less average kinetic energy. It is interesting to notice how little the general 
trends are affected by the fact that some of the elements tabulated are insu- 
lators or semiconductors rather than metals. The modifications of the band 
structure which are responsible for profound changes in their electrical and 
optical properties have little or no influence on the magnitude of the cohesive 
energy, although they do have a bearing on what crystal structure is stable. 


5. — Monovalent noble metals: Cu, Ag, Au. 


These metals are very similar to the alkalis, except that the single valence 
electron now is outside a completed d subshell rather than a rare gas con- 
figuration. The resulting ion core is much more loosely bound in comparison 
with the valence electron than is the case for the alkali metals. In Cu, for 
example, the lowest state of a valence electron in the metal is bound about 
1 Ry, while the loosest core electron is bound by only 1.5 Ry. Thus in the 
solid there is really very little distinction between ion core and valence electrons. 
As a corollary of this the ion cores are very large. In the elements discussed 
in Sect. 3 and 4 the equilibrium atomic volume is essentially determined by 
the pressure of the Fermi gas formed by the valence electrons, and the cores 
are very far apart. In Cu, Ag and Au, by contrast, the lattice spacing is 
governed by the overlap of the ion cores. The interaction between the valence 
electrons and the ion cores is much stronger than in the alkali metals, because 
the nuclear charge is less well shielded from the valence electrons by the ion 
core. In consequence, the equilibrium atomic volume resulting from the com- 
promise between valence-electron ion-core interaction (attractive) and the pres- 
sure of the Fermi gas (repulsive) would be much smaller than the observed 
constant were it not for the overlap of the cores. 

This very different character of the ion-core valence-electron relationship 
in the monovalent noble metals is reflected in very different magnitudes of 
cohesion, as indicated in Table IV. 


TABLE IV. 
Metal Cohesion Ratio Cohesion/Ionization Energy 
Cu .260 Ryo 46 
Ag 220) 39 
Au .264 » 43 


Si 
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The cohesion per valence electron is 3 to 4 times what it is in other metals, 
and even the ratio to the ionization energy is about twice what it is in other 
cases. Detailed calculations, which will be mentioned in the last lecture, show that 
the interaction between valence electron and ion core falls far short of accounting 
for this large binding. Thus we must assume that the closed d shells contribute 
significantly to the binding. 


6. — Multivalent metals with valence electrons outside completed d subshells. 
The most striking feature here is the sharp decrease in binding as we move 


to the right in the periodic table from Cu, Ag or Au. This is most striking 
when we tabulate cohesion per valence electron as shown in Table V. 


TABLE V 
| Cu | .260 Zn | .050 Ga | O71 | Ge .063 
ees 22198 te Cd 43h) In |} 0620 | Bn | OSSA 
ern he aca: a fone To Pp 057 


It is immediately evident that the metals in columns 2, 3 and 4 show near 
normal binding per electron in comparison with the noble metals. This is 
essentially because the ion core again becomes isolated as we increase the 
nuclear charge. Thus as we go from Cu to Zn the extra nuclear charge con- 
tracts the d shell drastically. This both decreases the penetration of the valence 
electron into the core, thus decreasing its interaction with the nucleus, and 
decreases the polarizability of the d-shell, thus removing the possibility of a 
strong interaction between d-shells. Quantitative calculations indicate that 
for metals like Zn, in contrast to Cu, the interaction between valence electron 
and core is sufficient to account for the observed cohesion. 


7. — Transition metals. 


We have seen that in the noble metals, even the closed d-shells may con- 
tribute substantially to cohesion. The contribution is even greater if the 
d-shells are not complete, as in the transition groups. The usual explanation 
of this goes roughly as follows. The d-shells overlap in the solid and are there- 
fore broadened into bands; for Cu, Ag and Au these must be filled bands, 
and in such a case it can be shown that to a fairly good approximation the 
average energy of the electrons in the band is the same as the original atomic 
level. In this approximation there should thus be no bonding due to d-electrons. 
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It is thus probable that for the noble metals bonding is essentially a many- 
electron effect, arising from correlations in the motion of the electrons in 
adjacent d-shells. When the d-shell is incomplete, however, an additional 
contribution to cohesion results from the fact that the electrons fill up only 
the lower states of the band. According to this argument the maximum co- 
hesion in the transition elements should be reached when the d-shell is near 
to half filled, which is observed to be the case. The maximum total cohesive 
energies in each of the transition groups are shown in Table VI, together with 


WAGES VALE 
a = = è z 
Element | Total Cohesion | Cohesion per electron | 
| . = | | 
V | 383 (5) | 077 | 
Nb 591 (5) 118 | 
W | 646 (6) 108 | 


the binding energy per electron computed on the basis of all the electrons 
outside the nearest rare gas configuration. The number in () is the number 
of valence electrons used in the calculation. 

It is interesting to observe that the binding energy per electron is of the 
same general order of magnitude as for the other multivalent elements. That 
it is Somewhat on the high side is probably the result of the fact that we are 
dealing with d-electrons which have a high degree of degeneracy, and there- 
fore do not have as high a kinetic energy on the average as normal valence 
electrons. 


8. — Other elements. 


In the case of elements to the right of the 4th column of the periodic table: 


we find that the cohesion per electron lacking from a complete rare gas shell 
is fairly constant. This point is illustrated by Table VII. In this case the 
result is not so surprising, for we know that all these elements tend to form 
structures in which the co-ordination number is equal to the number of holes 


TABLE VII. — Hnergy per hole. 


| | 
PF [adv O .094 | N .059 
Cl Loa S .086 | P .080 
Bee 9) 086 Se 077 | As .065 
I | .088 Te .076 Sb .065 
| Bi .053 


Oe 
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per atom. Thus the halogens form diatomie molecular solids in which each 
atom is tightly bonded to only one neighbor. S, Se and Te form complex 
structures in which the atoms are arranged in chains with each atom having 
two neighbors closer than the rest. As, Sb and Bi are semimetals and tend 
to form structures of layer-like character in which the atoms are arranged 
in buckled planes with co-ordination 3. All of these crystals may be described 
qualitatively in terms of chemical bonds between definite pairs of atoms, one 
bond for each hole per atom, and the cohesion is roughly describable in terms 
of energy per bond. 

There exists a special class of solids, the noble gases (or rare gases) in which 
there are no valence electrons. These show very weak cohesion compared with 
the other elements discussed above. Such cohesion as there is results entirely 
from the very weak van der Waals or polarization interaction between the 
closed shells. This does not result from overlap of the wave functions, but 
from correlations in the motions of the electrons in adjacent shells through 
their Coulomb interactions. The cohesion of the noble gases is shown in 
Table VIII. 


TABLE VIII. 


He .00008 Ry | 
Ne 016 » | 
A 0059» | 
Kr | 0081 » | 
Xe SOIA 
Rn 0147 » 


REFERENCES 


[1] E. P. Wiener and F. SEITz: Qualitative Analysis of the Cohesion of Metals, 
pp. 97-126 in Solid State Physics, vol. I, ed. by F. Serrz and D. TURNBULL: 
(New York, 1955). Cfr. also E. P. WiGNER: Proc. 1953 Intern. Conf. Theor. 
Phys. (Tokyo, 1954), p. 649. 

[2] An earlier qualitative discussion of cohesion is given in F. Sprrz: Modern Theory 
of Solids (New York, 1940), chap. I, pp. 1-75. Cfr. also C. KiTtTRL: Introduction 
to Solid State Physics, 2nd ed. (New York, 1956), chap. 3, pp. 63-85. 

[3] For a general discussion of cohesion of metals, see Theory of Alloy Phases, American 
Society for Metals (Cleveland, 1956), especially the chapters by J. C. SLATER, 
pp. 1-13, and H. Brooks, pp. 199-220. 

[4] The numerical values of cohesive energy are taken from Table II, p. 108 of ref. [1]. 


172 H. BROOKS 


II. 


A solid as a many-electron system. 


1. The density matrix. 


Suppose that we have a system containing N electrons which may be de- 
scribed by the many-electron wave function 


LASA A 


where x,, 4, ..., *, Symbolize position vectors for the N electrons which also 
include the spin variables. We may define the first and second order density 
matrices as follows, using a notation due to LOwDIN [1]: 


(2.10) La x [Pax GE 


NN 


1 I | 
(2.15) xy x)= [ivitds,... den, 


where the integrations are taken over all the electronic co-ordinates except 
those which occur explicitly in the argument of the /”s, and summation over 
spin variables is understood. It is also necessary to define the joint density 
matrix 


(2.2) I'(x,|x1)= x [vr RFs a) May eee Oy) Oe OLN ee 


in which the wave functions in the integrand differ in the argument x,, i.e. in 
the position of electron 1. 

In order to appreciate the physical meaning of these definitions we con- 
sider a simple illustration. Suppose that the wave function may be written 
as a simple Slater determinant, or antisymmetrized sum of products, a typical 
product being 


(2.3) Pe, (%1) Wx,(%2) +. Wry(%y) 


then we have 


(2.4) P(x, |x,) = Sve, px) 
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and 


(2.5) Ta) = 2 | Pal) |? 


where the summation is taken over all the states in the determinant. For 
the second order density matrix we also have 


(2.6) D(x, x) = $1(x1) P(x.) — $| L(x | 2) |? - 


The quantity J(x,) represents an ordinary charge density (always including 
spin) while /"(x,, a,) is proportional to the probability of finding one electron 
at x, and another at x, simultaneously. 

Using the above general expressions for the density matrices the expectation 
value for the energy of a solid may be written in the form: 


(2.7) H=H,4+ #H,+ #,, 
where 
(28a) = [pir iet|enale,— ax) de aa, 
Zl 
(2.85) E, te > gee 9 SU e dx, dx, , 
gh Yan g Vig 12 


In these expressions p; is the kinetic energy operator, operating on the var- 
iable x,. The term H, represents the expectation value of the kinetic energy 
of the system. In #, the ‘ in the first summation indicates omission of the 
term for g=h in the sum over lattice points. 1, is the distance between 
lattice points labelled g and A, r,, is the distance between lattice point g and 
electron 1, 7. is the distance between electrons 1 and 2 

The 3 parts of the energy in (2.8) have been separated in such a way as 
to permit pairing off terms to eliminate divergences in the sums. The con- 
vergence difficulties are all concentrated in the £, term. H, is sometimes re- 
ferred to as the classical electrostatic energy or Coulomb energy, in.that it 
is calculated by purely classical or electrostatic arguments, but with charge 
densities computed quantum mechanically. However, it is a classical cal- 
culation only in the sense that it involves only the first order charge densities. 
E, is the quantum mechanical part of the electrostatic energy, in that it in- 
volves the joint probability density. It gives rise to what are usually termed 
the exchange and correlation energies. 


12 - Supplemento al Nuovo Cimento. 
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2. — Simplification of £,. 


If the wave function can be written as a Slater determinant, #, becomes 
just the sum of the kinetic energies of the individual electrons, including the 
core electrons. In this case it can be written in the form 


(2.9) i, = > | vile dpi vata) dx, =— > | vice V2wx(a1) dx, . 


8. — Simplification of H, and &,. 


The individual terms in (2.85) are divergent in the sense that they give 
contributions to the energy which increase faster than proportionally to the 
number of atoms in the crystal. In fact each term increases as N*”, where N 
is the number of atoms in the crystal. Despite this, if the crystal is assumed 
to be electrically neutral the divergent parts of each term cancel against each 
other, and we find that £, increases proportionally to N. 

We assume that we can write 


(2.10) M(x) = Dv.) ) 


where y,(x,) is a localized charge density associated with the cell centered 
at g. There are an infinite number of ways of performing the decomposition 
of the charge density in (2.10). For convenience we will assume that y,(x,) = 
=I"(x;) within the cell g and vanishes elsewhere. 

If the point x, lies outside the cell h we may write 


Vy Nn 
(2.11) Ii LR be (22) , 
Tia Tan 
where 
(2.12) n, =| FAC ow oe. rae 


Here n, is seen to be just the electronic charge associated with the h-th cell. 
The only property of ©,(x,) which we need to use is that it falls off faster 
than 1/r.,. It represents the effect on the potential of the dipole and higher 
moments of the charge distribution y,(x,). We may also write | 


; 2 2n 
(2.13) | SAR ag, = 28 daria), 
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where the right hand side is the potential produced at the nucleus g by the 
electronic charge distribution associated with cell h. 
Using (2.10), (2.11), and (2.12) in the expression for H, we obtain 


City ke >" (Ai My) (Zi) 


== ye {e2,— Ng) On(g) mi (21) wo (an Jan} + 
+3{-22 At eae fren | ee dx, 424} 


12 


In this expression the first term is the Madelung energy [2]. Its convergence 
can be demonstrated from the fact that 


(2.15) Din > Zi; 
9 g 


i.e. the total electronic charge is equal to the total nuclear charge. For ele- 
mental metals with which we shall be concerned all the n’s and Z’s are the 
same, so that the Madelung energy vanishes. 

The second term in (2.14)is a consequence of the lack of spherical sym- 
metry of the charge distribution associated with each cell. It may be written 
in the form 


(2.16) Sy I, — N) (9) + | 0 (x1) — yo(x1)]@,(%1) da 3 


gh 


The first term may be thought of as the interaction of the non-spherically 
symmetric part of the charge distribution in cell h with the potential produced 
by the net charge in cell g, while the second term may be thought of as the 
interaction of the total charge distribution in cell g (including the nuclear 
charge) with the potential produced by the non-spherically symmetric part 
of the charge distribution in cell h. Again the neutrality of the crystal guaran- 
tees the convergence of these terms. For simple metals this contribution 
to the energy is probably very small. Srrrz [3] has estimated the total con- 
tribution of deviations from spherical symmetry to the energy of a BCC array 
of positive ions embedded in a uniform distribution of negative charge, and 
found that it amounts to only 0.001 Ry in the case of Na, contributing a slight 
increase in cohesion. Seitz’s estimate includes not only the second term of 
(2.14) but also contributions from the non-spherical parts of the y’s in the 
3rd term. 

The third term of (2.4) arises from the interactions of the charge distri- 
butions within the same cell. The first term in the bracket is the self energy 
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of the electron distribution within one cell. This second term is what is usually 
referred to in the literature as the Coulomb energy of the electrons. This 
terminology is slightly misleading because it implies that this represents the 
whole electrostatic energy of the electrons. We have seen that all the terms 
in E, contain electronic interactions, but that these other terms are almost 
precisely cancelled by electrostatic interactions between nuclei, or between 
electrons and nuclei. 

If the wave functions can be written as Slater determinants, then we may 
make a separation of y,(x,) into a core part y,°(x,) and a valence part y7 (21). 
We may further assume, as is valid for many metals, that the core part is 
unaltered in the solid. 


It is convenient to write (2.8c) in the form: 


21'(£1, X2 
Ta){= i pes Dx.)} 
(2.17) iy = | = —- dx; dxe 


This may be considered as representing the interaction of a charge distribution 
T(x,) with the charge distribution represented by the quantity in brackets. 
From the definitions of /"(x,, x.) and of /(x) it is readily shown that the total 
charge density corresponding to the bracket is given by i 


(2.18) 


which is just the negative of 1 electron. Thus the charge distribution in (2.18) 
represents a deficiency of electronic charge, whose distribution depends upon 
the position of the first electron. For large distances between x, and x, it is 
plausible that the probability of finding one electron is independent of the 
position of the other electron, which implies that 


‘ 21x13 2) __ n 
(2.19) Cie Ie 


so that the integrand of (2.18) vanishes when electron 2 is distant from 
electron 1. Thus the bracketed expression in (2.18) may be thought of as 
representing a «hole » whose total strength is one electronic charge and whose 
maximum depth tends to follows electron 1 around as it moves. The inter- 
action of electron 1 with its accompanying hole gives a negative contribution 
to the total energy, and since /'(x,) is the total charge distribution due to 
N electrons we see that E; is proportional to N. For determinantal wave fune- 
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tions our «hole » just reduces to the Fermi or exchange hole which has been 
frequently discussed in the literature [4] but the above discussion shows that 
its significance is more general. It is generally found that the size of the hole 
is of the order of magnitude of the spacing between electrons in the electron 
gas formed by the valence electrons. As a result, in a monovalent metal the 
energy E, nearly cancels with the Coulomb self energy of the last term in #,. 
This is illustrated in Table IX, which shows for the alkali metals the contri- 
bution to the total energy per atom of the sum of the last term of H, and the 
E, contribution. In computing #, we used the theory of correlation energy 
which Professor PINES will discuss in his lectures. Table IX actually shows 


TapLe IX. — Interaction Energy. 


Li .0127 Ry .0125 
| Na | 0030 » .0069 
| K | 0035 » 0039 
Rb | 0051 » .003 2 
Cs 0062 » 0029 


two results, the second column representing the result found using the latest 
refinements in Pines’s theory. 

In the case of polyvalent metals the correlation hole tends to be somewhat 
smaller than the unit cell, so that the Coulomb contribution to the energy 
predominates. This situation is illustrated in Table X, which shows the total 


TABLE X. — Interacting Hnergy. 


| 
Na .0069 Ry 
Mg 20) 
Al .6702 » | 
Si | 9498 » | 


of the interaction energies for Na, Mg, Al and Si computed on the as- 
sumption that the electrons may be treated as free. The energies are expressed 
per valence electron rather than per atom in order to provide a better com- 
parison with Na. The new Pines formula is used. For reference we give both 
the old [5] and new formulas in the equation below: 


(2.20) Old sue = = _ 114 + .0313 In r, + .00057, , 
exch. 8 
(2.21) New: Hg, => eee .140 + .0626 Inr, — .0028,7, , 


exch, Ls 
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where it must be remembered that r, represents not the Wigner-Seitz sphere 
radius but the radius of the sphere whose volume is equal to the volume per 
electron, i.e. the reciprocal of the electronic density. 

If the wave function is a Slater determinant, then it is readily verified 
that 


(2.22) 21'(x1, x) — P(x,) P(x2) = —|L(x, | x2) |? , 


where /'(x,|x,) is the mixed probability density defined by (2.4) and is not 
to be confused with /(x,, x,) itself. If we introduce spin variables explicitly 
we can separate /(x,|x,) into an up spin and a down spin part. If we use 
this separation in the expression for H, and remember that the co-ordinate 
integrations must include a sum over spin variables, it is immediately ap- 
parent that the cross terms between up and down spin densities go out. We 
may thus write 


2.2¢ — dx, dx, . 


(2025) A, = | ae 2) + [Ey |X») È 
‘i UE 

This may be interpreted by saying that the correlation hole charge density 
exists only among the electrons having spin parallel to the given electron. 
There is no correlation between the positions of electrons of opposite spin. 
It is to be noted that the total strength of the hole is still — 1 electron. Thus 
with determinantal wave functions we have correlation between electrons of 
parallel spin but none between electrons of antiparallel spin. This arises es- 
sentially because for antisymmetric wave functions we must have 


(2.24) UNG es Copy UN 


i.e. the probability of two electrons with parallel spin occupying the same 
point in space is zero, a fact which is a direct expression of the Pauli exclusion 
principle. In a more exact treatment there is correlation between electrons 
of both spin directions, but the total charge connected with the correlation 
hole remains the same. That the total energy H, is more negative when cor- 
relation is taken into account must be a consequence of the fact that the distri- 
bution of charge in the hole is less extended in this case so that the interaction 
of the electron with its hole is greater. This is a natural consequence of the 
fact that the exchange hole is only half as deep at its center as is the com- 
bined exchange and correlation hole, as can be seen immediately from the 
fact that /"(x,, x.) vanishes for only half the electrons in the exchange case. 
Thus the effect of adding correlation is to deepen and narrow the hole. Indeed 
this picture works almost quantitatively. For example for Na with r,= 4.0 
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the exchange energy alone is —.2290 Ry, while the sum of exchange and cor- 
relation is —.2996 Ry. Using a picture of a flat hole with twice the depth in 
the exchange plus correlation 


3e 


case, we should expect correlation o(r) 
4nr? 


e(r)= 


to increase the energy by a 


factor of 2° which gives — .289 0. k- Exchange 
7 | hole 
The two holes are sketched in A Lech SP Al è as Al 
Fig. 1. — Exchange plus 
DIST: E correlation 
It is interesting to note that hole 


È 9aV 

in cases where we have less than 30 Co 
one valence electron per atom the Fig. 1. — Distribution of charge density 
correlation hole may actually for exchange hole and exchange plus cor- 


become larger than the unit cell relation hole. 


of the crystal. In this case we 

should expect that the total interaction energy would become negative. 
Physically this arises from the fact that the hole will extend into neighboring 
cells and expose the electron in a given cell to some of the positive ionic 
charge in neighboring cells. 

At the surface of a metal the correlation hole goes over into the image 
charge of classical electrostatic theory. In effect the hole broadens in extent 
and hangs behind the electron in regions of high charge density. Such an 
effect will occur also in the interior of a metal when there are fluctuations in 
electronic charge density. The hole will always tend to lag behind the electron 
in regions of high charge accumulation, and will thus favor more pile-up of 
charge in such regions. It is probably an effect such as this which is responsible 
in part for the transition from the Bloch approximation to the Heitler-London 
approximation. The Bloch approximation works best when the charge density 
is fairly uniform and the hole therefore modifies the energy of the electron 
without having much influence on its spatial distribution. We shall come back 
to this point in the next section. 


4, — The effective one-electron potential. 


We may consider the various energy terms in (2.14) and (2.17) in the light 
of an effective potential for the electrons. We may write such an effective 
potential in the form: 


(2.25) Va.) =— aN 2| vols) ay + 2 > j= dx, + 


T10 Tre g7#0 


"(271 22)/T"(21)) xi Ix1) 


To 
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where we have considered the potential in the 0’th cell, and where we have 
separated out the non-spherical part of the charge distribution 


(2.26) Yq(%1) = Vo,2(%1) + Vanta) - 


The subscript s denoting spherical symmetry, and the subscript » the non- 
spherically symmetric part. With the aid of (2.25) we may list the various 
contributions to the potential seen by an electron in cell 0 as follows: 


1) The electrostatic potential arising from the nucleus in cell 0. This is 
the first term of (2.25). 


2) The electrostatic potential arising from the core electrons in cell 0. 
This is part of the second term in (2.25) if we assume that we can separate 
Yo(x,) into a core and valence part. 


3) The electrostatic potential arising from the other valence electrons 
within cell 0. This will be the other part of the second term in (2.25). 


4) The electrostatic potential due to the non-spherically symmetric part 
of the electronic charge distribution in all cells other than 0. This is the third 
term of (2.25). 


5) The exchange effect between the core and valence electrons. 


6) The exchange effect arising from all other valence electrons of the 
same spin. 


7) The correlation or polarization effect arising from the correlation 
between the valence electron and core electron motions. 


8) The correlation effect between valence electrons. All the effects 5, 6, 
7, and 8 are included in the last term of (2.25). 


The electrostatic terms are easily visualized and require no further dis- 
cussion. It need only be noted that it is only the non-spherical part of the 
charge distribution in other cells which contributes to the potential. This is 
a small effect and is ignored in most calculations. It should be remarked in 
passing, however, that the changes in energy resulting from small distortions 
of the crystal which do not change the volume arise almost entirely from these 
terms in many cases. Thus, although such terms are negligible from the stand- 
point of cohesion, they may make the major contribution to the elastic con- 
stants, as is the case in the alkali metals [12]. 

If we omit the last term of (2.25) we have the potential for the Hartree 
approximation. In the Hartree method of calculation we determine one 
electron wave funetion s from the solution of the wave equation in this po- 
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tential. With the resulting wave funetions we may determine charge densities. 
and recompute a new potential. This procedure is then repeated until it is 
self-consistent, i.e. the potential determined for the wave functions agrees. 
with the potential for which they are solutions of the Schrédinger equation. 

If we retain the last term of (2.25) and assume that the wave functions 
are Slater determinants of one-electron functions, then we obtain a new form 
of self-consistent problem. This is, in fact, a modification of the Hartree- 
Fock problem suggested by SLATER [6]. It includes a contribution to the 
potential arising from the exchange hole, but this hole is taken the same for 
every state of the electron. Thus in this approximation every electron moves 
in the same potential. In a more rigorous formulation of the problem it turns 
out that the form of the exchange hole should be taken as different for each 
state of the electron. The Slater approximation represented by (2.25) is 
adequate for handling exchange between valence electrons, although even 
here the exchange potential for free electrons varies by a factor of 2 from the 
bottom to the top of the Fermi distribution. For handling both exchange and 
correlation effects between valence electrons and core, however, it is found 
necessary to set up a different potential for each angular momentum of an 
electron. In other words the radial part of the wave function of a valence 
electron must satisfy a differential equation 
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where V,(r) is different for each value of /. A general solution of the Schré- 
dinger equation then takes the form 


(2.28) (ASTREA 


l,m 


where the Y,,,(0,g) are spherical harmonics, and the A,, are expansion co- 
efficients. The adequacy of this representation of exchange and correlation 
effects of core and valence electrons has been discussed by Ham [7] and by 
CALLAWAY [8]. It is best justified in cases where the characteristic energies 
of the core and valence electrons differ most widely. 

When the electron is outside the ion core, the electrostatic potential due 
to the ion core may be written — 2v/r, where v is the valence. The exchange 
contribution to the potential can be shown to vanish outside the ion core 
because it is proportional to the amplitude of the core wave functions. The 
correlation or polarization potential, which may be very complicated inside 
the ion core, takes the simple form — 2x'/74, where «’ is the polarizability of 
the ion core measured in atomic units. Although this contribution to the 
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potential is small, it has a significant effect in calculations for the heavier 
metals and must be taken into account in any quantitative calculation as we 
shall see. Its greatest influence on the energy arises from the potential inside 
the ion core where its form is not known at all. Polarization potentials de- 
termined semi-empirically have been used in calculation for solids by HEINE [9] 
and CALLAWAY [8]. The justification for representing the correlation between 
core and valence electrons has been discussed by HAm [7]. It is only justified 
when the core electrons may be regarded as responding essentially adiabatically 
to the much slower motion of the valence electron. 

We have already mentioned that the correlation hole tends to move along 
with the valence electron in so far as the correlation and exchange between 
valence electrons is concerned. In fact for plane waves this is exactly true 
and in consequence the effective potential due to exchange and correlation 
effects may be regarded as a constant. In many real crystals we shall see 
that the charge density due to the valence electrons is constant over most 
of the cell. In view of this, considering that the exchange and correlation 
hole is of the order of the size of the cell, it seems likely that in simple metals 
it is a good approximation to regard the exchange and correlation potential 
as simply a constant, which may be of different magnitude for each state of 
the valence electron. It has sometimes been argued that because of the small- 
ness of the interaction energy for monovalent metals we may consider that 
exchange and correlation just succeed in keeping all other electrons out of a 
given cell, so that we should take as the potential seen by the valence electron 
in the solid just the potential of the bare ion core [10]. This procedure is 
highly questionable, however, because the correlation hole moves with the 
electron while the contribution to the electrostatic potential from the other 
valence electrons remains fixed in the crystal. This point has been especially 
emphasized by HEINE [9]. Thus whereas the constant potential may simply 
be incorporated in the eigenvalue, the electrostatic potential should be taken 
into account explicitly in computing the wave functions. This point will be 
taken up again at the end of Chapter V. We thus end up with a contribution 
to the potential from the other valence electrons which is given by: 


This potential cancels exactly against the ion core potential at the point 
r=r,, which is the radius of the spherical unit cell approximating to the real 
cell, i.e. the Wigner-Seitz sphere. 

The justification for representing exchange and correlation effects between 


valence electrons as a one-electron potential will be discussed further by Pro- 
fessor PINES [11]. 
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Solution of the one electron problem: energy bands. 


1. — Introduction. 


It is not our aim to give in this chapter a comprehensive review of the theory 
of energy bands, but merely to supply enough of the general theory to provide 
a sound basis for the discussion of the method of Wigner and Seitz, and a eri- 
tical evaluation of its limitations. 

We have seen that one of the basic problems is the solution of the Schrò- 
dinger equation for the motion of a single electron in a perfectly periodic po- 
tential, i.e. one which satisfies the condition: 


Vir +R) =Vir), 
(3.1) 


R=n,a,+ 
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Here a,, a,, a, are the three primitive translation vectors of the crystal lattice, 
N; Nx, Nz are integers. We shall see later that it is actually not necessary that 
Vir) be a simple potential, but it can actually include exchange and cor- 
relation effects to some extent. We shall stay with the simpler form in the 
present derivations, however. 

It is proved in many standard texts that the most general normalizable 
solutions of the Schrédinger equation with a potential satisfying (3.1) satisfy 
the Bloch condition 


(3.2) b,(k, r-+R) = exp [tk-R]b,(k, r) . 


Here k is the reduced wave vector, to be defined later. (3.2) is an expression 
of the translational symmetry of the crystal. Associated with the wave function 
which satisfies (3.2) is an energy eigenvalue H,(k). For a fixed choice of k 
we find only a discrete set of energies associated with normalizable wave fune 
tions. These are labelled by n, which may be taken to be the number of the 
level in order of increasing energy. 

Suppose we increase k by a certain vector K, such that k'— k + K. Then 
there exists a set of vectors K which have the property 


(3.3) exp (kK -Ri == 1e 


and the corresponding set of K are the vectors of the reciprocal lattice. The 
reciprocal lattice is constructed according to the following rules. We construct 
a set of vectors b,, b,, b; which are reciprocal to the primitive translation 
vectors a,, @,, a3, that is, which satisfy the condition: 


(3.4) a,b; = dx. 
Out of the b vectors we construct a lattice defined by: 
(3.5) K = 2x(h,b, + hyb, + hsbs) ’ 


where h,, hy, hs are integers. It is readily verified that any vector defined 
by (3.5) satisfies the condition (3.3) for arbitrary R. The totality of points 
defined by all the vectors K drawn from a common origin constitutes a lat- 
tice, which is the reciprocal lattice, and the vectors are called the reciprocal 
lattice vectors. 

Reciprocal lattice for a given real lattice is unique if the primitive lattice 
vectors are chosen so as to span the real lattice in the simplest way, i.e. to: 
generate a Bravais lattice [19]. For example, for bee the primitive vectors. 
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are taken as 


A 
(3.6) a, = 34(—r&#+Yy +2), a,=30&@0—-Y+2), a,=}a(x+%—2) 


dei SIAT, ì 
where a, is the cube edge, and x, y, 2 are unit vectors in the cartesian co- 


ordinate directions. The reciprocal vectors are 


a, X A; VE 

b, = => (Y 2) 
a, a, X a3 Ao 

(3.7) el at ae) 
,°a,Xa, 

a, Xa, Ie A 

by = 2 22 +H) 


a, “Ay X Az Ao 


2 


and it follows that the reciprocal lattice is fee with the cube edge 4z/a). 
Similarly, the lattice reciprocal to fee is body-centered with a cube edge 4z/a,. 

k-vectors which differ by a vector of the reciprocal lattice cannot be physi- 
cally distinguished, because the corresponding wave functions have indis- 
tinguishable translational symmetries according to (3.2). We may either 
regard d,(k,r) and #,(k) as functions which have translational periodicity 
in k-space, i.e. which satisfy the conditions: 


b,(k + K, r) =5,(k, r), 


(3.8) 
E(k + K) = #,(k), 


or, alternatively, we may restrict the vector k to a region of k-space such that 
no two points in this region are separated by any vector K. This is a unit 
cell in reciprocal space, often referred to as the first Brillouin Zone, or 1st BZ. 
Like the atomic polyhedron in the real lattice (if it is a Bravais lattice having 
one atom per unit cell), it may be constructed by choosing a particular lattice 
point and enclosing it with the smallest polyhedron formed by constructing 
the perpendicular bisector planes of all the vectors R or K drawn from the 
origin to all the points of the lattice or reciprocal lattice, respectively. The 
restricted domain of k-vectors is known as the reduced wave vectors. 
Discussion of symmetry properties is outside the scope of this review. 
The reader is referred to the literature [2]. We may note a few salient points, 
however. Reciprocal lattice is always a Bravais lattice. In general it has the 
same point group as the real lattice, except that its symmetry group always 
includes the inversion. Thus, the reciprocal to the diamond structure, 
which is not invariant under inversion, is a bee reciprocal lattice which has 
full cubie point symmetry. If we label energy levels for all k always in order 
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of increasing or decreasing energy, we may define a set of surfaces of constant 
energy in k space by E,(k) =H. These energy surfaces have the same point 
symmetry as the reciprocal lattice. In particular 


(3.9) Hb Eke 


If we neglect magnetic interactions, i.e. if we have a real hamiltonian, then 
we also have 


(3.10) b,(k, r) =.b*(— k, r) . 


In the presence of magnetic interactions the situation is more complicated [3]. 


2. — The cellular method. General theory. 


The Bloch condition (3.1) can be reformulated into a boundary condition 
(linear and homogeneous) to be satisfied by the wave function entirely within 
one unit cell of the crystal. It is customary to define the unit cell in terms 
of a symmetrical polyhedron surrounding some atom and constructed by 
means of perpendicular bisector planes as defined previously. The unit cell 
has the property that points on opposite faces of it differ in position by some 
vector R which is a translation vector as defined in (3.1). Thus by means of 
(3.2) a wave function on one face of the cell may be expressed in terms of a wave 
function on the other face. The condition that the function be continuous 
with continuous derivatives throughout the crystal then reduces to the fol- 
lowing relations: 


exp [— ik-r.]b,(k, r,) = exp [— ik-r,]b,(k, rs) 


(3.11) 

— exp [— ik-r Jt -Vb,(k, ri) = exp [— ik-rJf -Vb,(k, rs); 
where 
(3.12) r,—r,=R 


and where r,, r, are two points on the surface of the cell which are related 
by (3.12), the right hand side representing primitive translation vectors. (3.11) 
is valid for any definition of unit cell, but it is not very useful unless the cell 
is chosen as the symmetrical polyhedron as described above. The reason 
for this is that inside this polyhedron the Schrédinger equation is nearly spher- 
ically symmetric so that differential eq. is approximately separable. 

Another way of writing (3.11) which is equivalent. The Bloch condition (3.2) 
is also equivalent to 


(3.13) b,(k, r) = exp [ik-r]u,(k, r), 
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where «,(K, 0) is a periodic function of r, and satisfies a boundary condition: 
, / t A 
(3.14) nth, m.) kr) Vu,(k, ry.) = 2-Va,(k, rv.) ; 


where in both (3.11) and (3.14) the operators h-V and ’’-V are normal deriv- 
atives, taken normal outwards to the face of the cell at r, and ni respectively. 

Suppose the potential V(r) is spherically symmetric throughout the atomie 
polyhedron. The wave function satisfies the spherically symmetric Schrò- 
dinger equation 


(3.15) Vb, (k, r) +[# — V(r)]b,(k, r) = 0, 


where Rydberg units are used for energy and Bohr units for length. The gen- 
eral solution of (3.15) may be expanded in spherical harmonics in the form 


(3.16) b,(k, r) = SI Armi((E, r) Vere P) 5) 


l,m 


where the A,,, are arbitrary coefficients, and the radial functions satisfy the 
radial differential equations: 


af, 2df | ; Ul +1) 
3.) 7 L — | D é È === = A 
(3.17) ar I Sate + | E V(r) 72 fi 0 


In (3.16) it is assumed that the f’s are normalized in such a way that 
(3.18) f(H, 7s) =1 


for some choice of 7, and for all £. 

If we substitute the expansion (3.16) into the boundary condition (B.C.) 
(3.11), we obtain in principle an infinite system of linear homogeneous algebraic 
equations for the determination of the A’s. The compatibility condition for this 
set leads to a single relation between the f’s, corresponding to the vanishing of 
the determinant of the linear equations. This condition is in general only satis- 
fied for a discrete infinite set of H’s, which are the eigenvalues £,(k). 

In practice, of course, the boundary value problem is only tractable if 
we cut-off the expansion (3.16) after a finite number of terms. This means 
that we must also use only a finite number of boundary conditions, and the 
trick then becomes to select these in the optimum way. 

There are some tricky points to be noticed. Any Bloch function may be 
expanded in the form (3.6) but the expansion coefficients only satisfy the dif- 
ferential equations (3.17) for values of 7 such that the potential is spherically 
symmetric on the entire sphere. This condition is not usually satisfied for 


188 H. BROOKS 


spheres larger than the inscribed sphere for the atomic polyhedron. Larger 
spheres overlap into neighboring polyhedra and the potential becomes that 
which is centered on that polyhedron. From the standpoint of the given poly- 
hedron, the potential is no longer spherically symmetric. The only exception 
to this difficulty occurs if the potential is taken as constant outside the in- 
scribed sphere. One practice is to arbitrarily choose the potential in this 
way, Satisfy the boundary conditions, and then treat any deviations from 
constant potential as a perturbation of the solution. When a non-constant 
potential is used outside the inscribed sphere, most frequently a 1/r poten- 
tial, and when the coefficients in (3.16) are treated as solutions of the radial 
equation, the solutions become somewhat oversensitive to the exact choice 
of boundary conditions. This is not a prohibitive situation, but makes for 
some practical difficulties in applying the cellular method [20]. 


8. — Brief history of the cellular method. 


It is not the primary purpose of this review to go into band calculations, 
and so I will only sketch briefly how the cellular method has been used, and 
will make very little reference to other methods [3]. 

The original application was suggested by SLATER [4]. He proposed that the 
boundary conditions be satisfied at selected points on the cell boundary, the 
number of non-equivalent points being chosen to just determine the number 
of unknown coefficients retained in (3.16). The general method was applied 
by other authors somewhat indiscriminately to a number of solids before 
Shockley [5] investigated its accuracy by a rather neat test problem, the so- 
called empty lattice test. We know that in a constant potential the Bloch 
functions are plane waves while the solutions of (3.17) are spherical Bessel 
functions. We may then use these Bessel functions in the approximate B.C., 
determine the corresponding H,,(k), and compare them with the known cor- 
rect answer, which is just 


where K,, is a reciprocal lattice vector. Shockley found that for the boundary 
conditions at selected points that had actually been used in practical cal- 
culations the empty lattice test was extremely poor in some cases. In general 
the results were poorer the higher the energy above the lowest state of the valence 
band. Unfortunately the main conclusion from Shockley’s work was that in 
order to obtain reasonable accuracy for excited states it was necessary to 
retain so many terms in the expansion (3.16) and satisfy boundary conditions 
at so many points that for general values of k the procedure became im- 
practical. 
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The first attack on this impasse was proposed by BETHE and von DER 
LAGE [6]. They emphasized that for certain special values of k, many terms 
in (3.16) could be omitted by symmetry arguments. For such cases it is pos- 
sible to retain harmonics of high order in the expansion (3.16) while still 
keeping the total number of harmonics manageable. For example, in the case 
of Na for the points & = (0,0,0) or (0,0, 47/ay)) it is possible to retain 
all harmonics up to order /=8 while still having only 3 harmonics in the 
expansion (3.16). This is true for functions of s-like symmetry. BeTHE and 
VON DER LAGE applied this idea to Na, using B.C. which were a mixture of 
conditions at specific points on the cell surface and averages over certain lines. 

Quite similar procedures were suggested by HowARTH and JONES [7]. They 
used the same expansions as BETHE and von DER LAGE but satisfied the B.C. 
in a different way. Essentially they used a redundant number of boundary 
points, averaging their results over different sets of points. The points them- 
selves were selected on the basis of their capacity to give good results with 
the empty lattice test. HowARTH and JONES also developed a procedure for 
correcting their final eigenvalues by means of a boundary perturbation in- 
tegral. This integral will play an important role in the methods to be discussed 
below, and we shall postpone its detailed discussion until that time. 

The next development in the cellular approach was provided by W. KouHN [12] 
who showed that the correction perturbation integral suggested by HowARTH 
and JONES [7] could be used as the basis of a variational principle for the satis- 
faction of the B.C. Again the Bloch function was to be expanded in the form 
(3.16) and the coefficients determined by making stationary a certain surface 
integral over the atomic polyhedron. Practical applications of this method 
have been made by PINCHERLE and others [13]. 

The basic philosophy of the cellular method is to expand the Bloch function 
in terms of exact solutions of the Schrédinger equation, and to determine the 
unknown coefficients in this expansion by attempting to satisfy the cellular 
boundary conditions in an approximate way. As might be expected the con- 
verse approach is also possible, namely to expand the Bloch function in terms 
of functions which satisfy the B.C. exactly but which satisfy the differential 
equation only approximately. The unknown coefficients in the expansion are 
then determined by satisfying the Schrédinger equation to a closer and closer 
approximation. The best example of this procedure is the method of ortho- 
gonalized plane waves, originally suggested by HERRING [8] and exploited 
extensively by HERMAN [9], CALLAWAY [10], PARMENTER [11] and others. 
As the name implies, in this method, the expansion functions are taken to be 
plane waves of the form 


(3.20) exp [i(k + K,):r], 
where the different reciprocal lattice vectors K, are associated with different 
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waves in the expansion. The waves (3.20) are modified so as to be made 
orthogonal, by the Schmidt method, to the wave functions of all the ion core 
electrons. The trick here is that the wave functions of the ion core electrons 
are highly localized and in fact vanish for all practical purposes on the atomic 
polyhedron. Thus the process of orthogonalizing the waves (3.20) to the core 
electrons does not modify their form in the immediate vicinity of the cell 
boundaries. In consequence the orthogonalized plane waves still satisfy the 
exact boundary conditions of the problem, but are much better approximations 
to solutions of the Schrédinger equation than plane waves alone. 

We shall not review the several other methods of calculation which have 
been proposed and tried in practice, since they will not enter into our discussion 
of cohesive energies. 


4. — The sphere approximation. 


WIGNER and SEITZ first made the suggestion [14] of replacing the exact 
boundary conditions (3.11) or (3.14) by a spherical approximation. The idea 
was to replace the polyhedral unit cell by a sphere of equal volume. In the 
B.C. r, and r, become radius vectors from the center of the sphere to dia- 
metrically opposite points on the surface. Since the potential is also assumed 
spherically symmetric, there is no preferred axis in the boundary value problem 
other than the direction of the vector k. Thus the expansion (3.16) reduces. 
to the simpler form 

oe A A 


(3.21) b,(k,r)= A:f(E,r)Pi(k-r), 


t=0 


where Pi is a Legendre polynomial of order J, k and r represent unit vectors, 
so that k-r is the cosine of the angle between k and r,. 

Taking into account the oddness and eveness of the Legendre polynomials, 
the boundary conditions (3.11) may be written in the form: 


> A.if(E, 7s) P:(cos 6) (exp [— ikr, cos 6] — (— 1)! exp [ikr, cos 6]) = 0, 


> Aif,(EZ, 7.) P.(cos 6) (exp [— ikr, cos 0] + (— 1)! exp [ikr, cos 6]) = 0, 


t=0 


AN YAN 
where cos? = k-r, and where the prime in the second equation indicates dif- 
ferentiation with respect to r,, the radius of the spherical cell. One way of 
solving the system (3.22) is to multiply each equation by P,(cos 0) and in- 
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tegrate over all directions of r. The resulting equations are: 


+1 
eo 


(3.23) Even L: DA fin.) Jeso [— dkr.u]P.(u)P,(u)du=0, 
l=0 
el 


ea 
(co) 


(3.24) Odd L: SAF(E, r) fox [— ikr,u] P.(1) P,(u) du = 0. 
L=0 
-1 


It is to be noted that for a given value of L one of the two equations (3.22 
is always satisfied identically, so that half of the system is always redundant. 
In practice, of course, the equations are solved by retaining only a finite number 
of harmonics. In order to make the system just compatible we retain the 
same number of L’s as l’s, in which case it is easily seen that the number of 
equations equals the number of unknowns. The energy is obtained from the 
condition that the determinant of the system vanish. 

It is of interest to apply the empty lattice test to the set (3.23)-(3.24). 
We first note that the equations for the two lowest values of L; ie. L=0 
and L=1, take the form: 


co 


(3.25) > (— 1h (B, LIAR: eae Ors DOU1lAh(E,r)j(kr)=0, 


t=0 t=0 


where j,(kr,) is a spherical Bessel function and j,(krs) is its first derivative 
with respect to its argument. If we expand the determinant of (3.23)-(3.24) 
by minors of the first two rows, eq. (3.25) shows us that each term in the 
expansion contains a factor of the form 


(3.26) £f,(B, 1.) f(y ra) 5 (er) Fy (Hers) — fy (By 3) fi By 14) jn BPs) dCs) 
For the empty lattice we have 
(3.27) h(E,r.)=j(VEr),; 


where it is assumed that £ is measured from the zero of kinetic energy. From 
(3.26) we see that if we take E = k? then it follows that each minor in the 
expansion of the determinant vanishes identically, and therefore this value 
of E is an eigenvalue. If we cut off the expansion after a finite number of 
harmonics there will, of course, be other allowed values of E. However, it 
seems probable, though not proved, that as we allow the secular determinant 
to go to infinite order the spurious roots go off towards positive infinity, and 
we are left only with the correct empty lattice energy E=k?. The ability 
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to fulfill the empty lattice test when the harmonic expansion is cut off at 
finite order is peculiar to the particular form of the spherical boundary con- 
ditions taken in (3.23)-(3.24). There are other ways of writing the conditions, 
however. For example, we could have multiplied each equation in (3.22) by 
exp [— ikr, cos0] before multiplying by P, and integrating. We would then 
have obtained a system which is equally valid and entirely equivalent to 
(3.23)-(3.24) when carried to infinite order, but different when cut off at finite 
order. Such a system would satisfy the empty lattice test only in the limit 
of infinite order, but the finite system would not do so. It is for this reason 
that we prefer the particular form, since in a real calculation it insures that 
the secular determinant will nearly vanish if the radial functions are almost 
like Bessel functions, as is in fact the case for many simple solids, as we shall 
see later. The use of the special set (3.23)-(3.24) gives us the greatest accuracy 
in the energy for a given number of harmonics. 

We note also in connection with these equations that there is no reason 
why we heed restrict ourselves to reduced values of the wave vector k, since 
the empty lattice test is satisfied for all values of k. That values of k outside 
the lst BZ are significant simply follows from the fact that the artificial spheri- 
cal boundary conditions we have used are not compatible with the perio- 
dicity of the crystal. Nevertheless these apparently artificial solutions will 
prove quite useful when we come to discuss the exact boundary conditions. 


5. — The Wigner-Seitz solution. 


We consider first the case k= 0. The B.C. (3.23)-(3.24) reduce to the 
simple form: 


(3.284) Even L: Al fe( Er ye Oe 
(3.280) Odd L: A,f,(,r)=0. 


Only one non-vanishing harmonic occurs in the expansion, and if the non- 
vanishing harmonie is even, the radial derivative of the radial funetion vanishes 
on the boundary, while if the non-vanishing harmonic is odd, it is the funetion 
itself that vanishes. 

In the case of Na WIGNER and SEITZ chose L= 0, since the lowest va- 
lence state of the free atom is an s-state. The value of # for which (3.28a) 
is satisfied when L=0 then represents the energy for k=0 in the valence 
band of Na in the solid. This solution satisfies the empty lattice test, since 


(3.29) i(VEr)=0, 
when H = 0. 
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We could attempt to use (3.28) to obtain higher states, but we run into 
difficulties when we try to apply the empty lattice test in such cases. As an 
illustration, let us consider the next lowest set of free electron states in the 
BCC lattice corresponding to a reduced wave vector of 0. According to (3.19) 
this energy level is at X?,, where X,,, is the length of the shortest reciprocal 
lattice vector, (R.L.V.) which is 2\/2 a/a,. There are 12 such R.L.V. of the same 
length, and the corresponding energy level is 12-fold degenerate. From group 
theory considerations it is possible to construct linear combinations which 
have s, p, d, and f-like symmetry. There is 1 s combination, 3 p combinations, 
5d combinations, and 3f combinations, all of which have the same energy 
in an empty lattice. In a real crystal these combinations will have 5 different 
energies, since the d combinations give rise to two different energies which are 
triply and doubly degenerate in cubic symmetry; but this need not concern 
us for the moment. Table XI shows the positions of these various levels for 


(MATES CL, 


: 
Sphere Free Na-extended True Na 
| 

8 1.265 1.210 1.224 

Pp | 1.265 210 1.224 1.19 

d | 0.70 1.224 1.16 (*) 

ji | 3.06 1.224 TDI (5) 

(*) Na values measured from 7). 


rs= 4.0 in the empty lattice sphere approximation. The correct result is given 
for comparison. (The table illustrates two points, 1st that the sphere approx- 
imation is poor except when k is defined in the extended sense, and 2nd that 
the values of the radial wave functions are very close to the free electron values 
for Na.) The 3rd column shows the result obtained for the sphere approximation 
in Na when the spherical B.C. are applied with 4 defined in the extended sense. 
In this case the energies are measured from the bottom of the valence band. 


6. — Energy away from % = 0 in the sphere approximation. 


BARDEEN first suggested a method [15] for computing the energy away 
from k= 0, and his method has been extended by SILVERMAN [16] and by 
Koun [17]. These arguments are rather complicated, and we shall use instead 
a different argument based directly on the B.C. (3.23)-(3.24). The object of 


(3.31) | 
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the calculation is to obtain the energy as a power series in k?: 

(3.30) H=£H,4+ #4? + H,k’..., 

E, is the solution of (3.28a), E, is given by the Bardeen method, and É, is 
given by the extension due to SILVERMAN. 


We begin by writing (3.23) and (3.24) explicitly, assuming that f(#, r,)=1 
for all E. The resulting system of equations, up to the 4th order in / and L is: 


ToPo = 191 ar JoP2 UsPs 
a Lae Bin ZA 3. 3, 4 

= hn 3lo 7 3h ana gli gis 3 dal 
" aff = 1 da Dia, Lee <4 hg ne PETALI 
I2Po Ù gi 59 Pi 59 72 35 is) v gpl 1583 oi I5| Ps 
sa DI 4, RO die LOS Ae Lee LS 100. 
n i MIST UO La A MR wesiee 


Here we have written down the matrix of the system. The successive columns 
refer to the coefficients A,, A,, A, and A;, respectively. The j’s are spherical 
Bessel functions with the arguments kr,. The @,’s are defined by 


rs(f(B, rs) i 


dui Apr)? 


We now expand the system (3.31) in powers of k. In doing this we also assume 
the expansion (3.30) and use a Taylor’s expansion for the g’s in energy about 
the ground state energy £,. Thus, for example, we take 


Q eee ieee 
(3.334) Po > Po + k? DI ot cole de = tia 
h 
(3.335) Pi > P1+ WR, di ” 


where the q’s and their derivatives on the right hand side are all evaluated 
at E=E,. Henceforth it will be convenient to introduce the notation 


[aio 
| Wy = sr DE, = — aH 
(3.34) | : Re), 
AA "Po ii Cp <a Cp 
La de? ’ sE 66) 1-0 


In order to get the energy values we expand the determinant of (3.31) in 
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powers of k, using (3.33) and the fact that gy(4,) = 0. From the coefficients 
of k° and k* we obtain, respectively: 


(3.35) 


(3.36) 


From coeff. of k?: 


From coeff. of k?: 


I 


tee 

3 Po 

2A Pi | avi 5 Pi | 0 
15 | 3 D2 6 Dp 


where again the reader is reminded that the g°s and their energy derivatives 


are to be evaluated at E = £,. 


It is of interest to apply the empty lattice 


test to (3.35) and (3.36). To do this we make use of the following power series 
expansions of the spherical Bessel functions: 


ih 
j(@) = 1 — 5a? 


120 


IP” 


210 


Wes 


If set «=kr,, we find, using the definitions (3.34) and (3.32), 


From (3.38) it follows immediately that £,=1 and E,=0, which is, 


i 2 
Po la 45 
; 1 
etre oe! 
Gy =. 


course, the correct answer for the empty lattice. 


TABLE XII. — Sodium. 


of 


Empty Lattice Metal 
Po 0 0 
vi 1.0 1.0046 
Po 5.333 5.242 
— Po 11.378 9.694 SSN GOTI 
Pi 3.200 3.300 
| P2 2.000 2.034 
E, 1.000 1.022 
E, 0.00 — .0096 
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It is also of interest to see how close the values for real metals come to 
the ideal free electron values of (3.38). Results for Na at 7,=—4.0 are sum- 
marized in Table XII. It is seen that all the relevant quantities are remarkably 
close to the empty lattice values, thus supporting the belief that Na is free 
electron like. It is also well known that Li is rather far from free electron like 
in its behavior, and this is confirmed by Table XIII. However, it is noteworthy 
that the large deviation from free electron behavior is associated with the H, 
term in the energy, and the coefficient E, is remarkably small. The smallness 


TABLE XIII. — Lithiwm. 


Empty Lattice Metal 
Po 0 0 
vi 1.0 0.6761 | 
Y), 3.413 3.159 | 
— pi 4.638 3.381 E, = — .6865 
pi 2.048 2.582 
2 2.0 1.930 
E, 1.0 0.7305 
E, 0.00 — .0303 


of E, is not an accident which happens to occur for the particular lattice 
constant chosen, since calculations for a wide range of lattice constants indi- 
cate that H, remains small over a wide range. For example, at r,= 2.4, H, 
has fallen to 0.394, but £, is only +0.009. 

The expression (3.35) was first derived by BARDEEN, but was given in the 
somewhat different form 
rae Arisa) 
(fd 


0 


(3.39) Hi == yor, 


It is to be noted that y involves a knowledge of the radial wave function over 
the entire volume of the cell, whereas (3.35) requires a knowledge only of 
surface values of the wave function. This apparent paradox is resolved with 
the aid of a theorem which was apparently first proved by Bowmrs [18]. We 
consider the Schrédinger equation and differentiate it with respect to the 
energy parameter H, obtaining thus the pair of equations: 


(3.40) 
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We will assume y real, multiply the first equation by 04/02, the second by y, 
subtract and integrate over the spherical cell, employing Green’s theorem to 
transform the Laplacian term into a surface integral. In this way we obtain: 


(3.41) | | (AG Ce lag - far, 


OH or, * ober, 
where the dS represents surface integration, and dV volume integration. It 
is to be noted that equation (3.41) is valid only if both py and 0y/0E are well 
behaved at the origin. Thus it is tacitly assumed that yp satisfies a boundary 
condition at the origin continuously as we vary H. This is important because 
it implies that information about the behavior of the wave function inside the 
cell is contained implicitly in the quantity 0y/0£ and we are thus not getting 
something for nothing by expressing £, purely in terms of surface values of 
the wave function. However, as we shall see later, it is still not necessary to 
know y explicitly inside the cell in order to evaluate the left hand side of (3.41). 
If we assume that y has the form 


(3.42) y =f, (E, r)P, (cos 0) 


and carry out the angular integration, we obtain 


(3.43) ri (Zep ooh) = [fierrear, 


OF er, fi dk er, 


we note that the left hand side may be written as 


(3.44) firmi, 


using the definitions (3.34). From (3.44) it follows immediately that 


Ul 


(3.45) y = 3/90 


and the identity of (3.35) and (3.39) follows immediately. 

The expression (3.36) for E, is similarly not identical in form with that 
obtained by SILVERMAN, but SILVERMAN’s result may be transformed into it 
with the aid of the theorem (3.44). 


7. — Wave functions away from % = 0 in the sphere approximation. 


The results of Tables XI, XII and XIII suggest that near the cell bound- 
aries the radial wave functions behave remarkably like spherical Bessel 
functions of argument VE — Er, i.e. the spherical harmonic components in 
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the expansion of a plane wave having a kinetic energy equal to the energy 
above the bottom of the valence band # — £,. This suggests that if we express 
the Bloch functions in the form (3.13) the function w(k, 7) ought to be very 
nearly constant near the cell boundary and to be quite insensitive to hk, for 
if we had an empty lattice u(k, r) would be exactly a constant independent 
of k. If the Bloch function were a single orthogonalized plane wave, «(k, r) 
would still be a constant and very nearly independent of k near the boundary 
as long as the core was sufficiently small compared with the size of the cell. 
In fact u(k, r) would be nearly independent of & as long as k is small enough 
so that kr, is small compared with /, where 7, is the core radius. This follows 
because when such a condition is satisfied the phase of the plane wave does 
not change appreciably across the core, and hence the non-orthogonality 
coefficient does not depend on k. All of these considerations suggest that if 
u,(k, r) instead of b,(k, r) is expanded in a power series in k, this series ought 
to converge extremely rapidly, and it should be possible to represent the wave 
function quite accurately with only a few terms even for rather large values 
of k. As we shall see this is in fact the case. 

In order to find this expansion, we will first make some assumptions about 
the formal expansion (3.21). We will assume that it can be written in the form 


(3.46) — b(k, r)= fot thr. OufiP, + (tkr.)? [Corfe + CrofaPal + 
+ (thr)? Craft Pi + CssfsP3] + (krs)4[ Coafo + CrafoPo + CasfaPa] + 


+ terms in (tkr,)®, ete. 


In this expansion the f’s are evaluated at the actual energy H, the P’s stand 
for Legendre polynomials, and the 0°s are coefficients to be determined by 
the boundary conditions. Before we can complete the expansion in powers 
of k, we must do three things. First we must multiply (3.46) by exp [— ikr cos 0] 
in order to convert it to u(k, r). Second in order to get w in the form of a power 
series, we must expand the exponential factor in a power series, multiply by 
the series (3.46), and collect terms of the same degree. Third we must carry 
out a Taylor’s expansion of the fs about £, as in (3.33) and collect terms of 
the proper degree in %. If we further assume that all the f’s are uniformly 
for all energies equal to 1 at the cell surface, we may express the value 
of w at the surface of the cell entirely in terms of the g°s. Carrying out these 
procedures we obtain the formal expansion: 


(3.47) u(k, r) = Vo + thr,vyP, + (ikrs)?[000 + Van Pal + 


+ (tks)? [v1sP1 + 033P3]+ (tkrs)* [Va + Vor Ps + VaaPa] , 
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where the v’s are certain functions of r for the energy £,. Using the procedure 
outlined above we find the following expressions for the vs: 


oo = fos Vee = Creofe + 3 


a r 
(3.48) V1 = Cufi—fo im 


bi 


where we have retained only terms up to order 2 in k. 
We now use the boundary conditions in the form (3.14), which for the 
spherical case take the simple forms: 


(3.49) 
vi OS 
The first condition is authomatically satisfied if we take H=H,. The con- 


dition on v, gives C,,=1. The condition on v» is automatically satisfied, 
since we have used (3.35). The condition on v, gives 


2 Y 291 
(3.50) Congo — 3 p=0, Co = 3 ni 
Pp 
Thus we have finally: 
r 
Yoo = fol?) Dia = Ja) — > for), 
+ iso) 17 
(3.51) tl) = Chl +5 ot de + 
2 1 Po AZ 
Ugg(1) = 3 Z f(r) 4 3 fo) ri 37, f(r). 


Vo = 1, 

v1= 0, 
(3.52) Vo, = 0 È 
Didi Vog = e Gg 

ATI 

po bea 


200 H. BROOKS 

We observe that C,, is not determined by the boundary conditions. It is in 
fact arbitrary until we normalize the wave function in the cell. For the nor- 
malization it is sufficient to use (3.46) as long as we expand in powers of k. 
This follows because the normalization of v and d is the same, and if we expand 
each of their normalization integrals in powers of %, the coefficients of equal 


powers must be identical. To order %*® the normalization integral becomes: 


ce Ito ‘i 
(3.53) [1 — 20).k?r5] fior dr + kr, affi dr — 2B, [f(r 2 riavere 
0 0 0 


We have from (3.43) and (3.44) the theorem 
(3.54) [ro der, 
0 
If we differentiate both sides with respect to energy we obtain 
(3.55) 2 fur sere ZI 


The condition that the normalization be independent of k to order k? then 
leads to: 


al LÀ 
(3.56) IO ARL VENI, 


whence from (3.52) we obtain: 


ps Cael 

BL 9% po) 

Again we notice, using (3.38), that for the free electron case v», vanishes at 
the boundary. Furthermore, the functions in (3.51) vanish identically at all 
points in the cell for an empty lattice. If we remember that the f’s in (3.51) 
are defined so that they equal 1 on the cell boundary for all energies, and that 
they are evaluated at the energy for the ground state, which in this case is 
zero, it follows that: 


(3.57) Voa(Ts) = 


f(r) NI 

a 
f(r) =a r, ’ 

(3.58) B 
fm) =, 
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These results substituted in (3.51) show that vo is constant and equal to 1 
while all the other vs vanish. 

Table XIV shows the values of the v’s for Na and Li, using the values for 
the g’s given in Tables XII and XIII. It is also of interest to note how the 


ups: SUN 


Quantity | Na (r,; = 4.0) | bik (Ce; == Bk) 
vos (Ts) | — .0026 + .008 
Voo (Te) — .00406 — .100 


vs behave in the neighborhood of r = r,, and to this end we show in eq. (3.59) an 
expression for the lowest non-vanishing derivatives of the v’s in (3.51) evaluated 
for r=r,. In deriving these expressions use has been made of the fact that 
the f’s satisfy radial differential equations for the appropriate /-value, 


(3.59a) ro) = (V—E), 
(3.59) r0,=9—1, 
9 1 2 4 
| 2° Pi 2 Da Pi 
2A ea ld CRA E = 
| 1 V22(1"s) E 2 3) AA Eo) + | ©, 3 sn) 
DINA 

| = (VV — Eo) Vea(7's) 4 (4% 3 3” , 

(3.596) | 
i atte al 
robles) = FAA — By [18 + | ia = 
Po Po Po 


Numerical values for these expressions are shown for Na and Li in Table XV, 


where it is assumed that V(r) ——2/r near the cell boundary. 3 
TABLE XV. 
Quantity Na Li 
1044 (Ts) + .0046 3239 
1002(13) E 0027 7103 
12 Vo9(Ts) 0371 | 2292 


Tt is seen from Tables XIV and XV that the convergence of the series is 
very rapid for Na but not as good for Li. In considering the rate of con- 
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vergence it is worth remembering that at the Fermi surface we have 
9z0\3 
(3.60) lots = (7) OZ 


Thus at the Fermi surface of Na v,3(7:) is about 1.5% of %(7;), which is unity 
by definition. On the other hand, for Li it is nearly 40%, so that convergence 
is really very poor. 

In order to examine the convergence still further we give below the ex- 
pression for V,4(7s), 


(3.61) Val) = x + Pa cd Pi a LOR 2. (Se 

21 359, 1059, 1059, 35%. 

The numerical values are 2.6-10-5 for Na and — .0029 for Li. At the Fermi 
surface the Li value is about 4% the value of 1 (7,), so the convergence for Li 
apparently becomes good after the first term, but not nearly as good as 
for Na. The reason for the improvement in convergence with the higher terms 
can be seen if we remember that the higher p°s assume values close to their 
free electron values. If we assume that only g, deviates appreciably from the 
free electron value, then (3.61) becomes approximately: 


Q— 1 Qi (2 
.62 a e 22 || = — 1h) . 
(3.62) Vaa(1's) 103 + Bs ( 


It is seen that the deviations of both ~, and g, from their free electron values 
are divided by rather large numerical factors in the higher terms in the ex- 
pansion, so that even though these deviations may be large they apparently 
do not make a large contribution after the leading term of the expansion to 
which they contribute. 

If we assume 


(3.63) pr = U1 + 07) 
where o, is small then we may write approximately: 


‘ 1 fo, —oa 
(3.64) Vai) = 35 (È 3 > + 03 — 09 ) 


which again shows the smallness of the term. Eventually the g’s are bound 
to become free-electron like as the centrifugal potential prevents the electron 
from penetrating into the region where the electrostatic potential is appreciable. 
This point will be discussed at greater length when we come to deal with the 
calculation of the radial wave functions in Chapter V. 
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IV. 


Solution of the one electron problem: energy bands, continuel. 


4. The boundary correction integral. 


Let us assume we have an exact solution of the Schrédinger equation which 


satisfies the boundary conditions only approximately. HOowARTH and JONES [1] 
have given a procedure by which the energy may be corrected. We shall not 
give the HowArtH and JONES proof but rather an equivalent one which is 
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more appropriate to the (3.14) form of the B.C. We note that if the Bloch 
function is written in the form (3.13) the function «(k, r) satisfies the differ- 
ential equation [2] 


(4.1) Vu + (H—V)u + 2ik-Vu—ku=0. 


Let us now consider two solutions of (4.1), one, labelled w*, which satisfies 
the B.C. exactly, and is the complex conjugate of the solution shown in (4.1) 
and satisfies the complex conjugate equation; the other, labelled v, which 
satisfies (4.1) but fulfills only approximate B.C., e.g. spherical B.C. We will 
let the energy for the exact solution be H+AE#, and that for the approximate 
solutions E. We then have: 


Veu* + (B+ AB — V(r) — 2) u* — 2ik-Vu* = 0, 
(4.2) 


V20 + (H— Vir) — k*)v + 2k-Vo = 0. 


We multiply the first equation by v and second by u*, subtract, and integrate 
over the atomic polyhedron, using Green’s theorem to convert the Laplacian 
terms into a surface integral. We thus have: 


(4.3) Apfuso dt | 


‘On the left-hand side we will not make much error by taking «* = v* and 
replacing the polyhedron by a sphere of equal volume. On the right-hand 
side we proceed as follows. Let primed quantities denote values of the functions 
at conjugate points on the atomic polyhedron, i.e., at the points which cor- 
respond in the B.C. In this notation the B.C. (3.14) may be written: 


Ov ou* 
7 wee 
on on 


U 


ds + Bik. [fiuto ds. 


ou! Ou 
by 4.4. i = 4 = —— — 
FARE, 4 ae On! on’ 


where the normals n and n’ are oppositely directed. We carry out the surface 
integrals by pairing off conjugate points on the polyhedron. In this way the 
right side of (4.3) may be written 


I */ * 
(4.5) sei mye” you _ ou 


n on on’ on 


if 
a 


dS + ik ferro Ru*v] as . 


Using the B.C. (4.4) eq. (4.5) may be rewritten: 


1 ov’ ov du* 
2 * Seb | I 
O) 5] fe (= a ' On eg) 


as ik: [Au yas. 
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We now suppose that we may write v= v—o, where © is a quantity which 
may be considered small of the first order. We note that because of (4.4) 
we have 


ov! Ov Ca! Cw 
4.7 = — 4 
eh) rn 0n' on ’ 


vee 0 = Wi OW. 


It follows that (4.6) may be written 


1 ff, (dv , av\ , ov* ; 
(4.8) 3 | |e" È ca) Da U4 asi: fio nas, 


plus terms of order ©?, which we will assume can be neglected compared with 


those of the first order in ©. 

From the expansion (3.47) it follows that the real part of » contains only 
even harmonics and the imaginary part of v contains only odd harmonics. 
Tf the polyhedral cell has a center of inversion, as it does in a Bravais lattice, 
then it is possible to pair off points on the surface of the cell which are related 
by inversion in the center of the cell. By doing this and using the even or odd 
property of the harmonics with respect to inversion it is readily shown that 
all the terms in the integrand (4.8) which do not contain both a primed and 
an unprimed term cancel, and we are left with: 


1 dv* ov’ 1 
(4.9) E [|n\*ar = 5 fe dA o* | as — ite: foto’ as. 


This equation is the required expression for the boundary perturbation. 


9. — Application to the lowest valence state. 


If k= 0, we may take v as a function of radius only. Equation (4.9) then 
becomes 


r 


(4.10) 4n AE [fico dr = 5 | tr 


0 


do (MA (As 
dr 


where r, 7’ are unit vectors in directions to conjugate points on the cell face, 
the geometry of which is represented in Fig. 2. From the figure we see that 


iy. fos A 


(4.11) fr. 


14 - Supplemento al Nuovo Cimento 
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To evaluate the integral we make a Taylor 
expansion of the integrand about r=r,, using 
the following results: 


Cell 
boundary ye o 
(4:12) tl) =1+3(£ 1) r207() — i] = 
r x A 3 NA at 
= (7 == 1) re[V(rs) — Ho] 4 5 f I) rsfo (1's) 7 
Fig. 2. — Definition of bound- Ys 4 \Ys 
ary vectors for cellular bound- 
ary conditions. where from the differential equation 
FD Age 7 9 dv , 
(4.13) fiv) = —2r.[V (re) — Bo] + 5 - = 6 — 2ree0, 


the last result being for a Coulomb potential. If we substitute this result in 
(4.10) we have: 


(4.14) 4arqAH =r.[V(rs) — xa | (" = 1)-d) dS + 


+ (n. (P0) E J+ir SHE 1) mas. 


The surface integrals are purely geometrical quantities, depending only on 
the geometry of the atomic polyhedron and may be evaluated once and for 
all for a given crystal structure. Both integrals are of the same order of mag- 
nitude because in the first integral (r/r,— 1) may have either sign and the 
two signs tend to cancel against each other. In fact, it can be shown that 
if r, is chosen so that the volume of the atomic polyhedron and that of the 
Sphere are equal, the first integral vanishes to a very high approximation. 

For the case of a Coulomb potential near the cell boundary (4.14) may 
be put in the form 


rs SAL È 
(4.15) AE a (3 — ers) n ale 1) (n-?) dS , 


where S is the total area of the polyhedron. The last two factors are now 
dimensionless and purely geometrical. We have 


(4.16) ——, = 1.098 , 


(4.17) af (- cm 1) (n- 


<> 
Di 
f 
S) 
= 
DI 
00 
È 
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For Na this gives a correction of +.0020 Ry in the ground state energy, or 
about 0.6 keal/mol decrease in cohesive energy. If we had used the self- 
consistent potential, taking into account the field of an electron in the cell, 
we would have had dV/dr,=0 and —7,[V(r,) — E,] =— .0039. This would 
have given over 1000 times smaller results for AW. These results thus justify 
the particular selection made by WIGNER and Serrz for the size of the spherical 
cell. Furthermore, it is seen that what small correction there is is extremely 
sensitive to the precise choice of potential in the immediate neighborhood of 
the cell boundary. It is also interesting that the correction depends only on 
the properties of the potential and not directly on the wave function. 
Actually even the result with the Coulomb potential cannot be regarded 
as reliable because we have neglected a correction due to the fact that in this 
case the true potential is in fact not spherically symmetric outside the inscribed 
sphere. It is easily shown that the true potential is everywhere lower than 
or equal to the assumed Coulomb potential, so that the effect of this correction 
is in a direction to cancel the correction (4.15). For this reason we believe 
that in effect the correction to the ground state energy is entirely negligible. 
Another test example is obtained by taking the potential constant outside the 
inscribed sphere of the atomic polyhedron. For this case, we can easily estimate 
AE =— .00054 Ry. 


3. — Application to correction of H,: 


When k differs from 0 we must collect all the terms in (4.9) which are of 
the same order in k. For the terms of degree 2 in %, the following pairs of 
expansion functions will make contributions to the surface integrals in (4.9): 


VIAN 


Vo ANd Vp , 


(4.18) 
Ui an Waa 5 


Doo and di. 


The last pair contributes only via the second integral on the right of (4.9). 
In evaluating the integrand we make use of the following general formula 
for the normal derivatives: 


\ \ dv in Vin 
(4.19) A-Vonir) Ph?) = (A) Ph-6) Se + 280 


where Pi (ker) represents the derivative of the Legendre polynomial with re- 
spect to its argument. When we substitute (4.19) into the integrand of (4.9) 
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we obtain rather complicated expressions which can be greatly simplified by 
considerations of symmetry. Here we shall confine our attention for the mo- 
ment to the b.c.c. structure. Let 7; be a transformation appropriate to cubic 
symmetry, and let us denote by Ti f(x,y, 2) the function obtained by ap- 
plying the transformation to the argument, i.e. 


(4.20) T.f(r)=f(T;r), 


where 7,;r is the transformed co-ordinate vector. We then have for a surface 
integral on a figure of cubic symmetry 


RISO I 
(4.21) fieas = i T f(r) as , 


where the summation is taken over all the operations which leave the cell 
unchanged, in our case the 48 operations of the cubic group. 
Using these results we obtain finally: 


(4.22) ar { Oe OG == mer a + vos0io](# -#) aS + 


+3 fond pi —2(8-#Y]AS-3 JI (#1 — (A -P)]AS— 5 [ee as} 
In this expression the v’s are to be evaluated at the radius appropriate to the 
polyhedral surface, and it is to be observed that the primes in (4.22) denote 
differentiation with respect to r, not conjugate points on the surface. The 
quantity (f P) is the cosine of the angle between the radius vector to a point 
on the polyhedral surface and the normal to the surface. For symmetrical 
surfaces it is always very close to unity for all points on the surface. The 
normalization integral on the left hand side should contain terms of order k?, 
but by (3.52) and (3.56) we have determined C,, and hence v, so that the 
normalization is independent of k to order k?. Thus the left hand side may 
be replaced by its value at k =0 in the present approximation. 

In order to take advantage of the fact that (r- n) is nearly unity, we re- 
write (4.22) in the form: 


Pe ; ; ili F 2 VooV Wy 
(4.23) AH, = a i ut + Pos 02 — 3 Piri — 3 sea (Ar) aS + 
0 s 


2 / 2 v *) / 
+ Pee aa n dì DIL n Di lds. 


The expression (4.23) can be simplified further by using Taylor expansions of 
the v’s about r=vr, as we did in the case of AH,. If we carry this out, taking 
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into account that for the proper choice of sphere radius 


6 di A A n 
(4.24) [(- = i) (n-r) dS = 0 
FP; 
we obtain finally 
LES La 1 il 2 
4.25) AE o e AO 
( ) VE) Qi tor | 9 PsUo2 71 9 rVo-Voo + 9 0101 + 3 hs 3 stn 


IN ne ORA Lar Bee 
sre ale 1) dS+ Fries rine] 5 [(F —2) (n-7)8 as} : 


The expressions in (4.25) can be simplified still further by utilizing the dif- 
ferential equations, and we obtain finally the result 


ri S CS =} rane + 5 
=o Bee sm 


s 


anil ae 1) ee. 
+ Pi 225 5 | (n°7) 3 (Pi Ys 


amen 8 Nes A A SI 
SI = 1\(n-r)3dS 4 ; Tae RI ety ile. 
E Jer ry dS dal) alc 7 (n°) is 


The only term which depends explicitly upon the potential is of the same 
general form as in AE,, except that it is multiplied by v», which is extremely 
small. Hence we may neglect this contribution entirely. The correction to 
E, vanishes as it should for the empty lattice, and for Na it is of order 10~°, 
which is entirely negligible. Even for Li the term is only of order 10-* and 
can be neglected, primarily because the surface integrals are so small. 

The conclusion from the discussion of the last two sections is that the cor- 
rections to the E, and E, parts of the energy may be entirely neglected. 


4. The correction of £,. 


As might be expected the correction of E, involves many more types of 
terms than the correction of E,, and it is also necessary to take into account 
functions up to the type vu if we are to obtain a complete solution of the 
problem. Another complication is that there are in addition to the isotropic 
terms in 4! some anisotropic terms which give rise to a warping of the spherical 
energy surfaces. The warping of the surfaces is, however, not of much interest 
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for cohesion unless it is very large, because when we average the energy over 
all directions in % space the anisotropic term averages out in the first approx- 
imation and makes no contribution to the total energy of the system. We 
will therefore confine our attention to the isotropic terms and shall calculate 
only a typical term to obtain the order of magnitude of the correction. As our 
illustration we shall choose the terms which arise from v,, associated with v2, 


ri S (RS "BT (39 i Tes. 26 
27 = È — v 2_ 1) (1 2) 5, OS 
(4.27) AE, 4 male lao" (a5 ) nt) Vas S+ 


3 : 
— n(9n? — 1)(1 — 2? )Weer Vay as} > 


ade 
S | 40 


è 


< . . i A . . 
where we have used n as an abbreviation for (#-r). With the usual technique 
of Taylor’s expansion of the wave functions we obtain: 


8 [(29, 11 (51 > 
ARR eta = 3 (1 2 Vo |) os 
a 7 ale Po il S i DETTE Il n ja a 


9 A ‘6 \ 

ge 2 el ; Pa 4 DE Il 
(WY 45) ID O |} 4 Il L . 
È (52 3 | | Pa | i vo) CI 3) 


Fale i i (1 wane —ayast. 


~4 
MAI 40 


The integrands in the angular integrals may be written: 


Ns 57 "(89 3 117 : 

(4.29) 1 n(1 — n?) È n° — i) n n(1 — n?) 40 n(1 — n?)? , 
3 3 27 

(4.30) ip ML nn — 1) = End — nt) n nn). 


Table XVI gives the values of the surface integrals. Table XVII shows values 
of the coefficients computed for the 5 alkali metals with neglect of V— H,. 
In all cases the contribution of the second angular integral is negligible compared 
with the first, even though its coefficient is somewhat larger. Table XVIII shows 
the contribution to E, resulting from the numerical values shown in Tables XVI 


SIAN I Ee NGV Le 


1 3 1g : ' 
- 31 n°) n(1—n2)2| dS + 0.1238 


1 Ub 1 13 (1 DI 27 1 2\2 y 
Fo n _ 3 n(I1- n?) — N n(1 — n?)?! dS — 0.000 339 
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TABLE XVII. 


| 2 | 


Lì (r, = 3.2) + .00995 + .0166 
Na (r, = 4.0) | +1.66-10-5 +1.24-10-4 
Roi) + .0021 + .0106 
Rb (r, = 5.2) | + 00576 0230 
Cs (7, = 5.4) | 2.0210 | + .1040 

| (r, = 5.8) | SOT + .0544 


and XVII. In every case it is interesting to note that the correction is in such 
a direction as to make H, smaller in magnitude, i.e. to make it approach the 
free electron value. Indeed for Li the correction is large enough to produce 
a change in sign. What we have tabulated, of course, is only one of several 
contributions to the correction in H,, although probably the largest one. Thus 
the results of Table XVIII cannot be used quantitatively. 


TABLE XVIII. 


n 

Element Ts Di 5: ke Di: 

VE Hi 

Ta | 3.2 220106 = 1.36 
Na | 4.0 — .00155 = ile 
K 4.8 = 032 =" 0619 
Rb 5.2 = .036 = 1410 
Cs | 5.4 — AO — gd 
5.8 — .068 22158 


5. Further improvements to the spherical approximation [3]. 


In Sect. 2, 3 and 4 we have been discussing the boundary correction es- 
sentially as a first order perturbation, i.e. we have assumed the wave functions 
of the spherical approximation to be correct and then computed the first order 
perturbation of the energy with these wave functions using the boundary 
correction integral. This procedure is satisfactory provided that there are not 
two or more solutions in the spherical approximation that possess the same 
or nearly the same energy, and which at the same time may interact with 
each other as a result of the boundary perturbation. 

We have seen that as long as we stick with spherical boundary conditions 
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it is meaningful to speak of Bloch functions which have values of k lying out- 
side the first BZ. In other words we may still write functions in the form 


(4.31) pir) = exp [i(k + K,)-rJok+K,,r), 


where v satisfies the spherical boundary conditions but not necessarily the 
correct boundary conditions. Under these circumstances we cannot say that 
v(k, r) is periodic in k-space, satisfying (3.8), as we could if it were a true 
Bloch function. 

We can construct Bloch functions out of the functions (4.31) by writing 
them in the form 


(4.32) b(k, r) = exp [tk-rjv(k, r—R). 


In this equation k is an unrestricted wave vector, r is measured with respect 
to a fixed origin in the crystal, while the argument r—R of v(k, r—R) is 
always measured from the origin of the particular cell in which r lies. The 
function (4.32) now satisfies the Bloch condition (3.2) but is not continuous. 
with continuous derivatives throughout the crystal. 

We now consider two functions b(k, r) and g(ky, r), the first being defined 
by (4.32) and satisfying the Bloch condition but not the condition of con- 
tinuity between cells, the second being the exact crystal function satisfying 
the Bloch condition for k,, and being continuous throughout the crystal. We 


may write 
(4.33a) V2b*(k, r) — V(r) b*(k, r) =— EH, b*(k, r), 
(4.330) V2p( ko, r) —V(r)p(ko,r)=—Eg(ko,r), 


where £, is the energy value appropriate to the differential equation satisfied 
by b(k, r) inside any cell, and where £ is the eigenvalue for the exact eigen- 
function of the problem. We multiply a) by ®,, and b) by bi subtract, and 
integrate over the whole volume of the crystal exclusive of an infinitesima 
region which encloses all the cell boundaries, i.e. a region comprising the in” 
teriors of the cells only. The resulting volume and surface integrals may b° 
converted into sums of integrals over unit cell volumes and surfaces and finallY 
expressed in terms of integrals for a single unit cell, taking into account th® 
fact that both g, and bi satisfy Bloch conditions of the form (3.2). In thi® 
way we obtain the condition: 


Obi 0 
4.34 kee bp Pel gg — 
( ) » exp [7 ko) R {lo Da, di n f as 


cell 


= Lexpli(k— kj):RIB- By potra dr. 


cell 
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From this equation it immediately follows that we need consider only those 
values of k which differ from k, by a vector of the reciprocal lattice, i.e. 
k—k,+K. We also rearrange the surface integral in the same manner as 
in Sect. 1, pairing off conjugate points on each cell boundary and using the 
fact that p,, satisfies the exact boundary conditions. In this way we obtain 


chi CE) OP ky 


L) 
J 5 o) o, 
(4.35) z[3 ees (= on! on 


cell cell 


We use this condition and also assume that g, can be expressed as a series 
0 
(4.36) Pr, = D Ung KO kgs E è 
K 


This is the most general possible series of functions of the form (4.32) which 
can still satisfy the Bloch conditions corresponding to k,. Using (4.35) we 
then obtain from (4.34) the result: 
(1.37) Saas (E — Eur) [blade de = 
‘a ci 
i > Or vel He big = + ee be xl ds. 
ak tid Dil : on on 358] 


cell 


If we now use the definition (4.32) of the b,’s we obtain, after some use of 
the symmetry properties of b’s for crystals having a center of inversion, secu- 


lar equation: 


(RSS O40 (2 — Box) risata exp [i(K'— K)-r]dr = 
a 


cell 


1 TENEVO, EDS ; 
= 3 | fot a i tania exp [i(K’— K)-r]dS + 


cell 


Sai i fifi + RI exp [i(K'— K)-r]ds. 


On examining the surface integrals which occur in (4.38) we note that 
they are quite similar in form to those which occur in the first order pertur- 
bation (4.9). In particular if the Bloch functions are free electron functions 
then the surface integrals vanish and the secular problem is diagonal, thus 
fulfilling the empty lattice test. If the wave functions are fairly close to those 
for free electrons the surface integrals will be small, and we are probably justi- 
fied in ignoring the secular equation and considering only the first order per- 
turbation. There will, however, be certain values of the wave vectors for 
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which two or more spherical approximation wave functions are degenerate, 
or nearly degenerate, with each other. This will occur whenever 


(4.39) | (eo + K)| =|(ho + K’)| 


a condition which follows from the fact that in the spherical approximation 
the energy can depend only on the magnitude and not on the direction of 
k,+K. The condition (4.39) is satisfied whenever k,+K is a vector terminating 
on the perpendicular bisector plane to the vector K—K’. This is just the 
usual diffraction condition for two wave vectors in X-ray, neutron, or electron 
diffraction. The solutions of the spherical problem are thus the natural gener- 
‘alizations of plane waves in the almost free electron theory of Brillouin [4]. 
It is the perturbations between functions of different wave vector—differing 
in fact by a vector of the reciprocal lattice—which give rise to energy gaps 
at the Brillouin Zone boundaries in k space. Near such planes, on which two 
different solutions of the spherical problem are degenerate, the true solution 
of the Bloch problem corresponds to an admixture of two or more solutions 
of the spherical problem, no one of which has predominant weight. In regions 
of k space away from planes of discontinuity one particular solution of the 
spherical problem predominates and the energy is then given to a good ap- 
proximation by the solution of the spherical problem and probably to a good 
approximation in many cases by the power series expansion of the energy (3.30). 
At planes of discontinuity the boundary perturbations remove the degeneracy 
which exists in the spherical approximation. However, the sum of the energy 
levels arising at a given discontinuity plane should be very close to the energy 
given by the spherical approximation. 

An alternative procedure to that described above would have been to 
start with plane waves and to treat the potential of the crystal asa perturbation. 
We should have then obtained a secular equation very similar to that arising 
from (4.38) except that the right hand side would be replaced by matrix 
elements of the potential between different plane waves, and on the left hand 
side the terms in the sum with KK’ would have dropped out because plane 
waves are mutually orthogonal. However, this secular problem is poorly con- 
vergent, i.e. we would have had to retain many plane waves to obtain a good 
solution, and the perturbations would have been large even away from planes 
of discontinuity. If we orthogonalize the plane waves to the core states the 
convergence is much improved, that is the matrix elements of the crystal 
potential between orthogonalized plane waves are much smaller than the 
matrix elements between ordinary plane waves. In the procedure described 
in this chapter the matrix elements of the boundary perturbation between 
different solutions of the spherical problem are even smaller than the cor- 
responding matrix elements between plane waves. In other words the so- 
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lutions to the spherical problem diagonalize the overall problem to an even 
better degree than do ordinary orthogonalized plane waves. 

For the cohesive energy problem the main lesson of the above discussion 
is that we may be justified in using the spherical approximation to discuss 
sums over many & states even when individual levels are rather poorly de- 
scribed, especially near zone boundaries, by this approximation. It appears 
that the « off-diagonal » surface integrals in (4.38), i.e. those involving dif- 
ferent k’s for the two functions, should be of the same order of magnitude as 
the diagonal integrals which occurred in the first order boundary perturbation, 
If the boundary perturbations are small, then the energy levels will be affected 
significantly by these boundary perturbations only very close to Brillouin 
Zones in k-space. In such cases the individual levels may be shifted from their 
spherical values by a few hundredths of a rydberg unit, but only a small 
fraction of the energy levels in the whole Fermi distribution are so affected 
even in polyvalent metals like Mg or Al. Thus the effect on the cohesive energy 
should be extremely small even in many cases where the Fermi distribution 
includes more than one Brillouin Zone. When we come to discuss such matters 
as the electron transport properties, especially galvanomagnetic effects, the 
de Haas-van Alphen effect, ete., the properties are sensitive primarily to the 
energy levels of the electrons close to the Fermi surface, and hence are much 
more sensitive to the details of the energy level structure. Even the electronic 
specific heat and the free spin susceptibility depend on the energy levels at the 
Fermi surface and are much more sensitive to deviations from the spherical 
approximation than is the cohesive energy. Elastic constants, too, are sen- 
sitive to changes in shape of the energy surfaces away from spherical sym- 
metry, and thus would depend on solutions of the secular equation derived 
from (4.38), i.e. the spherical approximation would not be adequate to deal 
with the problem, except for the pressure-volume relations. 

It should be remarked that the boundary perturbation is not the only 
perturbation that must be taken into account when we come to discuss the 
details of the energy level structure of electrons. Small deviations of the po- 
tential from spherical symmetry are of equal or possibly ereater importance. 
Also we note that as in the case of eq. (4.15), (4.26) and (4.28), the « matrix 
elements» occurring in (4.38) depend quite strongly on the exact details of 
the potential very close to the cell boundary. Thus I believe that calculations 
of details of the energy band structure are meaningless unless great care is 
taken in constructing the potential in the outer part of the cell. To my 
knowledge only one calculation which meets these requirements has appeared 
in the literature, that of V. Herne for Aluminium [5]. 
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V. 


The quantum defect method. 


1. — Introduction. 


The discussion of Chapters III and TV has shown that in general all that 
we need to solve the one-electron part of the solid state problem is the following 
information: 


1) The values of the logarithmic derivatives g, as a function of energy E 
at radii in the vicinity of the cell boundary. 


2) Details of the cell potential in the immediate vicinity of the cell 
boundary. 


Only for the calculation of the details of the band splitting near the BZ 
boundary is it necessary to know anything about the interior wave functions, 
and then they enter only into calculation of the non-orthogonality between 
different waves, and to some extent into the calculation of effects due to the 
anisotropy of the potential within the cell. These two effects, while of im- 
portance in the prediction of physical properties which depend sensitively on 
the details of the band structure, such as galvanomagnetie effects, or, in the case 
of polyvalent metals, elastic constants, nevertheless have very little influence 
on the cohesive energy, which depends only upon average energies taken over 
all the Fermi distribution. 

If an explicit potential is available the most straightforward procedure is 
to numerically integrate the radial equations (3.17) and determine the ,’s 
at the appropriate r, values. The most accurate calculations using this pro- 
cedure have been made for Li [1] and Na [2], and more recently K [3]. In 
the case of Li and Na potentials were constructed semi-empirically so as to 
give energy levels for the free atom which agreed with observed term energies 
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in the free atom spectra. For Na the potential was constructed according to 
a method given by PROKOFJEW [4] who used the WKB approximation. Jost 
and Kon [5] have shown that the potential is uniquely determined by the 
eigenvalues provided eigenvalues for more than one angular momentum quan- 
tum number are used. Alternatively if the potential is assumed to be rigorously 
Coulombic or to have some other rigorous form outside a cut-off radius 7,, 
then again it can be shown by similar arguments to those of Jost and KOHN [6] 
that the potential is uniquely determined by the eigenvalues for one angular 
momentum. In this case, however, it is possible that different effective po- 
tentials pertain to different values of the angular momentum quantum number, 
and this fact will be true, especially for the heavier elements, as a result of 
exchange and correlation effects. PROKOFJEW, then, assumed a potential which 
was Coulombic outside the ion core, and determined the remainder of the 
potential from the condition that the Bohr-Sommerfeld quantization con- 
ditions 


vr? 2 


(5.1) Sa olan a (m_ 3)?» 
where m is an integer, give the observed eigenvalues. In the case of Na it 
was possible to construct a single potential for all values of which would 
reproduce the observed term values to better than 1 per cent. 

In the case of Li similar principles were used but explicit radial integrations 
with the trial potential were used to adjust the potential to agree with the 
eigenvalues. In this case the observed spectrum for s, p and d terms could 
be reproduced to an accuracy of a few tenths of one per cent. The greater 
accuracy for Li probably reflects the fact that exchange and core polarization 
effects are less important and therefore a single potential can represent the 
eigenvalues for all / values with greater accuracy in the case of Li than Na. 

In the case of K Hartree-Fock potentials determined for the free atom 
were used, but with a correction for the difference in exchange interaction 
with the core for s, p and d electrons [3]. Attempts were also made to take 
into account core polarization [7]. Hartree-Fock potentials with corrections 
for difference in exchange potential for s and p electrons have also been used 
by Herne [8] for Al, and by HERMAN et al. [9] for Ge. The potential arising 
from Hartree-Fock charge densities has been used by various authors for Cu [8] 
and for Cs [9]. 

Coming back now to the cases of Li and Na, we note that the route by 
which we arrive at the surface properties of the logarithmic derivatives is a 
rather circuitous one, considering that the only information actually used is 
the free atom term scheme and the assumption that the potential is Coulombic 
outside the ion core. Because of this Van Vleck felt that there must be a more 
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direct route of arriving at the same information without explicit construction 
of the potential. Two methods which accomplished this result were worked 
out in detail by KUHN and VAN VLECK [10] and by KUEN [11]. In the first 
method an attempt was made to extrapolate the logarithmic derivatives di- 
rectly as a function of energy. That is, values of logarithmic derivatives were 
computed at a radius R for several observed eigenvalues of the free atom and 
for a given value of /.- It was found that if R were chosen sufficiently small 
but still outside the core, the logarithmic derivatives could be extrapolated 
smoothly as a function of energy down to the energy of the lowest valence 
electron state in the solid. The linear combination of Coulomb wave functions 
which matched the logarithmic derivative at R at a given energy could then 
be determined directly, and in this way the logarithmic derivative at a larger 
radius 7, could be found. This method worked satisfactorily for the s functions, 
but failed to produce satisfactory results for the p functions and the effective 
mass for reasons which are still not entirely clear. 

In the Kuhn method [11] a different quantity was extrapolated. In one- 
electron spectra, such as those of alkali atoms, the eigenvalues may be ex- 
pressed in the form 

al 

(5.2) Lim =— Gn ogee 

For a given value of / the quantity 6, changes only slowly as we move from 
one term to the next in a series of energy levels belonging to the same value 
of 1. Thus it is possible to obtain 6; as a smooth function of the energy £. 
Thus the quantity d,(£2) proves to be one which can be extrapolated graphically 
as a function of energy fairly readily to energies appropriate to the solid. 
KUHN was further able to relate the quantity 6, to the properties of solutions 
of the radial differential equation in the following manner. We consider first 
the s radial equation in the form 


df, 2 af 


5.3 - + 
>) ar v dr 


-E-V)h=0. 
Next we introduce the following changes of variable: 


(5.40) c=ln(— Er) =n bs 
n° 


(5.40) u(x) = exp |- 5 CE 


The differential equation (5.3) then takes the form 


du? 
(5.5) ren AE Oe, 
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KR pd Ì DI DES on PA DI Il | 
(5.6) P(x) = |— ne? — n*e**V (n? e*) ——| . 
si 
The equation (5.5) has two «turning points» at which P(x)=0. The inner 
turning point, corresponding to small values of 7 or x, always occurs close to: 


the nucleus where V(r) is non-Coulombic, or at least does not correspond to 
a singly charged ion, but the outer turning point occurs in the Coulombic 


region where V(r)=— 2/r. Thus the outer turning point is given by 
È » fi 1 
(5.7) Sl a 
n° 4n? 


For example, for Na, for which 1/n?=.601, the turning point occurs at 
= 3.2, which is not too much smaller than the observed radius of 4.0. How- 
ever, it is also easily shown that the eigenvalue of (5.3) corresponding to the 
boundary condition f(E, r;) =0 has a minimum when r/n? = 2, or 1/n? = 2/1), 
where 7, is the radius for which the minimum occurs. This relation will be 
discussed further in Chapter VI. This radius 7, occurs very close to the outer 
turning point of (5.5). Explicitly we have to a good approximation r=r)— §, 
so that the turning point is just inside n. For Na it turns out that n, = 2.99, 
so that the turning point differs from r, only by about 4 per cent. IMAI [12] 
has developed an approximate method of solution of equations like (5.5) which 
is an extension of the so-called WKB method. We shall not go into details 
but only note that Imai’s method gives the solution in the form of a power 
series expansion in # about the turning point which has a high accuracy 
in the immediate neighborhood of the turning point. Now, because 7 
is so close to the turning point KuHN was able to use Imai’s method of 
solution to obtain an accurate expression for f;(£,r,) which involved only 
the quantum defect extrapolated to energy H, as a parameter. In this way 
KuHN found it possible to adjust £ to satisfy the boundary condition. Kuhn’s 
result in fact gave the minimum ground state energy Hy) =2/r) as a single 
universal function of the quantum defect 6,. Thus, it was possible to plot 
both 6,(2) from the relation (5.2) and from Kuhn’s result on the same graph 
for a given metal. The energy at which the two curves intersected was then 
the minimum energy of the lowest valence state, and the corresponding value 
of r, was immediately determined. 
Later we shall discuss Kuhn’s procedure in more detail, but using a method 
capable of greater accuracy. 
Unfortunately, it is not possible to generalize Kuhn’s result for the pur- 
pose of computing the logarithmic derivatives for higher 1. Suppose, for 
example, we wished to consider 1=1, also at the minimum energy. For 
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1=1 the equation corresponding to (5.7) takes the form 


(gra n 
[+8 
5.8 Sil | eee 
(5.8) n2 n? 


and using the numerical values appropriate to Na we are immediately faced 
with the fact that (5.8) has no real solution. This does not mean there is not 
a turning point, but only that the turning point lies inside the atomic core. 
Thus the whole basis of the Kuhn method breaks down, and the situation 
becomes worse as we go to higher angular momenta. It is evident that a more 
powerful technique must be developed if we are to pursue the philosophy of 
the Kuhn-Van Vleck method. 


9. — Extension of the quantum defect method. 


Let us again return to a consideration of the radial differential equation 
(3.17). Outside the ion core we will take V(r) =— 2/r. If this is done equa- 
tion (3.17) becomes one of the standard forms of the confluent hypergeometric 
differential equation. Being a second order differential equation it has two 
linearly independent solutions. A general solution may therefore be written 
in the form 


(5.9) f(H, rv) = a(n) Fi(n, r) + yi(n) Gn, 7) . 


Here F(n, r) and G,(n, r) are two linearly independent solutions of (5.3) such 
that F, is regular at r=0 and behaves as r' and G;, is irregular at r= 0 and 
behaves as r7! The particular form of solution used for general arguments 
is not important, but in most practical calculations by the Q.D. method the 
solutions /, and G, are related to the forms defined by WANNIER [13]. To 
assist the reader in following the mathematical literature we give the exact 
relations in (5.10) below: 


Noi41 (2) 
(5.10) 


The properties of the functions in (5.10) have been discussed by KUHN [11] 
and by Ham [15]. The latter has also prepared extensive numerical tables [15]. 
More recently, more extensive tables have been compiled by HANKIN [16] 
who numerically integrated (5.3) using Ham’s solution for small r as initial 
conditions. 
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Returning now to equation (5.9) we find that for an eigenvalue of the free 
atom the following relationship holds: 


yin) — n(n ==) 


(5.11) te a(n —1—1). 


x(n) Tm + bd Lo es 


The relation follows simply from the fact that at an eigenvalue the solution 
(5.9) must be the one which vanishes at "= co. By using (5.2) we note that 
(5.11) can be written in the equivalent form 


R46 y(n) m1 (n — 1) 
(5.12 = piel oi o es 
ee (n) Tin +1439 tg 20.(n)- 


Although (5.12) is valid only at free atom eigenvalues the idea suggests itself 
that it may also be valid for intermediate values of n or E. This, in fact, can 
be proved by arguments using the WKB method subject only to the restriction 
that the outer turning point of the differential equation (3.17) lies at a value 
of r for which the potential is rigorously of the Coulombic form — 2/r. For 
the special case |= 0 (5.12) is just 
(5.13) Vol) _ igred(1) 

con) 
and we find from (5.7) for the alkali metals that even for values of n cor- 
responding to the solid state energy the turning point does lie in the Coulomb 
region. Thus we are justified in using the extrapolated quantum defect directly 
for determining the correct linear combination of Coulomb functions in ac- 
cordance with (5.9). The WKB argument does not justify (5.13) rigorously ; 
in fact, it only shows that (5.13) is valid between and beyond eigenvalues to 
within the same degree of accuracy that the Bohr-Sommerfeld quantization 
condition (5.1) gives the eigenvalues of the radial equation. However, the 
additional fact that (5.13) is rigorously true at eigenvalues lends almost over- 
whelming support to the use of (5.13). 

When we come to higher / values, however, we find ourselves in trouble 
just as KUHN did because, as we have seen, the differential equation has no 
turning point in the Coulomb region for energies in the solid state range. 
The WKB type of argument can still be used to justify (5.12) between the free 
atom eigenvalues, but not in the region below these eigenvalues where we are 
interested. We can in fact see quite clearly that (5.12) cannot be correct in 
general for any extrapolated quantum defect. For example, for p states we 


may write 

va(n) tg 1 Ò, (e) 1 
(5. Ls =—-K=_. 
i) a(n") ieee eit i n? 
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Equation (5.14) has a singularity at e= 1 unless 6,(¢) becomes an integer for 
the same energy. There is, of course, no guarantee that the 6,(¢) extrapolated 
from the observed eigenvalues will go through such a point in general. In 
order to extrapolate through the «forced zero» the p quantum defect curve 
will have to undergo more or less rapid variation. This rapid variation will 
begin for the energy for which Eq. (5.8) no longer has a real root, i.e. for 
e> .44 Ry. 
For the d levels the relation corresponding to (5.14) becomes 


5 y(n) tg 2 0,(€) = 
(5.15) Gi) 


which shows that 6,(¢) must have forced zeroes ate = 1 ande = .25. Thus the 
0, extrapolation is even more distorted than the 6, and begins at e = .16 Ry. 

On the other hand, it can be shown that y,(e) is an analytic function of £ 
with no singularities in the finite complex plane of e, and it can therefore be 
expanded in a power series in e which converges everywhere in the finite plane. 
The other quantity «,(¢) can be expressed in the form 


(5.16) ai(e) = Bile) — vile) Gill, €) , 


where f,(¢) and y;(e) are both analytic throughout the plane and G/(1, e) is 
a fixed function which is very small and smooth on the real axis of e. By such 
arguments we are led to the expectation that the quantity defined by 


(5.17) vl") _ _ tg xmile) 


should be a function of e which can be smoothly extrapolated. This new 
function 7,(¢), known henceforth as the 7-defect, is free of poles on the real 
axis of e, and has no forced zeroes. 

HAM [17] has tested the 7-defect extrapolation by actually solving the dif- 
ferential equations (3.17) using the following test potential: 


È: 28 

V(r) FRA) TIZI 
(5.18) 9 

Vit) =e Y>Tor 
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Plots of 6,(e) and 7,(e) for this potential are shown in Fig. 3 a, b, c for 


1=1, 2, 3, respectively. 


These figures well illustrate all the points mentioned in the text. HAM 
has tested the accuracy with which the 1=1 7-defect can be extrapolated 


by means of quadratic and cubic 
polynomials in e. Typical results are 
shown in Table XIX. The exact 
results refer to the potential (5.18) 
and they were matched at the e 
with zero error in the table. 

In practice for the alkali metals 
it develops that the differences bet- 
ween the 7-defect and òd-defect ex- 
trapolations are not large. In the 
case of the monovalent noble metals 
the difference is greater. In both 
cases, however, 7 is a more slowly 
varying function of energy than 0. 
Another trick which has proved 
helpful is to make use of core energy 
levels. Ham [18] shows that it is 
the ionization potentials of the al- 
ready singly ionized ions which should 
be used. Not very great accuracy 1s 
needed in these eigenvalues as the 
sensitivity of the quantum defect to 
the energy for very large binding 
energies above 1 Ry is very small. 


This extra information has proved 
of special importance in the case of Cu, 


Fig. 3. — Plots of d(e) and n(e) for the 
potential (5.17) as computed by Ham. 


Ag and Au, where in some cases the 


ground state energy of the valence electron lies beyond 1 Ry and hence 
beyond the forced zero of the p defect [19]. 


TABLE XIX. 


€ Exact 7 An,-quadratic An,-cubic 
0.1 38254 0 | 0 
0.2 | .378 25 0 | 0 
0.3 .423 42 (0) | 0 
0.4 .46728 + .00077 | = 
0.5 .507 86 + .00428 + .000 27 
0.6 54383 + 01186 4 .00084 
1.0 .64034 + .08415 | 0 
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3. — The problem of d-states. 


When we come to discuss the d-defect even the 7-defect extrapolation proves 
to be inadequate. For Li and Na the quantum defect for /=2 may be 
taken as 0, so there is no problem, but starting with K the defect departs 
appreciably from 0. For K the lowest d level is at 0.123 Ry, and we are re- 
quired to extrapolate to 0.48 Ry for the ground state energy. By contrast the 
lowest p level is at 0.2 Ry and in addition we have a core state at 2.34 Ry which 
gives an 7-defect differing very little from that in the free atom spectrum range. 
In the case of Rb and Cs we have a similar situation; in addition we have 
core d-states whose y-defect differs quite substantially from the values in the 
free atom term value range. The situation is well illustrated by Table XX, 
which shows the experimental y-defects for p and d-states in the case of Cs. 


TABLE XX. 
== | = 
Rb Cs 

= = = oe | — 
Mm | p d m p d 
| 3 (0.999) 4 | (1.996) 
| 4 (2.706) (*) | 1.3624 5 (3.710) 2.4828 
| 5 2.6798 | 1.353 0 6 3.625 8 2.479 1 
| 6 2.661 6 I 1.350 4 7 3.596 1 2.4758 
| 7 2.655 1.349 3 8 3.585 2 2.473 0 
| 
| (*) Core states enclosed in (). 


There is a further and more fundamental difficulty with d-states, however, 
which is associated with the normalization of the wave function. It will be 
noted that the normalization theorem (3.44) gives us 


Ts 


0 rifi(r.) , (fo rar 
5.19 = = ar 
(5.19) de firs) | flr.) rs 


0 


Since the integrand is inherently positive it follows that the quantity g, must 
also be positive. This requirement sets restrictions on the possible values and 
variation of the 7-defect. For s and p-states, it is found in practice that the 
logarithmic derivatives of both the irregular and regular radial functions are 
increasing functions of e. As a result the requirement that the actual Pp, be 
positive does not impose any restriction on the value of N, and sets only a mild 


bo 
bo 
DI 
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upper limit on the possible increase of 1 with e. For the d Coulomb functions, 
however, we find that for the energies encountered in the solid the logarithmie 
derivative of the irregular function is decreasing with e. This means that the 
wave function can never consist entirely of irregular function, and therefore 
that the extrapolated 7,-defect can never cross a half-integer value for any 
value of the energy in the neighborhood of the valence ground state energy— 
or more precisely any energy for which the logarithmic derivative of the ir- 
regular function decreases with increasing e. For Rb and Cs it is found that 
a simple quadratic interpolation formula fitted to the observed term values 
extrapolates across a half integer, and hence cannot be a correct extrapolation. 
Ham has computed the actual variation of 7, with energy for d-states in a 
square well potential having about the strength of the actual potential (in 
terms of the lowest d-eigenvalues), and by requiring the actual 7,-defect curve 
to be similar in shape to the curve for the artificial potential while at the 
same time conforming to the observed eigenvalues and satisfying the re- 
quirements for a positive g.; HAM was able to set reasonable upper and lower 
limits to the 7-defect curve. 

As an illustration of the application of these results we show in Table XXI 
values for the upper and lower limits of 7, for Cs obtained for the ground state 
energies corresponding to various values of the sphere radius r;. The Table 


IWwning, OMe 


Mo | (5/7)(E,/E)kî 
To. Upper Lower Upper Lower 
4.6 371 58317 — .330 — .153 
5.0 376 323 — .1727 — .093 
| 5.4 381 | .335 — .1113 — .069)1 
5.8 .388 .347 — .0831 — .0578 


also shows the corresponding limits for the ratio (5/7)(H,/22) è, which is the 


ratio of the contribution of the k* term in the expansion of E to the k® term 
to the mean kinetic energy of the valence electrons. 

It should be noted in passing that the difficulty in the extrapolation of 
the 7-defect is to some extent an artificial one, which was introduced by our 
effort to obtain the energy as a power series in 42. In Chapter III we pointed 
out that it was possible to solve the determinant of (3.31) either directly or 
by expanding all the elements in powers of k and then collecting terms in the 
same power of k in the final expansion of the determinant. The direct method 
is probably most advantageous when there exist uncertainties in the extra- 
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polation of the 7-defects, since in this method a knowledge of the wave functions 
only at the actual solid state energy and not the ground state energy is 
needed. Thus for the Fermi level of Cs, which lies at approximately — .285 Ry, 
the extrapolation of the 7-defect is very much less severe than for the ground 
state energy of — .42 Ry. A comparison of the direct and expansion methods 
for Cs at the Fermi level is shown in Table XXII, where again the limiting 


TABLE XXII. — Fermi level of Cs (r, = 5.6). 


Determinant | = SI | SRI SIA 


| | 
Power Series | — .2891 | RULE | 


values from Ham’s estimated 7,-extrapolation are shown. We see from this 
Table that the upper and lower limits for the position of the Fermi level are 
much closer for the determinantal evaluation, and indeed the positions are 
reversed, since the Table shows the levels associated with a given 7, curve. 
More generally, we can say that the farther out we go in k-space in the spheri- 
cal approximation, the more sensitive does the energy become to the ac- 
curacy of extrapolation of the 7#,-defect, but if the direct expansion of (3.31) 
is used it also follows that the larger the k the more nearly are we in the free 
atom eigenvalue range, and hence the more reliable the extrapolation or inter- 
polation procedures. 


4. — Corrections for changes in potential. 


A basic limitation of the quantum defect method (Q.D.M.) as so far described 
is that the potential in the atomic polyhedron must be assumed to be strictly 
Coulombic. A further assumption is that the potential from which the exper- 
imental free atom eigenvalues are derived can also be considered as strictly 
Coulombic outside some given radius. Neither of these assumptions can be strictly 
fulfilled in practice. We have already seen that the self-consistent potential 
—even when exchange and correlation effects are properly taken into account— 
cannot be strictly Coulombic in the outer parts of the cell. Furthermore, in 
heavy atoms especially, it is well know that there is a component of the po- 
tential, due to the polarizability of the ion core, which falls off as r-* and 
which is large enough to have a non-negligible effect on the energy levels of 
the free atom. This so-called polarization potential has two difficult aspects. 
In the first place, its presence, strictly speaking, invalidates the whole argu- 
ment by which the logarithmic derivatives of the wave functions were obtained 
from the quantum defects. In the second place, the polarization potential 
will be present in the solid and will be an additional deviation from the strictly 
Coulombie assumption. 
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The deviation from Coulomb potential in the solid is the simpier of the 
two problems and we shall deal with it first. 

We let V,(r) represent the standard potential, which w will take as Cou- 
lombic — 2/r, and we let V,(r) represent the true potentiai in the atomic 
sphere in the spherical approximation. We let f(r) represent the correct radial 
solution and g,(r) the solution for the standard potential, so that we may write: 


x Pal”, Rc Wi +1 

(5.200) fi 4 n+ | rin SS =0, 
7 ; 

2 ee ae MRI (IT 

(5.200) gi +=91 È vimini go. 


We subtract these equations and integrate from 0 to 7, assuming that f,(r) 
and g,(r) are both properly behaved at r= 0 for energy E. We may also 
assume that the logarithmic derivatives of f,(r) and gi(r) are identical at the 
origin, since this involves only the assumption that the origin is a regular 
singular point of the differential equations (5.20). We then obtain 


r 


AS ES CIA LA La 
(3215) i,(r.) = G(s) =| (r) — V,(r)] gi(r,) 72 dr. 


0 


This relation is exact, but we may obtain an approximate relation, equivalent 
to first order perturbation theory, by taking f(r) = 9.(r) in the integral. Bear- 
ing in mind the definition of g,, and assuming gi(r,)=1 for all E, we obtain: 


r 


sl 2 
(5.22) Aq: = fare gi(r) dr , 


where Ag, is the change in 9, resulting from the change in potential AV(r). 
The relation (5.22) is valid for all E or £ and may therefore be differentiated 
with respect to H as the occasion requires. 

In making calculations with (5.22) a useful approximation is the following. 
Since we are interested mainly in alterations in potential in the outer part 
of the cell, we shall use an approximation which gives a good representation 
of the behavior of g,(r) in the immediate vicinity of r,, but may not be so good 
elsewhere. We assume that f,(7) can be expanded in a Taylor series about 
y=r,. If we retain terms up to the second order in the expansion we obtain 


) DI r y n u 
(5.23) sie) = 1-21 Lei 40) +R — BOL =F) 


8 
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Using this result in (5.22) we obtain: 


(5.24) Ag: = AV, — 29, AV, + [pi — 291 + UL +1) + (VEJA, 


where 
ee 
(5.250) Ay, =, fAVOrar, 
1 , E r 
(5.256) AV, = =» far (7) [1 _ 2 pedro 
i; s 
1 È n AO 
(5.25c) NV ee 5 (N (7) f _ 3) t*dr. 


This equation is only valid if V(r) is assumed to vanish inside a radius r; for 
which the expansion (5.23) becomes inaccurate. Of course, since we know 
the wave functions exactly in the region of Coulombic potential we could 
evaluate (5.22) without using the approximation (5.23), but the greater ac- 
curacy is probably not worth while in most cases, and the form (5.24) has the 
virtue of bringing out the physical principles involved more clearly. 

Suppose we assume that AV(r) vanishes for r< r;, but that we add to 
it a constant potential C which extends throughout the cell, and which is 
adjusted to make AH, vanish. This constant potential then represents minus 
the energy shift of the ground state energy resulting from the perturbation 
in first order. In this way we obtain the following results 


AV tA =o) 
Po Po 


(5.26) C= AV; 


A 1 J 7 
8.27) SE AVz( —)—2ar,+ ara By * (1 DI 
0 Pi 


In obtaining these results we have used the relation (5.19) in evaluating the 
C term arising in (5.22). By taking derivatives of (5.27) with respect to e, 
and taking into account the boundary conditions satisfied by g,, we obtain 
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the relations 
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From these relations we may compute the changes resulting from the per- 
turbation of all the quantities that enter into the computation of E, and E, 
in equations (3.35) and (3.36). If we use the free electron values for the @’s 
and their derivatives, as given for example in (3.38), we immediately verity 
that the change in E, and #, vanishes for an arbitrary perturbation. Thus 
in this case the whole band structure is shifted rigidly by the amount C given 
in eq. (5.26). This result is not surprising when we consider that for free 
electrons the charge density in the cell is constant. It is true, however, only 
in the approximation of first order perturbation theory. 

More generally we find that any potential perturbation which tends to 
flatten out the potential variation in the outer part of the cell, will tend to 
make the values of H, and E, approach closer to the free electron results. 

As an illustration of these considerations we may consider the effect of 
the potential due to the other valence electrons. In order to avoid extending 
this into the core, we assume the following modified potential: 


(5.31) AREA 


Ts 


After we have determined the C due to this potential, we must also add a con- 
stant C, to the energy which makes the total potential vanish at r=v,. This 
has the value C,=2-+y/r,, where y is defined by (3. 45) and is usually very 
close to unity. As a first illustration we will consider the case of Li at 

— 32. We shall somewhat arbitrarily cut off the potential (5.51) at r t= 0.0. 
a it is found that the answers are quite insensitive to the choice of cut-off, 
since so little contribution to the averages (5.25) comes from the inner part 
of the cell. Quite generally for the potential (5.31) we find: 


(5.32) AV, =—.1939yr,, AV, =—.02969yr,, AV, = —.00736 yr, . 


For the Li case we find that 


(5.33) Gheeat4G4, 
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while H, is raised from .73 to .76. We find that E, is changed from — .03 
to —.02, an entirely negligible shift. 

In computing the influence of these results on the cohesive energy we must 
remember that the effect of the potential of the other valence electrons on 
the electronic energy is really the Coulomb interaction of the electrons. In 
the one electron scheme it is counted twice. Thus the total correction to the 
energy is actually half the correction to the one electron energy less the 
Coulomb self energy computed in the free electron approximation, which is 
1.2/r,. In this way we find a correction of — .0018 from the ground state energy 
and .0032 from the Fermi energy, resulting in a net decrease in cohesive energy 
of .0014 Ry or only 0.46 kcal per mol. 

The influence of the potential (5.31) on the band structure can be quite 
considerable. For example, for Cs with r,=5.4#, is reduced from 1.286 to 
1.141, much closer to the free electron value. If we neglect changes in Z,, 
we find the total correction to the cohesive energy amounts to .0122, an 
increase of 3.8 kcal per mol. This illustrates the general point. For r, = 5.8 
the correction is .0083 Ry or 2.6 keal per mol, in a direction to decrease the 
equilibrium lattice constant. 

There will be a slight additional correction to the energies arising from 
‘second order perturbations of the potential (5.31). This correction is very small 
and therefore will not be discussed in detail here. 
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Wil. 
The polarization correction. 


41. — Inaccuracy of the quantum defects. 


We have seen that the true potential seen by a valence electron in the 
free atom outside the ion core is given by 


È 2 2a’ 
(6.1) VEE 
fs 


Thus the observed energy levels of the free atom include the effect of the 
extra polarization potential — 2«'/rt, whereas in deducing the properties of 
the gs from the quantum defects in the last lecture we assumed that the 
polarization potential was not present in (6.1). For strict applicability of 
the Q.D. arguments we should use the quantum defects not of a real atom 
but of a fictitious atom whose potential is identical with that of the real atom 
inside some radius 7;, but which is strictly Coulombic outside. If we chose r; 
fairly large, however, the difference between the two potentials is quite small, 
and so we may use first order perturbation theory in reverse, as it were, to 
compute the energy levels of the fictitious atom from those of the real atom. 
The resulting corrections in the 7-defects for all the alkalis have been tabulated 
by Ham [1]. The corrections were actually computed by an approximate 
method, and more recent unpublished calculations of Ham indicate that while 
the polarization corrections for {= 0 are about right, the values for /— 1 are 
considerably in error, and may be almost twice as large as shown in Ham’s 
tables. 

The corrections to the 7-defects are negative and have the effect of raising 
the ground state energy and increasing the value of #, when the solid state 
parameters are computed from them. 
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2. — Polarization potential in the solid. 


If we compute the solid state parameters with the revised quantum defects 
as described above, the results will, of course, be quite sensitive to the choice 
of cut-off radius r;. The corrections to the energy will increase as 7; is de- 
creased. The resulting energy will be that of a solid made up of fictitious 
atoms. In order to find the true solid state parameters we must estimate the 
effect of the difference in potential between the true and fictitious atoms 
according to the general principles described in Sect. 4 of Chapter V. 

Our first inclination might be to take the polarization potential of the 
atoms in the solid the same as that for the free atoms. In this case it would 
only be necessary to take as AV(r) in (5.22) 


(6.2a) AV (r) =—— ti <P MI 


and zero elsewhere. This is valid if the Wigner-Seitz sphere radius lies outside 
the cut-off. On the other hand, if the sphere radius is inside the cut-off we 
must take the potential with the opposite sign, in accordance with (6.20) 


zi 
(6.2 D) AV(r) = + sah Ta ay ee 


yt 


Simple physical considerations make it fairly apparent that the above 
hypothesis concerning the polarization potential is unrealistic. If the polar- 
ization of each atom extended to infinity, we would not be justified in neg- 
lecting the influence of the ion core in one cell on the electron in another. 
The argument developed in Chapter II for neglecting the electrostatic inter- 
actions from one cell to another does not apply to polarization because the 
polarization potential results from an induced dipole moment in the electronic 
distribution whose potential is not screened by a uniform charge distribution. 
On the other hand, if the polarization potentials did extend significantly outside 
the cells, the resulting contribution to the cohesion would be considerable. 
For Cs it would be of the order of .05 Ry, or nearly 15 keal/mol, which is nearly 
equal to the experimental cohesive energy. This clearly is not a correct 
physical picture because we may expect that the valence electrons will in 
fact partially screen the polarization interaction with distant cores. 

It is difficult to estimate the screening radius, and yet the final result is 
very sensitive to what this is. Two possible choices suggest themselves. 
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1) Pines [2] has suggested that the interaction between two electrons 
in a Fermi gas is screened with a radius given by 


(6.3) ILA 


for the interaction between a valence electron and an ion core this radius 
should be halved because the screening occurs twice. The field exerted by 
the electron at the ion core is screened, so that the induced dipole is reduced 
by the screening factor. Simultaneously the field exerted by the dipole back 
at the electron is also screened. The resulting potential would thus take 
the form 


(6.34) Vir) = ee exp 


The closest approach of a neighboring ion to the Wigner-Seitz sphere is .756r,, 
which is 1.167? screening lengths, or about 2.7 screening lengths for Cs. 


2) We may use the Thomas-Fermi screening length which gives a value 
of 0.322 ri, about + that of case 1. Thus the nearest ion is about 5.4 screening 
lengths from the surface of the Wigner-Seitz sphere in the case of Cs. We 
may conclude that in this case the ion core polarization exerts a negligible 
effect outside its own cell. 


Intermediate choices of length may be justified by some arguments, but 
the above represents the extreme limits. It seems probable that for this type 
of interaction the Fermi-Thomas screening length is more appropriate. If 
this is so, it means that not only is there no polarization potential outside 
the cell, but even the polarization field within the cell may be quite sub- 
stantially screened, so that in fact the polarization potential in the solid state may 
be considerably weaker than it is in the free atom. This will have the effect 
of decreasing the cohesive energy. 

CALLAWAY has discussed the influence of the polarization potential on the 
cohesive energy of metallic potassium [2]. Outside the core his potential cor- 
responds to 


(6.4) | rs 


This is precisely the potential corresponding to the hypothesis (6.2). It cannot 
be reasonable because the potential is obtained by integrating the force inward 
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from infinity, and if the field vanishes outside the cell, then the potential (6.4) 
must vanish at the boundary. Thus we should add a constant potentia | 
+2’ /r* to Callaway’s results to conform to a model which has some possi- 
bility of physical reality. In the case of K this gives a reduction of the cohesive 
energy amounting to 0.0102 Ry, or 3.2 kcal. This probably represents the 
largest polarization potential in the solid which can reasonably be assumed, 
since it takes no account of screening within the cell. Nevertheless, it is very 
convenient for calculation, for it enables us to make computations with the 
model corresponding to (6.2) with only a simple additive correction to make 
the potential vanish at the cell boundary. As will be seen, even this model 
gives too little cohesion and too large an equilibrium lattice constant so that 
corrections for screening within the cell will make matters worse. 


3. — Comparison with Callaway’s results for K 


It is of interest to compare results obtained by the Q.D.M. with Callaway’s 
results using an explicit exchange and polarization potential. The agreement 
between the two methods for the same model is very close indeed. 

For r, = 4.86, before correcting the 7-defects for polarization, we obtain 
HE, =—.4905. After correction made with a cut-off radius 7;—=~r7,, the energy 
is raised by .0029 Ry to — .4876. Callaway’s result obtained in the Hartree- 
Fock approximation, using exchange, but not polarization, is H) = — .453. 
The difference of .0346 Ry gives directly the lowering of the energy produced 
by the polarization potential, including the part inside the core. By direct 
calculation, using a polarization potential constructed according to a method 
due to BETHE, CALLAWAY obtains an energy reduction of .0393 Ry. In quoting 
this result I have reduced the number actually quoted by CALLAWAY in the 
ratio of the polarizability coefficients assumed outside the ion core. The value 
of « used was that quoted by Ham [1]. The justification for using this value 
is that it is just the value required to adjust the quantum defects for the 
higher angular momentum states to zero, which it is easy to show they must be. 

For E, the raw Q.D.M. calculations give 1.095 for r,= 4.86. After correction 
of the 7,-defects we obtain a value of H,=1.149, Callaway’s value, after 
adjusting the polarizability as above is 1.143. Thus the agreement of MC two 
computations is seen to be excellent. 

For EH, we obtain by the Q.D.M. a value of — 0.3, which is to be compared 
with Callaway’s value of — 0.4. The agreement is again good when one con- 
siders the fact that E, represents a balance between nearly cancelling terms 
which are much larger. 


The various contributions to the cohesive energy are summarized in 
Table XXIII. 
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TABLE XXIII. — Cohesive energy of Potassium for r, = 4.86. 
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4thWorder, Hermi energy... .... . - = .003% 

Interaction energy . eet Oe .0039 (Pines, revised theory) 

Polarization potential at cell boundary . . 0102 | | 
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The final energy corresponds to a cohesive energy of 15.8 kcal/mol, which 
is to be compared with the experimental value of 21.7 kcal. The discrepancy 
is disappointingly large, and arises almost entirely from the various corrections. 
and improvements to the theory that we have discussed. 

These discrepancies become larger as we proceed towards the heavier ele- 
ments. It is found that not only is the cohesive energy definitely too low, 
but also the predicted equilibrium lattice constant is too large by 10 to 1b 
for K, Rb and Cs. It has not been considered worth while to make any 
further improvements in the computation of the polarization corrections be- 
cause it is evident that the present model gives about the most cohesion that 
can be obtained, and further improvements will all be in such a direction as 
to worsen the agreement with experiment both for the cohesion and for the 
lattice constant. For example, taking into account screening of the polarization 
field within the cell will raise the energy still further. It is possible that cor- 
rections to the Coulomb energy along the lines discussed in Sect. 4 of Chapter V 
will improve matters considerably, but these have not yet been carried out. 
In the case of Rb and Cs there is some doubt as to whether the expansion of 
the energy in powers of k? converges sufficiently rapidly to be reliable, although 
the results shown in Table XXII indicate that the power series is not too bad 
db 7; = 5.6. 

In the case of Rb and Cs it is probably also necessary to take into account 
the van der Waals attraction of the ion cores. These will be proportional to 
the square of the polarizability constant «’, and hence will become of increasing 
importance relative to the electronic polarization corrections. Furthermore 
a simple physical argument may be adduced to show that the van der Waals 
interactions are probably not screened by the valence electrons. The reason 
for this is simply that the frequencies involved in the electric fields which 
produce correlations in the electronic motion in the ion cores are much higher 
than the plasma frequency of the valence electrons. Thus in accordance with 
the ideas that will be discussed by PINES the electron gas is nearly t ‘ansparent 
to these frequencies and will be incapable of screening the corresponding inter- 
actions. This in turn means that the van der Waals interactions may extend 
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to considerable distances in the crystal. Since this is an attractive interaction 
which varies as 77° it wil also contribute considerably towards reducing the 
lattice constant. However, calculations indicate that this effect is not suf- 
ficient to compensate for all the other positive contributions to the energy 
discussed in the preceding paragraphs. 

It is interesting to note that when calculations of the cohesive energy and 
lattice constant of the alkali metals are made by the Q.D.M. with none of 
the refinements we have been discussing in this Chapter and wit the omission 
of the terms originating from £, in the Fermi energy, the agreement with 
experiment for both the cohesive energy and the lattice constant is exceedingly 
good. The reader is referred to HAm’s article [3] for details of this comparison. 
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VII. 


Other metals. 


1. A simplified theory of cohesion. 


The boundary condition for the determination of E, may be written in 
the form 


(7.1) f,(Eo, 1;) = 0 ’ 


where f(£,, 7) is the solution of the radial differential equation for t=, 
and the ‘ denotes differentiation with respect to r,, explicitly. We will con- 
tinue to adopt the convention introduced in Chapter III that fog) 
normalized so that it has the value unity at 7, for all E. Equation (7 .1) deter- 
mines #, as a function of r, and hence enables us to express f, as a function 
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of r, only. By taking the total derivative of (7.1) with respect to 7, we then 
obtain the relation 
1 d#, 


(1.2) n (Ly, ee) = Po r, dr , 


where 9, has its usual significance as defined in (3.34). We may now use the 
radial differential equation to find fi, obtaining: 


(7.3) h(Eo, rs) = Vr) — E 
(Note that the ‘s always denote explicit derivatives with respect to 7, i.e. 


partial derivatives keeping EH, constant). Using (7.3) we may write (7.2) in 
the form: 


(7.4) ME 

where y is the quantity defined in (3.45). This equation is completely general. 
It is possible to integrate it if we assume that y=1, as it would be for 
free electrons and as it nearly is for most of the alkali metals at their equi- 
librium lattice constant. We may also assume that V(r,)=— 2/r,, i.e. that 
the potential is Coulombie in the outer part of the cell. Then from (7.4) we 
obtain: 


CI 
7.5 E=—-_- +4 
( ) 40 Pee 


a relation first pointed out by FROHLICH [1]. In this equation 7, appears as 
an integration constant. We see that it is the value of r, for which dE,/dr, == 0, 
and for which £,, therefore, reaches its minimum value. From (7.3) we see that 


Equation (7.5) provides us with a method for finding the ground state energy 
as a function of 7, provided that we can determine £,,, or 7. A method of 
doing this has been suggested by KUHN [2]. We give here a slightly altered 
version of the Kuhn method which is more appropriate when tables of Coulomb 
wave functions are available, and is more accurate. 

Introducing the regular and irregular Coulomb functions as in Eq. (5.9); 


nm 


we can express the boundary condition (7.1) in the form 


CIT) F(a, 4) sernd (Bo, = 0. 
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For the energy at the minimum we may write, taking into account (7.6) 


Fl 2/10 > To) 


C= 2/0, To) 


(7.8) tg mò, = 


The right hand side is a universal function of r, which depends only on the 
properties of the defined solutions of the confluent hypergeometric differential 
equation. Through (7.6) it may also be expressed as a universal function 
Ob? Bs. 

From the spectroscopic data on s-states we may also plot 6, as a function 
of E for each metal. When the curve of 6, vs. E intersects the curve of 6, 
vs. E obtained by solving (7.8) for ò,, the minimum energy or 7, for the par- 
ticular metal is determined. Values of #,,,, for the alkali metals determined 
by KuHN [2] are shown in Table XXIV. Kuhn’s values were obtained by 
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lonization È x ì p 

Element | Energy Kuhn Min. Brooks Min. | Ratio 
Li .396 .706 _ 1.78 
Na .378 .667 6644 LITTA 
K .319 530 _ 1.66 
Rb 13.07 508 = 1.65 
Cs .286 468 4722 1.63 


the Imai WKB method as described in Chapter V, and as an indication of 
their accuracy we show the exact values obtained using equation (7.8). The 
ratio of É.,;, to the ionization energy is also tabulated, and is seen to be sur- 
prisingly constant. 

The chief weakness of Equation (7.5) is that y is assumed constant and 
equal to 1. By differentiating the normalization integral at r= ry, it is easily 
shown that 


dy 3 
7.9 SS SS = cu 
UA dr r eels 


Although this relation is only true for r=r,, we may obtain a rough idea 
of the variation of y with r by integrating (7.9). We obtain 


Ars 


TE, Il) po = == 
(7 ) } Ars —1 b) 
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where A is an integration constant. Using (7.10) in (7.4) and integrating 
we find 
Seca ee A 


3 
s s Ors 


where r, is an integration constant. This relation is found to represent the 
actual variation of H, with greater accuracy than (7.5) but has one more 
arbitrary constant. It may be used for interpolating if the minimum and 
one other energy are known. 


2. — Polyvalent metals. 


RAIMES [3] has suggested that polyvalent metals could be treated by con- 
sidering all the valence electrons outside closed shells on an equivalent basis. 
The ion core field is then that of the multiply charged ion, and the solid state 
one-electron parameters are determined with respect to this multiply charged 
ion core field. The interaction of the valence electrons is taken into account 
entirely in the Coulomb self-energy term, which is computed in the free electron 
approximation. The free electron picture ought to be moderately good for 
such metals since the ion cores are quite small, and the valence electron wave 
functions are fairly constant over most of the cell. 

If there are v electrons outside a rare gas configuration the radial differ- 
ential equation outside the ion core takes the following form, in which we 
have included the potential due to the other valence electrons and also the 
polarization potential, 


_ df, 2d, Do Symon OA) 
2 | | | ie? le ET DI DI =) 
oe dr? | rar | ner pe pa r? hi 


We make a change of variable 


E 
(7.13) Oe Ue ni E' = n 
Substituting in (7.12) we find: 
(Ga e ELET EZIO Ciare PZA Gina) PRESS 
ii ATE 0° 


We note that this equation is exactly of the same form as that found for 
monovalent metals, energies and distances being merely rescaled. In fact (7.14) 
for a divalent metal may be regarded as the same equation as that for an 
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GI alkali metal, but with the units taken as: for energy, the ionization energy “ 
ee of the Het ion, and for length, the radius of the first Bohr orbit in the Her 
STA ion. We note that even the potential due to all the other electrons takes the 


form of that due to one electron and so enters in exactly the same way it does 
for the alkalis. The effective polarizability of the ion core is increased by a 
factor of v?. 

If, for the moment, we drop off the term due to the other valence electrons 
and the core polarizability from (7.14), we have an equation to which we can 
apply the quantum defect method directly. We will first apply the method 
described in Sect. 1 of this Chapter. The application is illustrates in Fig. 4. 


al 
Al 2 58, 4 Ae) 6 lf 8 59 1.0 


The sloping curve represents the solution of (7.8), and the flat curves are the 
quantum defect extrapolations for Na, Mg, Al, and Si. It is interesting to 
note how the quantum defects get progressively smaller with increasing v, 
with the result that the extrapolation of the quantum defect becomes progres- 
sively less as v increases. However, the greater accuracy in extrapolation is pro- 


SSA bably offset by the fact that the total ground state energy is v? times the solution 
A for the eigenvalue. For Si, for example, an accuracy of .001 Ry in the eigen- 
“Se value would give an accuracy of only .064 Ry (20 keal/mol) in the final value 
e for the cohesive energy, which is more than + the observed value. It is doubtful 


whether the computed ground state energies can be relied on to much better 
than this accuracy, although this has not been estimated very carefully 
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In accordance with RAIMES’ suggestion that all the valence electrons may 
be treated as free electrons we arrive at the following general expression for 
the total energy of the crystal, using the approximation (7.5) for the ground 
state energy away from r=% 


DI 
ri 3 1.202 2 21 gee 916 0423 y 
lord me ¢ 0 oa . s 
(lo) Ji} a r( ; | | - = vg 5 
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where g(r) is the expression for the correlation energy per electron in the free 
electron approximation as given for a one-electron per atom metal, e.g. by 
the last three terms of (2.20) or (2.21). Equation (7.15) may also be re- 
expressed in terms of the reduced variable o as defined in (7.13): 
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In order, the terms of (7.15) or (7.16) have the following physical inter- 
pretation: ground state energy, Coulomb self energy, Fermi energy, exchange 
energy, correlation energy—all expressed in rydbergs per atom. 

Typical results for the cohesive energy and lattice constant of divalent and 
trivalent elements are shown in Table XXV. In deriving these results equa- 
tion (7.16) was used with the values of r, shown in Fig. 4. and the newest 
expression for correlation energy (2.21). The agreement between theory and 
experiment is seen to be quite good. 


TABLE XXV. 


Equilibrium yr, (Bohr units) Cohesive ine (R y) 
Element 
Theory Experiment There | Experiment 

| | | 

Na 3.886 3.95 .0889 | .084 

Mg 3.437 3.30 | .1159 .116 

Al 3.088 2.96 .242 6 237 
Si 2.75 | 3.15 | poi? .280 | 
Zn | 2.784 2.91 | 11120 | .100 | 


It is of interest to inquire into the assumptions which enter into this ap- 
proximate theory. Probably the two most questionable assumptions are that 
the ion core is that of the atom stripped of all its valence electrons, and that 
it is possible to neglect the energy discontinuities at zone boundaries and to 
treat the valence electrons as completely free. 

The interaction between the valence electrons and the ion core is auto- 
matically taken into account in the calculation of the ground state energy. 


@ 
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However, there is also a contribution to the total energy which arises from 
the fact that the valence electrons give rise to a charge inside the ion core 
which partly shields it from the nucleus, thus permitting it to expand and 
decrease its total interaction with the nucleus. This effect decreases cohesion. 
The effect has been estimated by Snitz for Li and found to be negligible, 
i.e. less than 0.5 keal/mol. One might expect it to increase as we proceed to 
the polyvalent elements. Probably it amounts to a more or less constant per- 
centage of the ground state eigenvalue. 

With regard to the free electron approximation to the Fermi energy, we 
discuss this in two parts. There is, in the first place, the question of distortion 
of the Fermi surface near zone boundaries. This has been discussed in the 
last part of Chapter IV, where it was indicated that this distortion, even 
though large for certain k vectors, affected such a small portion of the total 
k-space that its influence on average quantities would be quite small. 

There is, in the second place, the question of how closely the directional 
average of H as a function of k approximates the free electron trend. The 
calculations of Heine on aluminium using the orthogonalized plane wave method 
[4] suggest that the free electron picture is indeed a good approximation for this 
element except in the immediate vicinity of the zone boundaries. For the case 
of Mg we have attempted to compute the power series expansion of the energy 
as a function of k using spherical boundary conditions. For 0, = 6.60 or r, = 3.30, 
approximately the equilibrium sphere radius for Mg, we find 


Eset b0208 
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With these values the second order Fermi energy (average) is 0.314 Ry per 
electron, and the fourth order Fermi energy is 0.0316 Ry per electron or about 
20 keal per mole, which is almost of the order of magnitude of the total co- 
hesion. Thus inclusion of the H, term in the calculation of the kinetic energy 
of the valence electrons destroys the good agreement between theory and 
experiment found in the simpler free-electron picture. The correct resolution 
of this dilemma is not too clear at present. It seems most likely that a calcu- 
lation which took more accurate account of the effect of the potential due to 
the other valence electrons would tend to improve the situation, but no de- 
tailed results are available at present. It must be remarked that because of 
the higher average kinetic energy of the valence electrons in polyvalent metals, 
the cohesive energy is much more sensitive to small changes in H, and BH, 
than in the case of the alkali metals. Thus even though the potential due to 
the other electrons is, relatively speaking, no more important in the polyvalent 
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metals than in the monovalent metals, nevertheless, the total kinetic energy 
is much more sensitive to these details of the potential. At the present time 
we must reserve judgment until further calculations are available. 


3. — The monovalent noble metals. 


The Q.D.M. has been applied by KAMBE [5] to the calculation of the 
cohesive energy of the metals Cu, Ag, and Au. The physical assumptions 
used were very similar to those employed by Fucus [6] in a much earlier 
calculation by the Wigner-Seitz method. The distortion of the d wave func- 
tions in the solid is ignored; i.e. the d functions are considered as part of 
the rigid «ion core». Departures from Coulomb potential in the vicinity 
of r, were corrected for approximately by the method described in the last 
section of Chapter V. The empirical quantum defects were not corrected for 
core polarizability. This would be expected to be a larger correction in the 
case of Cu, Ag, and Au than for the alkalis because, as we have seen, the 
closed d-shells are highly polarizable. This correction, if applied, would sub- 
stantially reduce the theoretically computed cohesive energy. Furthermore 
only the E, term in the expansion of the energy was computed. From the 
position of the atomic d levels we might expect that the E, term could be 
considerable in magnitude and positive in sign, thus further decreasing the 
theoretical cohesive energy. In addition to these two corrections to the one 
electron eigenvalues, the contribution of the repulsive energy due to ion core 
overlap was also neglected. 

Kambe’s results are summarized in Table XXVI that follows. It will be 
seen that even with several factors neglected which tend to reduce the theo- 
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Theory Experiment 
Cu | 59 keal/mol 81 keal/mol 
Ag 55 68 
Au 49 84 


retical cohesive energy the experimental cohesion exceeds the theoretical 
result by a large margin in all cases. Furthermore the discrepancy becomes 
larger for the heavier elements having larger and more polarizable ion cores. 
It is also noteworthy that Ag and Au are in the wrong order theoretically. 

It is difficult to see how any refinement of the type of theory described in 
the preceding chapters could lead to much improvement in the comparison. 
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of theory and experiment. It seems most probable that the large additional 
contribution to cohesion must come from the supposedly «closed » d shells, 
probably an effect of correlation in the motions of the d shell electrons origi- 
nating in the same general way as Van der Waals interactions, but much 
more complicated to describe theoretically because of the overlap of the shells. 
As we have already mentioned in the first chapter, the fact that multivalent 
metals with d shells behave normally as regards cohesion lends support to the 
idea that the unusually high cohesion of the monovalent noble metals is con- 
nected with the large overlap of the closed shells. 
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Optical Properties of Solids. 
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In these lectures I propose to discuss some of the important aspects of the 
theory of optical properties of non-metallic solids. Clearly a selection of ma- 
terial must be made, and I have chosen to discuss optical band-to-band tran- 
sitions, properties of excitons, and the interpretation of optical properties of 
isolated imperfections on the basis of the « configuration co-ordinate » model. 
Most of what I have to say is not new, and may be well-known to some of 
the people attending the Summer School. My defense is that I have been 
instructed to give a somewhat didactic treatment. In each part some new 
material will be presented. 


it 


Band-to-band transitions. 


In order to make clear what types of transitions are involved in the first 
two parts, let us consider briefly the energy level structure of a non-metal. 
We may use the thight-binding approximation for simplicity, though the 
results are general. Consider N isolated identical atoms. If the i-th atomic 
energy level has degeneracy g,, there is Ng,-fold degeneracy in the corresponding 
energy level of the system, because of the equivalence of the N atoms. If the 
atoms coalesce to form a solid, most of the degeneracy is removed by the 
interactions of the atoms, and each level is broadened into a band. The levels 
corresponding to the outermost valence electrons make up the valence band 
(or bands), which is (are) of course completely filled if the system is a non- 
metal. Each valence electron occupies a state in the one-electron approxi- 
mation of the form y, = exp [tk,-r]z,,(r), where x, has the periodicity of 
the lattice. 


If one additional electron is introduced into the crystal when it is in its 


ground state, the electron experiences a periodic potential, and has available 
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a band of conducting levels which it may occupy. These states are again 
describable by a wave function of the form y, (r) = exp [th,-r)y,,(r)- It is 
these states which would normally be computed and called the conduction 
band. It is important to recall that these are states for an additional electron. 

The excited but non-ionized atomic levels likewise have most of their de- 
generacy lifted, and bands of excited, non-conducting states of the system result. 
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These states are the exciton, or excitation states, and are non-existent in the 
Bloch description. In addition there will be conducting states, similar to the 
ionization continuum of the atomic levels. Fig. 1 and 2 show these states 
schematically. 

For large separations of the atoms these conducting levels will in general 
be of higher energy than the excitation states. At the actual atomic sepa- 
ration that exists in the solid they may or may not begin at a higher energy. 
If they are of higher energy, the onset of optical absorption will be to the 
excitation states, and photoconductivity will not result. We shall discuss this 
case later on. If the conducting states begin at lower energy, it is na- 
tural to assume that these states are practically identical to the states com- 
puted for the additional electron, as described above. This is the basis for 
the usual theory of band-to-band transitions in solids. An essential part of 
this procedure is the neglect of the effect of the removal of a valence electron 
upon the energies and wave functions of the excited one-electron states. 

It is possible that in all cases the lowest energy excited states are of the 
non-conducting exciton type; although no general proof of this theorem has 
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been given, it can be derived under special conditions. In some of the semi- 
conductors the optical absorption can be reasonably well understood on the 
basis of band-to-band transitions alone, with no consideration of exciton 
transitions. Hence the remainder of this section is intended to apply to systems 
in which either the exciton states occur at higher energy than the onset of 
band-to-band transitions, or there is negligible oscillator strength associated 
with the excitation states. 


1. — Absorption in a static crystal. 


1'1. Basie equations. — Let us proceed to a discussion of the shape of the 
absorption coefficient to be expected in a perfect crystal, for band-to-band 
transitions. The absorption coefficient 4 is defined by the relation 


VEL) dI=—Iudx, 


where I, the light intensity, is the energy flux, or the energy density times 
the velocity of energy flow. Thus the absorption coefficient is the energy 
removed per unit time per unit volume from a beam of unit intensity. Let us 
define e as the electric field within the medium of dielectric constant x), So 
that x,e2/(4x) is the energy density, v the energy velocity, w the transition 
probability per unit time per unit volume, and £ = the energy of the 
transition. We obtain 


AnH 
(1-2 7) = ——w(H). 
(1-2) lB) = (8) 


We treat a crystal of volume V and N atoms, and must obtain, using time- 
dependent perturbation theory, the transition probability w. In the absence 
of selection rules the absorption of a quantum of light can cause an electron 
in the valence band in any state k,, of energy ¢(k,), to be raised to any state k., 
of energy u(k,), in the conduction band. The probability that this process 
has occurred by time # is denoted by |a, ,,(¢)|?, where a,,,,(t) is the time- 
dependent amplitude of the excited state characterized by a hole in the valence 
band with propagation vector k, and an electron in the conduction band de- 
scribed by k,. Summing over all pairs of states, we find the probability per 
unit volume per unit time that the system has been raised to a conducting 
state by the absorption of a photon 


[4 sin? (t/2h) (hor, k,) 
(1-3) w= 2(Vi) D D|Kke, ke] Ha|0}]?|- MG hsb 
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The factor of 2 arises because of spin, and the summations over k,, and k, 
include all occupied and unoccupied space states. The function in brackets 
represents the familiar selection rule on the conservation of energy, giving 
an appreciable contribution only when 


(1-4) hoy x, Wk.) — e( ky) — ho 


is approximately zero. The Hamiltonian describing the interaction of the 
electrons with the radiation field is given by the sum over all electrons, 


ieh Ay 
me 


(1-5) 15h. Da-Viexp[in:r.], 
where fin is the momentum and fw the energy of the photon associated with 
the vector potential 


(1-6) A= A, exp [i(y-r — ot)] +0. 0., 


with a polarization described by the unit vector a. 
Computing the matrix element, we find 
ieh : 
(I-7) CREA 0 meV AM > exp [i(k,— k. +y)-R,], 
Ry 


ME 


where M is similar to an atomic matrix element, being an integral over a unit 
cell, 


(1-8) M = (vieta v4 ia-k ]xx,}exp [i(K,— k. +n)-r]dr. 
The sum in Eq. (I-7) is very close to zero unless 
(1-9) k,—k,+yn=0, 


leading to the selection rule on conservation of momentum. x» is small for 
all cases of interest here, being several orders of magnitude smaller than most 
values of k,, k,. We may accordingly set n= 0 for our present purposes, 
leading to the approximate statement that a transition is forbidden when the 
electron changes its momentum. Thus the sum in Eq. (I-7) may be evaluated 
as NO, x, and the sum over k, in Eq. (I-3) may be carried out by means 
of the Kronecker delta function. Changing the other summation to an in- 
tegral, we obtain 


2 e2h3 N\2 n in: È 7 
(1-10) a 1 2e% (=) at y fare ni (t/2h) (h0x,.k,) ak. 
3 (Rx, x,)? 
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The summation in Eq. (I-10) is a sum over all the valence bands which may 
be of interest in the energy range covered. 

To carry the calculation further, the problem must be specialized in terms 
of the energy band structure and the Bloch functions ve and ¥, . 


1°2. Results for specific band structures. — The simplest model we treat is 
the case of spherical energy surfaces, with a minimum in the conduction band 
and a maximum in the valence band for zero momentum, at which the energy 
separation is U). If m, and m, are the effective masses, with y = m./m, their 
ratio, we may determine the integrand of Eq. (I-10) and evaluate the integral. 
We must first inspect the matrix element M in Eq. (I-8), however. For small 
values of k, in Eq. (I-8) we would expect the a-V term to dominate over the 
a: k, term, so that M would be almost independent of k, for k, small. This 
will be the case if the symmetries of y, and Le are such that the transition 
is an allowed one. For example, if x, is like an atomic s-state and Ne like 
a p-state, the matrix element of a-V would be non-zero, and would be the 
largest contribution to M. If the symmetries were both s-like, however, the 
a:V matrix element would be zero, and the a- k, contribution would dominate. 
We will refer to these cases as symmetry-allowed and symmetry-forbidden 
transitions. These selection rules are in addition to the energy and momentum 
selection rules mentioned previously. 

On the assumption that the transition is symmetry-allowed, we may re- 
move M? from the integral of Eq. (I-10). The evaluation is straightforward, 
and results in the absorption coefficient, 


(I-11) p(B) i ni 


28 (7) em) M? (E— U,)? 
(1+)! ER 


X00 


for E — U, small. That is, near the onset of absorption at U,, a square root 
dependence on E — U, should occur. This dependence comes essentially from 
the density of states in energy space. For larger values of E — U, the depen- 
dence would be more complex, depending on the details of the band structure. 
There would in general be a maximum in the uw vs. £ curve at E — U, of the 
order of a very few eV, where x reaches a value of the order of 10° em, and 
a decrease at higher energies. 

If the transition were symmetry-forbidden, on the other hand, we see that 
M? would be proportional to k?, which is also proportional to E — U,. Thus 
we would expect a 3 power dependence of 4 on E — U,. 

It is important to note that with this energy model, the lowest possible 
energy transition is also an allowed transition according to the momentum 
selection rule. Thus imperfections which would destroy momentum as a good 
quantum number would have relatively little influence on the absorption 


band shape. 
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Other assumed band structures give similar results. For example, if the 
valence band and conduction band both have minima at k= 0, with effec- 
tive masses m, < m,, we obtain the same results as in Eq. (I-11), but with 
1+y replaced by 1—y. Thus if the effective masses are very closely the 
same, all momentum-allowed transition would have approximately the same 
energy, and a very sharp absorption edge would be observed. In this case, 
however, if the momentum selection rule were broken down, transitions cor- 
responding to k,~0, k,=0 could occur at lower energy than U,, and a 
low-energy tail should occur. 

Still other simple band structures may be readily treated, but in each case 
one obtains the one-half (or three-halves) power dependence previously noted, 
with a proportionality constant and a distance from U, to the maximum of 
the curve depending on the details of the band structure. There does not 
seem to be any known case in which this theory is sufficient to explain the 
observed absorption. In all cases except those for which the maximum energy 
for the valence band occurs at the same value of & as the minimum for the 
conduction band, momentum-destroying transitions can take place to extend 
the long wavelength tail of the absorption band [1]. 


1°3. Temperature and pressure dependence. — In the zeroth approximation, 

in which we do not consider lattice vibrations, the only way in which the 
absorption coefficient changes with temperature is through the dependence 
of the band gap U, upon temperature. (This dependence is of course con- 
nected with lattice vibrations, but such a connection might be ignored in a 
phenomenological treatment.) Thus we might attempt to interpret the varia- 
tion in absorption with temperature in terms of a deformation potential theory, 


(I-12) U,(T) = U,(0) + #,,A(L) , 


where A(T), the average dilatation, may be related to the lattice constant 
in an obvious fashion. U,(0) is the band gap at absolute zero, and E, 18 
the variation in band gap per unit dilatation. #,, may be obtained from pres- 
sure measurements independently. There seems to be no known case where 
such a treatment of the temperature dependence is adequate [2], although 


the pressure dependence seems reasonable. 


1'4. Effects of static imperfections. — Static imperfections can modify the 
absorption in two ways, either by breaking down momentum selection rules 
or by creating new energy states not existent in the perfect infinite lattice. 
The surface of the crystal is of course an unavoidable imperfection, particularly 
important where absorption is strong and takes place near the surface. With 
even a perfect surface, apparent absorption coefficients of the order of 10! em-! 
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may be found in a region almost transparent in the large single crystal. In 
actual thin films, where the surface is far from perfect, still larger effects are 
frequently observed [3]. 

Effects of dislocations on breaking down momentum selection rules have 
also been considered. It appears that in crystals of reasonable perfection the 
effects of lattice vibrations, to be discussed later, would generally dominate 
dislocations in this respect. New states created by the presence and motion 
of dislocations would be expected to be important, however, particularly in 
ionic crystals [4]. Other types of imperfection would have an influence also, 
but usually more closely associated with localized effects than with band-to-band 
transitions. 


2. — Effects of lattice vibrations. 


It has become increasingly apparent in recent years that observed absorp- 
tion spectra are intimately connected with the interaction between electrons 
and lattice vibrations. Several distinct effects have been considered, but no 
complete theory has yet evolved. 


21. Thermal lattice expansion. — One relatively trivial effect has already 
been mentioned, namely, the usual shift toward higher energy of the «edge » 
of the absorption band with decreasing temperature, associated with the 
decreasing lattice constant. There can be little doubt that such an effect 
exists, but it surely is by no means the only one [2]. 


202. Thermal broadening of levels. — A second effect is the broadening of 
each one-electron level, according to the Uncertainty Principle, by the col- 
lisions of the electron with lattice vibrations. In polar crystals, where the 
interaction is large, the scattering time, hence the lifetime of the states, is 
small, and this effect has been shown to be quite significant [5]. 


23. Thermal shifting of levels. — A vibrating lattice not only scatters elec- 
trons, but also interacts with them, the interaction energy depending on the 
state of the electron. Thus when an electron changes its state in an optical 
transition, the energy of the transition is modified by the difference in the 
interaction energies associated wtih the two states. This effect has been shown 
to be comparable with that of thermal expansion in non-metals [2]. 


24. Violation of momentum selection rules. — Perhaps the most useful theory 
of temperature effects is that of the «indirect transitions», As discussed 
briefly above, if the minimum of the conduction band occurs at a different 
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value of momentum from that of the maximum of the valence band, a break- 
down of the momentum selection rule allows low-energy transitions not other- 
wise possible. These « non-vertical » transitions have been called indirect tran- 
sitions. A treatment has been given of the effect of lattice vibrations on these 
transitions, in which it is shown that absorption or emission of a phonon of 


suitable momentum enables these non-vertical transitions to oecur. This 


theory [6], with slight modifications [7], has been applied with at least quali- 
tative success in some of the semiconductors. Although this topic deserves 
considerable attention, I will not go into detail here, as Professor FAN has 
covered it in his lectures. 


25. Oreation of new states. — The effects mentioned above are all computed 
using the electronic statés which would exist in the periodic non-vibrating 
lattice, emphasis being variously placed on the shifting or broadening of the 
levels, or on the breakdown of selection rules. Thus each effect is described 
in terms of a perturbation treatment. 

There exists a further and complex effect not previously discussed, to the 
best of my knowledge. This effect is concerned with the new electronic states 
which must be taken into account when we consider the non-periodicity of 
the lattice potential in a vibrating crystal. Instead of a sharp cut-off in the 


density of states for a periodic potential 


o(E) =a [E— U,(T)} for =U): 
= 0 for H< U,(T), 


where U,(7) is the minimum band gap in the crystal with a given lattice 
‘constant A(T’), there must occur in the vibrating crystal a non-zero density 


of states at energies appreciably less than U,(7). (A similar conclusion is 


reached in a consideration of the density of states associated with an impurity 
band, when the impurities are located randomly, rather than on a super 
lattice [8].) It might at first be thought that the effect would be small, but 
if we are concerned with the behaviour near the band edge, say at ~~ 1 em, 
we must recognize that we are considering a value of x of the order 10-° of 
the maximum value, so that even a small effect may be important in this 
range. 

Another point of view is that for energies appreciably less than U,(T7), 
perturbation theory cannot tell us the density of states. Unfortunately the 
exact solution of the problem is beset by impressive mathematical difficulties. 
The one-dimensional problem of the density of states in a not-quite-periodic 
potential, although distinctly non-trivial, has recently been solved [9]. There 
is no apparent generalization to three dimensions. 

In order to demonstrate that the problem is not only difficult but im- 
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portant, let us mention recent observations on the absorption curves of the 
silver halides [10] and of cadmium sulfide [11]. Urbach originally made the 
observation that in the silver halides the absorption coefficient u rose expo- 
nentially with increasing energy for several decades in the vicinity of u=1 cm. 
He further noted that the coefficient was proportional to 1/k7. That is, in 
these materials u= X exp [E/ekT], where e is a dimensionless quantity close 
to unity. In CdS the relation is obeyed even more strikingly, being observed 
over a longer range of absorption coefficient, and the constant A varying by 
about a factor of 4, in polarized light, depending on the orientation of the 
electric vector with respect to the crystallographic c-axis of the crystal. Such 
a result as « Urbach’s Rule» is obviously not interpretable on the basis of 
the theories previously discussed, and suggests the existence of an exponential 
tail in the density of states toward lower energy measured from the band 
gap U(T). 

Let us consider how such an exponential tail might arise. We treat for 
simplicity the case of symmetry-allowed, «direct » transitions so that the 
existence of imperfections cannot produce a low-energy tail by destroying 
momentum selection rules. In this case, as we have seen, mu is approximately 
proportional to the density of states, which in the static lattice is again pro- 
portional to [E — U,(T)}}. That is, according to Eq. (I-11), u=w[E— UD) 
and we will neglect the slight energy dependence in wu. However, there exist 
local variations in the band gap because of lattice expansions and contractions 
associated with lattice vibration. The mean square dilatation associated with 
thermal effects is equal to <A%>,,=kT/C,, at temperatures where equiparti- 
tion of energy obtains, where C,, is an appropriate elastic constant. Now if 
the spatial extent of the local dilatation were large with respect to the wave- 
length of the electrons undergoing the optical transition, we could use de- 
formation potential theory to relate the local change in band gap W(r) to A(r) 
through the relation W(r)=#,,A(r), and thus obtain <W?),,= #,,(4?),, = 
=E,,kT/C,,. (This assumption regarding the spatial extent of the local dila- 
tations is clearly incorrect, and will be returned to later.) Further, at reason- 
ably high temperatures the atoms may be considered to oscillate independently 
and the relative probability of a given change in the band gap, W, where the 
mean square value is <W®) = H7,kT/C;,, is given approximately by 
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Thus, taking into account the local variations in band gap, we find the ab- 
sorption coefficient to be given by 

(65 3 i) r 1 r i PI e 
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Thus, for energies E appreciably less than the edge in the static crystal Up, 
we find 


E IT My Ci: Te TDI i] A 
(1-15) w( 4) = bo 510.(0,— HI exp |— 9 2 kT (U,— E) | 


15/ 2E,kT 15-63/ 2E%kT \° 
“11 | ——— = (= Se | bb 
| 16 ni DIZ C,,(U,— E)? 


The logarithmic derivative of the absorption coefficient, which according to 
Urbach’s Rule should be (ck7)-!, where e 1, we find to be 


ll CU E 3 
(I-16) dr ESE a | 
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This expression should be modified in a region where the expansion parameter 
2E°,kT|O;(U,— E)} becomes comparable with or greater than unity. For 
E-U, positive the expression (I-14) becomes similar to the relation for the 
static lattice u = (HZ — Do). 

The quantity in curly brackets in Eq. (I-16), which we refer to as A, is 
a dimensionless quantity that must be compared with unity. Over a small 
energy range well removed from the static band edge, where U,— EH is of 
the order tenths of an eV, A is roughly constant for small variations in £. 
For typical values of elastic constants and deformation potential constants, 
the coefficient A is found to be appreciably less than unity. This is not an 
unexpected result. That is, since the spatial extent of the local dilatation is 
not large with respect to an electron’s wavelength, the electron will naturally 
tend to cancel out the effects of positive and 
negative dilatations. We would thus expect. 
to have to use smaller values of deformation 
potential constants than those determined in 
a uniform dilatation experiment. If H,, were 
reduced by a factor of order 5, reasonable 
agreement would be obtained. 

Specifying values of H,, and C;; such that 
A in Eq. (I-16) has the value unity for U,— E 
equal to 0.5 eV, we integrate Eq. (I-14) and 
obtain the solid curve in Fig. 3. The dashed 


Fig. 3.— Calculated absorption spectrum for band-to- 
band transitions in a non-periodic potential, shown 
with the solid line, and in a periodic potential, with 
the same band gap, with the dashed line. The appar- 
ent band gap moves by about half an electron volt. 
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curve would be obtained with the static lattice. We have selected the reason- 

able value 10°cm ' eV=! for wo, and have arbitrarily chosen a value 3.0 eV 

for U,. The temperature is taken to be 

room temperature. It will be noted that for PO LO e 20 29 
lesa 


000 Canin T 
mw less than about 10% cem, the absorption Aide lies 
coefficient is reasonably close to a straight 
line of slope 1/k7T. It is important to note 
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Fig. 4.— Observed absorption coefficient for 
a single crystal of AgBr as a function of Fig. 5. — Observed absorption 
temperature. (After Moser and URBACH, coefficient for a single erystal 
reference [10].) Note the 1/7 dependence of AgCl. (After Moser and UR- 
in the slope at high temperature. BACH, reference [10].) 


that appreciable absorption extends to 0.5 eV lower energy than the static 


band gap. This result points out the great difficulty in assigning a definite 
number to the «optical band gap.» Expe- 

rimental curves for AgBr™, AgCl” and CdS!!! 95 4862 4960 5060 5166 52/0 sexu 4 
are Shown in Fig. 4, 5 and 6, and qualita- | 
tive similarity is noted. The observed di- 
chroism for CdS may reasonably be explained 
if the transition matrix element parallel to 
the C-axis is a factor of two smaller than 
that perpendicular to the C-axis. 


CdS 
25°C 


Fig. 6. — Optical absorption observed in CdS. 

(After Durron, reference [11].) Note the pro- 

nounced dichroism and the parallel straight lines 

for several decades on the logarithmic plot. Sin- 

gle crystals of thickness varying from about 

one mm to less than one um were used to cover 
the entire range. 
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The above arguments cannot be said to constitute a theory of the observed 
effect, but they do appear to furnish some basis for its interpretation. What 
experience there is indicates that random fluctuations in potential give rise 
to tails on the distribution of states which are somewhat similar to a Poisson 
distribution or Gaussian. 

In general, the more rapidly varying is w with (E— ©) in the static 
lattice, the smaller is the effect discussed here. If w varies as wo(2)(£ — Uy)", 
increasing n by unity decreases the magnitude of the tail by about one order 
of magnitude. The equations corresponding to Eqs. (I-15) and (I-16) are, for 
the general case, 
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From Eq. (I-16') we see that the slope of the curve of log w versus energy is 
roughly independent of n, and from Eq. (I-15’) that the magnitude of yw at 
a given energy H< U, decreases with increasing n. Thus the low energy 
tail is substantially reduced for symmetry-forbidden and for «indirect » tran- 
sitions, at a given energy interval from the edge. 

The existence of the new states associated with the vibrating lattice lke- 
wise have an influence on the determination of the band gap by the meas- 
urement of intrinsic conductivity. The influence is appreciably less, however. 
This effect is not included in the scope of this lecture, and will not be discussed 
here: 


If. 


Excitons. 


A great deal of attention has been devoted to the subject of excitons, 
particularly theoretical attention. A remarkable degree of ignorance remains, 
however, about the actual properties associated with these states in existing 
crystals. 

We may refer to the beginning of the first lecture for the origin of these 
states. To summarize, these excitation states arise in the tight binding ap- 
proximation from the excited, non-ionized atomic states of the constituent 
atoms or molecules of the crystal. In another description the states arise from 
the interaction between a hole in the valence band and an electron in the 
conduction band. If the potential is periodic, these states must be charac- 
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terized by a momentum /k and a propagation vector k. It is important to 
note that these states are states of the whole system, not one-electron states, 
and do not exist in the Bloch scheme. 

In the Heitler-London description a given state is represented by a linear 
combination of excited atomic states based on the many unit cells of the 
crystal, the coefficients differing only in phase, being given in terms of the 
propagation vector. Thus we may think of the electronic excitation energy 
as flowing from one atom to the next in a regular, coherent way. In the alter- 
native description we imagine an electron and hole rotating about each other, 
similar to a positronium atom, the center of mass moving through the crystal 
with a definite momentum. 

Most theoretical work has been based on one or the other of these schemes, 
in which the periodicity of the lattice is an essential assumption. Many diffi- 
culties arise when this assumption is relaxed. 

There can be little doubt of the existence of excited non-ionized states of 
insulating crystals, when the constituent atoms or molecules interact weakly, 
and when their ionization potential is considerably greater than the excitation 
energy to their first excited states. Some of the real questions which do arise 
refer to the best method of description of these states, to the degree of 
coherence of the states, and to the extent to which energy may actually be 
propagated. These matters are closely connected with the amount of inter- 
action with lattice vibrations and other imperfections, or alternatively, 
with the deviations from perfect periodicity of the lattice potential. 

Perhaps it should be restated that, ac- 
cording to our present knowledge, the low- ay foaled AIA i 
est excitation states may be of higher AE LO RIE ea pai a DT 
energy than the lowest conducting states, 
even in the perfect crystal. It may be that 
this is the case in the silver halides, but 


probably not in the alkali halides and many 210°. T | 
organic crystals. The occurrence of con- O | 
ducting states as the lowest energy excited te +— | 
Xx 
12105 
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Fig. 7. The absorption spectrum of AgCl at ul 
. . . N 
room temperature and liquid nitrogen tempera- 6 A San 
ture. Curve 1 is the absorption curve at 26°C, A as 
2200 2600 3000 


and curve 2 is at — 184°C. The measurements 

were taken on a thin (210 ymm) evaporated film. Curve 3 shows the absorption 

curve measured by MILLIMAN at room temperature on fused films. Curves 4 and 5 

are data measured by Kayser on an evaporated film of 510 umm thickness at 27 °C and 
at — 183°C respectively. (After Turmast, reference [12].) 
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states does not imply that the excitation states are non-existent, nor that 
their existence cannot manifest itself in optical absorption or in other ways. 
In such a case there may be a concentration of oscillator strength in a given 
energy region superimposed on the absorption arising from band-to-band 
transitions. However, in such a case one would expect auto-ionization of the 
exciton so produced in a time of the order 10-!? s, resulting in the creation of 
a free electron and a free hole. The peaks in absorption of the silver halides [12], 
at energies about 2eV from the onset of strong absorption, very likely cor- 
respond to transitions to excitation states, but no diminution in photocon- 
ductivity should be observed other than that associated with surface pheno- 


mena. Fig. 7 and 8 show these peaks in 
iv Electron volts two different kinds of plots. 
10° Sle Just as in band-to-band transitions, here 
ig e also there are energy and momentum se- 
10°} ! T vere lection rules, and, of course, selection rules 
| | arising from the symmetry of the atomic 
104 = Se - states involved in the optical transition. To 
2 90°K demonstrate these selection rules we treat 
mile —_ LE — an idealized case with the tight binding 
= i Xi | approximation. 
DA estrae L \_\\299% 
\ Gad” 
\ \\Urbach 
ar ai ii Fig. 8. — Optical absorption in AgCl over a large 
Gilleo range of absorption coefficient at room tempera- 
Li eg a ligt, ture and at liquid nitrogen temperature. (After 


TutinAsI and others, reference [12].) Evapo- 
rated films and single crystals were used in the different energy ranges. The strong 
absorption begins at energies about 2eV lower than the exciton peaks. 


1. — Wave functions and energy levels. 


Let us consider N isolated, identical atoms or molecules, each having a 
Hamiltonian H, and states described by wavefunctions yw” and energies ¢,. 
The Hamiltonian for the system is then H, = ii 7, With wave functions 

T 


given by a product of the various y". The ground state of the system is 
described by 


(II-1) PLETRI 


where the subscript labels the atom and the superscript the atomic energy 
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level. The lowest excited states of the system are of the form 
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in which the Z-th atom is in the n-th excited state, all other atoms being in 
the ground state. In order to satisfy the Pauli exclusion principle, we would 
have to anti-symmetrize Eqs. (II-1) and (II-2). Other states exist, of course, 
in which two or more atoms are excited. The energy of the ground state is 
equal to H, = Na, and is in general non-degenerate; the energy corresponding 
to (II-2) is H,=(N —1)e,+e, and is at least N-fold degenerate, since the 
atoms are identical. If the atoms or molecules are brought together into a 
crystal, so that they interact, the system’s Hamiltonian is given by 


(IL-3) HoH =>»), Ly 
LS 


where H,, represents the interaction between the /-th and J-th atoms. 
Functions of the form (II-2) are no longer eigenfunctions of (II-3), because of 
the perturbation resulting from the interactions of the atoms. Instead, most 
of the degeneracy is removed, and the wave functions of the system are of 
the form ®, = ¥ for the ground state, and 


(II-4) Obie => Cxp ith ies. 


for the excited states. Again the Pauli principle should be taken into account, 
and in addition other correction terms should be included for most purposes. 
For a qualitative discussion these wave functions are sufficient [13]. Eq. (II-4) 
indicates that the excitation energy is being propagated from one atom to the 
next with a propagation vector k (and a momentum #k). FRENKEL introduced 
the term «exciton » to describe pictorially the particle-like aspect of this 
quantum of electronic excitation energy in a momentum state [14]. It seems 
to me unfortunate that the term exciton is now applied to any quantum of 
electronic excitation energy, regardless of whether or not the system is in a 
momentum state or the potential is periodic. Important physical problems 
hinge on this distinction, and the whole method of description of energy trans- 
fer, to give just one example, depends upon it. It is regrettable that Frenkel 
did not coin two additional words, one generic and one corresponding to a 
description in configuration space, to handle this difficulty. It is likely that 
the present usage is too firmly entrenched to be changed now, and I shall 
follow the common usage in the following. I hope that it will be recalled that 
totally different concepts are invoked in various uses of the same term. 

It is the interaction among atoms or molecules which is responsible for 
the migration or propagation of the excitation energy, and this same inter- 
action determines the energy spectrum. For many years it was believed that 
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«exchange », that is, electron exchange arising in connection with antisym- 
metrized wave functions, was responsible for this interaction, and was a ne, 
cessary condition for transfer to occur. Following a suggestion by SEITZ- 
HELLER and Marcus showed that the electromagnetic « near-zone » interaction 
among excited atoms could furnish a strong mechanism for propagation [15]. 
This mechanism, which is essentially classical in nature, as contrasted with 
«exchange », is the same as the interaction between oscillators which leads to 
the resonant transfer of energy between neighboring identical antennae. That 
is, it is the dipole-dipole interaction (when the transition is an « allowed » one) 
which arises from the overlapping of the dipole fields of the excited molecules, 
rather than the actual overlapping of the electronic wave functions, which is 
responsible for the propagation of excitation in many cases of interest, where 
the excited state is reached by an optical transition. A crude way of visua- 
lizing the process of the propagation of energy is to consider that a given 
excited atom jumps to the ground state, passing its energy along to its neigh- 
bor in a perfectly regular, coherent way, through the interaction of their electro- 
magnetic dipole fields. In the following we shall treat the dipole-dipole (d-d) 
coupling as the dominant effect, though exchange may also be important. 
It is important to note, as stressed in reference [15], that the d-d interaction 
is a long range one, and it is not sufficient to include only near-neighbor inter- 
actions. It also should be noted 
that the same quantity, the dipole 


E 
dì matrix element, is responsible for 
3} the creation of the exciton by 
2 : i : 3 4 
1 Ha light, for the interaction with the 
0 kd 


2 5/8” neighbors, for the width of the 
band of states, and for the velo- 
city of propagation. 

-5t On this basis, the energy spec- 


trum of the excited states, E,(k), 
Fig. 9.- Dependence of energy on propagation za È ] 
vector k in a face-centered cubic crystal, for 18 found to vary quadratically with 
an exciton with dipole moment perpend- k, near k=0. See Fig. 9. The 
icular to k. The curve I results from an coefficient, which is related to the 


integral anproximation and A, B, C are for k effective mass for an exciton, de- 
in the 100, the 110, and the 111 directions. 
(After HELLER and Marcus, reference [15].) 
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pends on the orientation of the 
dipole moment of the exciton (pri- 
marily parallel to the electric vec- 
tor if created by optical absorption) with respect to the propagation vector. 
For an optically excited exciton the effective mass is equal to 
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where A is the lattice constant, m, the electronic mass, a, is the spatial extent 
of the localized function y", and f, the oscillator strength connecting the n-th 
state with the ground state. Thus in typical cases we may expect an effective 
mass for the exciton to be nearly as small as the electronic mass, if its creation 
in an optical transition is allowed. This implies a width to such an exciton 
band of the order of one eV. Near the bottom of the band a velocity may 
be assigned to the exciton by forming a wave packet in the usual way, and the 
velocity (1/h)V,E(k) is of the order (h/m,)f,(a,/R)k. 


2. — Selection rules. 


The optical properties associated with excitons are expressed in terms of 
the matrix element of the Hamiltonian describing the electromagnetic field, 
Eq. (1-5) [16]. The selection rule for the conservation of energy appears in 
the usual way, stating that a transition is unlikely unless 
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where iw is the energy of the incident photon of momentum fy. Computing 

the matrix element of Eq. (I-5) with the wave functions (II-1) and (II-4) we 
obtain 
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The integral is zero unless è = L, in which case we obtain 
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and since the atoms are identical, the integral is independent of L. This 
integral, <‘n|a-V|0), is simply the atomic matrix element of @-V which may 
be related to the dipole matrix element r, through the well known theorem 
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Except for surface effects, the summation in (1I-8) vanishes if n+ k, and 
gives N if n= k. This is the momentum selection rule, which asserts that 
the exciton takes up the momentum of the photon in the absorption process. 

The atomic symmetries are seen to enter into the computation of (II-9). 
If the atomic transition is allowed, the corresponding transitions in the erystal 
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are allowed. This is something of an oversimplification, but we will not carry 
it further at this time. The magnitude of the dipole matrix element in (II-9) 
determines the strength of the absorption band, and also the width of the band 
of excitation states, the effective mass, etc. If in the crystal the excited state 
wave function is very large compared with the ground state, the dipole matrix 
element will be reduced by the poor fit, and relatively little absorption will 
result. 

Observable optical quantities are proportional to the absolute square of 
the matrix element in (II-8), 


(11-10) Im, k|Hx|0)[}= 22 (en — eo) (ara) [Ndk a]. 


Except for the factor in square brackets, this is the same value we would have 
obtained for an isolated atom. We see that for any given band of excitation 
states we have N times as much absorption as we would have from the cor- 
responding level of a single atom; further, all of the transition probability 
occurs to a single state, for which k=m. It is this property which has led 
to the common remark that the optical properties associated with excitons 
are the same as for isolated atoms. 


3. — Coherence. 


It has not been generally noticed that one striking dissimilarity exists. 
Just as in absorption, where N atoms absorb N times as well as does one, so 
in emission the system emits with N times the spontaneous emission proba- 
bility of one atom. This point is intimately connected with the question of 
coherence, and has received inadequate attention. It has been stated by a 
number of workers that emission times for excitons are of the order of or 
longer than typical atomic lifetimes. However, we see that in a periodic po- 
tential the lifetime will be extremely short from the one state which can 
be prepared by optical excitation, i.e., the state for which momentum and 
energy are conserved. Indeed, if absorption of a photon prepared the k=y 
State, emission would occur in times short compared with a lattice vibration, 
so that the exciton would disappear before it could be scattered to another 
state. In the case of perfect incoherence the lifetime would be as long as an 
atomic lifetime; in this case we could say formally that the probability of 
occupation of the k=y state is 1/N, that the probability of emission from 
that state is N times an atomic probability, so that the resultant emission 
probability is the same as for an isolated atom. (Alternatively, we could state 
on simple physical grounds that for perfect incoherence the atoms are emitting 
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as independent atoms.) In the case of some preferential occupation of the 
k=y state, as would be expected if the k= 0 state is at the bottom of the 
band, the emission probability would be greater than the atomic value, but 
not N times as great. 

Several complications arise in attempting to assess the implications of 
this theorem, for example, the question of natural line width of the k=n 
state if the emission probability from this state is very large. Also, there 
must exist some natural «saturation » mechanism to prevent emission proba- 
bilities from achieving unreasonably high values. These questions have not 
been answered, and surely deserve theoretical attention. Of one thing we 
may be certain, however, and that is that a simple statement of the momentum 
conservation law k—=y for absorption and emission does not tell the whole 
story by any means. 

Optical absorption measurements have been made on many organic and 
inorganic crystals. Up to the present I think it safe to say that not a great 
deal has been learned from them, the theoretical work required for their de- 
tailed interpretation usually not having been carried out. In general, the 
calculated energies of the absorption bands are in at least vague agreement 
with experiment. The strengths of the transitions, where they are known, are 
in somewhat worse agreement. The widths and shapes of the absorption lines 
have almost invariably not been computed, nor is the temperature dependence 
understood. Fine structure in absorp- 
tion has been considered in some detail 

4.0 BG 5.0 5.5 
in a few organic [17] and ionic [18] crys- Re Eee sn 
tals, and is beginning to be treated in 
the alkali halides [19]. By-and-large, we 
know that absorption lines of varying 
width do occur in many insulating crys- 
tals, but in most cases that is about 
all we know. It would be useful to have 
more clear-cut information about the 
photo-conductivity (or its absence) asso- 
ciated with these transitions. Fig. 10-14 : 
show some typical absorption curves 
for ionic and organic crystals. Most of : TEMPERATURE 
the work with very fine-absorption ie | f- Le 
nes is published only as spectrographs, / a: 
without microphotometer tracings, and Re Feat aan 
cannot conveniently be shown here. 

In a few specific crystals of aromatic 
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Fig. 10. — Optical absorption in an- 
nealed BaO films. (After ZOLLWEG, 
molecules the transitions have been iden- reference [18].) The peaks tend to dis- 
tified in some detail. Even in these appear with increasing temperature. 
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few cases an understanding of line breadth cannot be said to exist. Certainly 
we cannot yet answer the questions about coherence from the optical absorp- 
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Fig. 11. — Microphotometer tracings of the absorption spectra of naphtalene at 20 °K- 
The different curves are for pure and mixed crystals with different orientations of polar- 
ization. (After McCLURE and SCHNEPP, reference [17].) 


tion measurements. 


In crystals of the aromatic molecules which have more 


than one molecule per unit cell, differing orientations occuring for the various 
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Fig. 12. — Optical absorption in eva- 
porated KI film. (After TEEGARDEN, 
reference [19].) 
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Fig. 13. — Optical absorption in evaporated 

RbI film. (After TEEGARDEN, reference [19].) 

Note the similarity to the KI curves, and 
the additional structure. 
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molecules, more than one transition occurs for a given molecular state, This 
effect is generally known as « Davydov splitting » [20]. The theory of Davydov 
splitting is based on coherent excitation, and its occurence implies at least 
short-range coherence over a few molecules. 

Emission measurements are less commonly made. Only in the past year 
or so have the alkali halides been known to luminesce with any appreciable 
efficiency without intentional doping [21]. 

In this case a large Stokes’ shift occurs, de- 20 
monstrating that if an exciton is created 
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by optical absorption, something drastic 
happens to it before it emits. At tempera- 
tures above liquid nitrogen temperatures, 
the luminescence efficiency decreases rapidly 
for Nal and KI, and nitrogen apparently 
is not cold enough for KBr luminescence. 4, 
(TEEGARDEN, private communication.) In 
organic crystals more information is availa- 
ble and Stokes’ shifts are smaller. Decay 
times and quantum yields have not usually 
been measured. Considerably less is known 
about emission from excitation states, even, 
than about absorption to these states. 
Some optical experiments have been 
proposed which may assist in our under- 
standing of the problem of coherence. Fox i 
/ . ; GARDEN, reference [19].) The struc- 
and YATSIV [22] have pointed out certain Ro at disappeared stieh 
long-range interactions in organic crystals thisliehtercation, as though spin or- 
which should influence the energies and po- bit coupling on the cations might 


larizations of the transitions as a function of De responsible for the splitting of 
exciton levels. 
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Fig. 14. — Optical absorption in 
evaporated Nal film. (After Trn- 


the direction of propagation of the exciting 
light, if the region of coherence is large with 
respect to the wavelength. Experiments with varying polarization and di- 
rection of incidence should allow a demonstration of this coherence, if it exists. 

Another possible experiment is suggested by the dependence of the emission 
probability on the size of the coherently excited region. The experiment could 
best be performed using a thin crystal of a material in which the lowest energy 
atomic transition has an oscillator strength of the order of or less than 107°. 
(Where the transition is strong, absorption itself limits the possible coherence 
in the direction of propagation.) With an oscillator strength of 10-4, one would 
expect an atomic decay time of about 10-45. A deviation from this value 
could give information about the amount of coherence, 

Fox [23] has also suggested experiments on organic polymers as a means 
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of building «small excitons». In this case one has control of the maximum 
possible extent of coherent excitation. 

In summary of the present experimental information, let us note that 
there exists no demonstration of long-range coherence of excitons in any crystal. 
In part this is because the importance of coherence has not been well-under- 
stood. As we have seen, coherence is important in affecting the optical pro- 
perties; it is also intimately connected with the question of propagation, or 
of energy transfer. If the system is not coherent over at least the order of 
a wavelength, it becomes meaningless to describe the state with a propagation 
vector. Energy transfer may still take place, but a conceptual change is re- 


quired. 


4. — Propagation and energy transfer. 


If a reasonable degree of coherence exists, and we ignore emission from 
the excited state, we may consider the exciton to travel through the crystal 
with a definite momentum, being scattered occasionally to a new momentum, 
and eventually to disappear, perhaps by transferring its energy to some im- 
perfection. If it is created in the k=y state, it starts off with a velocity 
fin/m* or about 105 cm/s with a large oscillator strength. This corresponds to 
a transit time between adjacent unit cells of about 10-! s. During its scat- 
tering by lattice vibrations it becomes thermalized, and may reach a velocity 
10’ cm/s, corresponding to a transit time 10-15 s. It is not known if this ever 
happens in practice. If the system is not largely coherent we may not com- 
pute a velocity in this way. 

Rather than assume coherence, and specify a momentum, we could assume 
incoherence and specify the position of the excited atom or molecule at a 
given instant, as in Eq. (II-2). Then we may compute the probability for 
the excitation energy to jump to another specified site. This is the approxi- 
mation used to calculate energy transfer in the study of sensitized lumines- 
cence [24], where the energy absorbed on one species of atom is transferred 
to another species where emission occurs. It is the same mechanism which 
is responsible for transfer, that is, the dipole-dipole interaction, but the cal- 
culation of the transfer probability proceeds in a different way. Resonance 
transfer to a near neighbor may occur as rapidly as 10-1 s in an ideal case, 
or very much slower in other cases. Unless both the atoms involved have 
allowed optical transitions in the energy region of interest, the transfer occurs 
by other means, e.g., exchange or dipole-quadrupole interaction. 

Transfer to an impurity atom called the activator (or emitter), has been 
demonstrated in a number of systems, in which the absorbing species (sensi- 
tizer) is either the host lattice or a second impurity. Reasonable agreement 
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between theory and experiment has been generally observed. In some cases 
of host-sensitized luminescence there has been definite evidence of energy 
transfer between one host-erystal ion and another [24b, 25]. In the observed 
cases the transition moment is weak, so that transfer tends to be slow, and 
without the activator present the systems luminescence with a large Stokes’ 
shift, indicating still slower transfer. Indeed, there can be little doubt that the 
energy migrates with an effective mass of the order of nuclear masses. In this 
case essentially perfect incoherence doubtless prevails, representing one extreme 
of energy propagation. 

The alkali halides probably represent other examples toward this extreme. 
Calculations by LEURGANS [26] show that the scattering by lattice vibrations 
reduces the mean free path to only a few atomic distances, and the large 
Stokes’ shift [21] indicates that the energy is localized, i.e., trapped, when 
emission occurs. The host-sensitized luminescence experiments on several 
tungstates, molybdates and phosphates, referred to in the last paragraph, 
should be repeated with the alkali halides when suitable activators are found. 
These experiments are capable of furnishing a diffusion length for the exciton. 
An impurity halide ion, such as a small amount of NaI in NaCl, may prove 
to be a satisfactory detector for the exciton. 

Hxamples toward the other extreme may be some of the organic crystals, 
where Stokes’ shifts are small and transfer of energy to impurity activators 
is probable [175]. Further experiments on the variation of transfer efficiency 
with impurity concentration would be valuable. 

Other experiments demonstrating energy transfer have been performed in 
the alkali halides. One of the first, by SMAKULA, consisted in the irradiation 
of the long wavelength absorption tail [27]. See Fig. 15. It was found that 
this procedure resulted in the creation of /-centers, approximately one F-center 
per absorbed uv photon in the initial stages. Thus apparently each (« unusual ») 
exciton migrated to a negative ion va- 
cancy and dissociated, leaving its elec- 203 Umm 
tron bound to the negative ion vacancy, — 493 
while the positive hole diffused away. 5.0 
The qualification «unusual» is made 
because of the circumstance that photon 
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Fig. 15. — Coloration of KBr crystals upon 

irradiation in the long wavelength absorp- 

tion tail. The initial slope indicates that 

almost every absorbed uy photon results 

in the creation of an F-center until a saturation effect occurs, such es {Le filll rg o 

all available negative ion vacancies or the ionization of the F-centers so precrccd 
(After SMAKULA, reference [27].) 
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energies well out on the tail of the absorption band were used, so that one 
is not certain that the resulting processes were characteristie of the « average » 
exciton produced at the peak of the first fundamental absorption bands. A 
similar remark may be made in reference to existing work on the effect of 
low-energy excitation on the ionizing of /-centers and thus producing an in- 
ternal photocurrent [28]. 

A series of experiments by APKER, TAFT and co-workers has shown that 
absorption of light in the first fundamental absorption bands of the alkali 
iodides results not only in the creation 
of F-centers, but also in their 
tion [29]. The ionized electrons are de- 
tected as an external photocurrent. The 
efficiency of this process was found to be 
quite high, of the order of one electron 
ejected per one hundred incident uv pho- 
tons near the peak of the first funda- 
menalt absorption band. See Fig. 16. 
These experiments demonstrate 
that energy is transferred from the ex- 
citons produced by absorption, both in 
the creation of F-centers and in the 
ionization of them. The concentrations 
of F-centers were sufficiently high, how- 
ever, that one cannot conclude that the 
exciton necessarily migrated any distance 
before finding an /-center; the experi- 
ments can also be interpreted on the basis 
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Fig. 16. — Logarithm of the exter- 
nal photoelectric yield versus photon 
energy in a KI film. The yield is 
defined as the ratio of the number 
of external photoelectrons to the num- 


ber of incident photons. Since the film 
is thin the yield tends to follow the 


absorption, shown in the inset. (After 


APKER and Tart, reference [29].) 


of the sensitized luminescence process, in 
which case the exciton, even though local- 
ized, might transfer energy to an F-center 
up to a dozen lattice constants distant. 


The whole of the evidence, I believe, 
suggests that some migration occurs, though not necessarily very much in 
the ionic crystal, where interaction with lattice vibrations and static imper- 
fections is so great. 

Other evidence for energy migration occurs in the sensitization, desensiti- 
zation, and supersensitization of photographic emulsions [30]. It is found 
that suitable organic dye molecules, present as a thin film covering each silver 
halide grain in the emulsion, have a profound effect on the efficiency of pro- 
duction of the photographic latent image. The several effects have been best 
interpreted on the basis of absorption of the incident photons by the sensi- 
tizing dye molecules, and migration of the energy among themselves until 
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the energy is transferred to the silver halide grain. Supersensitizers are then 
regarded as particularly efficient sites for the transfer to the grain, desensi- 
tizers as traps for the energy [30]. 

One of the most striking indications of energy migration occurs in a recent 
experiment by BALKANSKI [31]. He has found in cadmium sulfide that a 
photocurrent can be produced at one end of a crystal upon irradiation with 
light at the other end. Considerable ingenuity was exercised to ensure that 
the effect did not arise from a trivial cause. For example, the measured time 
delay for the effect demonstrates that it is not a result of light-scattering. 
An electric field applied between the two ends of the crystal has an effect on 
one component of the induced photocurrent, as if electrons were migrating 
down the crystal, but another large component is field-independent. Many 
other measurements were made, strongly indicating that excitons produced 
by the light migrate a distance of millimeters along the crystal, eventually 
to dissociate at a surface into a free electron and hole, so that they can con- 
tribute to the current. All of his observations seem consistent with this inter- 
pretation, and although other explanations are conceivable, none that has 
been forthcoming seems less unlikely than the simple one here discussed. 
This seems to me to be a highly important experiment, being really clear-cut 
evidence for macroscopic migration of electronic excitation energy in a solid 
without the involvement of charged particles. Further experiments along this 
line will surely be awaited with great interest. 

Another experiment on CdS by REYNOLDS et al. may lend support to this 
interpretation [32]. With a rectifying barrier on one end of the crystal, so 
that only the arrival of positive holes could contribute to a steady photo- 
current, REYNOLDS induced a current by irradiation of the other end of the 
crystal. He also found a diffusion length of the order of millimeters, and his 
observations seem explicable on the basis of the diffusion of excitons down 
to the barrier where dissociation occurs. Although inherently not as many 
checks are possible on this experiment, this may prove to be another obser- 
vation of macroscopic energy migration. 

Professor BuscH in his lectures mentioned another experiment on the 
thermal conductivity of semiconductors which may prove to be further evidence 
for the migration of excitons. 


la 


Isolated Imperfections. 


In this lecture we shall be concerned with the optical properties of a system 
specifically associated with the presence of a low concentration of imperfections 
randomly dispersed in the host crystal. Our intent is primarily to discuss 
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the various mechanisms which occur, and not to give a thorough summary 
of either the experimental or theoretical work [33]. 

Throughout it will be assumed that the optical transitions of interest occur 
in an energy region for which the host crystal is normally transparent. In 
this case the impurities or other imperfections may be treated as isolated, since 
they are not in resonance with the atoms of the host crystal, and since they 
are well-separated, on the average, from each other. This assumption, which 
is valid in many realizable cases, allows a considerable simplification, as we 
Shall see. 

For simplicity let us refer to these isolated imperfections as impurities, 
whether they are impurities, color centers, or other imperfections. The im- 
purity plus its surroundings will be called a center. Our purpose is to under- 
stand the absorption and emission resulting from the presence of these centers. 
The kind of question one naturally asks is the energy of the absorption and 
emission bands, the absorption cross-section, decay time, and quantum yield 
for luminescence, the width and shape of these bands, and the temperature 
and pressure dependence of all of these quantities. Although a complete answer 
can by no means be given at the present time to these questions, our under- 
standing is surely greater in this area than it is for exciton and band-to-band 
transitions. 

A relatively simple model is available to us. We consider an isolated center 
as qualitatively similar to an atom or molecule in vacuo. Macroscopic cor- 
rections are introduced for the influence of the surrounding medium upon the 
electromagnetic field with which the center interacts, and microscopic account 
is taken of the interaction between the impurity and its immediate surroundings. 
That is, we make use of known bulk properties of the host crystal, such as 
index of refraction, compressibility, and thermal expansion to describe the 
macroscopic properties; microscopic interactions must be described in terms 
of detailed knowledge of the atoms of the host crystal and the imperfection 
itself. 

Two opposite extremes may be made use of in the calculation of the inter- 
action of the impurity with its surroundings. On the one hand, when the 
electronic wave function of the impurity is large with respect to the unit cell, 
the wave functions and energy levels are computed in the static lattice with 
the lattice constant characteristic of a given temperature; then the interaction 
with the vibrating surroundings is calculated as though the same vibrational 
spectrum existed in the neighborhood as would occur in the perfect crystal. 
This is evidently a good approximation when all properties of the impurity 
are similar to those of the atom or molecule which it replaces. It is not quite 
as evident that this procedure is valid merely because the electronic wave 
functions of the impurity are spatially extended, since the « hardness » of the 
core may influence the local lattice vibrations. Even in this case, however, 
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if the electronic wave function is extensive, it may «sample» the lattice 
vibrations over a large region, and tend to minimize the importance of local 
deviations from the normal lattice vibrational spectrum. Calculations have 
been made in this approximation by LAx and BuRSTEIN for boron impurities 
in silicon, where reasonable success has evidently been achieved [34]. The 
approximation does not seem as satisfactory for #-centers in the alkali halides, 
where the wave function is more closely localized. Reference [35] contains 
a list of some of the theoretical papers on this topic which use this approx- 
imation. 

We shall be primarily concerned here with the other extreme, in which 
the significant wave functions for the impurity are well-localized, and in which 
the interactions of the impurity with its neighbors are appreciably different 
from those of the host crystal atom which it replaces. In such a case, the 
interaction energy and hence the frequencies of vibration of the immediate 
neighbors of the impurity may differ considerably from those of the bulk 
crystal. In this event, transition energies and interactions with lattice vibra- 
tions may be considered on the basis of the local interactions alone, and the 
bulk spectrum of lattice vibrations may be ignored. Another statement of 
this conclusion has been formulated by KRUMHANSL and BJork [36]. They 
have discussed an «exclusion » theorem which asserts that if a new, localized 
vibrational frequency is introduced by the insertion of an impurity in the 
lattice, other modes of oscillation tend to be repelled from the region of local- 
ization. At high temperatures, where equipartition of energy obtains, this 
statement becomes self evident, since, because the localized mode has 3k7 
of energy, the presence of other modes of oscillation in the vicinity would 
increase the local temperature. 

For localized centers of this type, VON HIpPEL [37] and Serrz [38] intro- 
duced an important method of description about 20 years ago. They con- 
sidered the description of these centers on a « configuration co-ordinate » (C.C.) 
scheme, on the basis of an analogy with molecular physics. Just as the po- 
tential energy of a hydrogen molecule may be plotted as a function ot the 
inter-nuclear separation, they envisaged the potential energy of the center 
to be plotted as a function of the co-ordinates of the surrunding atoms. Dif- 
ferent surfaces will of course be obtained for each electronic state of the center. 
In general this would lead to many-dimensional surfaces, in which the energy 
would be a function of as many co-ordinates as there are degrees of freedom 
among the atoms interacting with the impurity. The scheme is particularly 
useful when the number of co-ordinates which influence the separation of two 
surfaces is small. Degrees of freedom, i.e., configuration co-ordinates, for 
which the variation of the energy at the center is independent of electronic 
state need not then be treated in detail for most purposes, and we may con- 
centrate our attention on the relatively few co-ordinates remaining. In the 
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case of a tightly bound impurity atom, we would expect the important inter- 
actions to be with nearest neighbors. Thus if there are 6 nearest neighbors, 
we might expect to need 18 C.C. to describe the center. However, it is likely 
that only radial motion of the neighbors would have a profound effect, trans- 
verse motion not changing the distance to the impurity to a first approximation. 
Thus we are reduced to 6 0.0. Of these 6 modes we would expect the « breath- 
ing» mode, in which all six atoms move in phase radially, to be the most 
important; the others, in which some atoms are moving in and others out at 
a given instant, would have less effect because of a tendency for cancellation. 
Thus we might expect to reduce the problem to one important co-ordinate 
and several others of less significance. Much work kas been done assuming 
just one significant co-ordinate. In addition LAx [35] has shown that a de- 
scription in terms of one co-ordinate is frequently possible, even when many 
degrees of freedom are really involved. This co-ordinate would in general be 
a fictitious one, with possibly a temperature-dependent mass. 

Near the positions of equilibrium of the surrounding atoms, small displace- 
ments have a quadratic effect on the potential energy of the center. Thus 
for small displacements the center behaves as a harmonic oscillator, with 
the usual vibrational energy levels and wave functions. For larger displa- 
cements one would expect deviations from parabolic dependence on each C.C. 
When the neighbors approach the impurity the energy should rise faster than 
quadratically because of the exponentially rising repulsive energy. 

The equilibrium positions of the surrounding atoms will in general depend 
on the electronic state of the impurity, since changing its charge distribu- 
tion changes the interactions with the neighbors. Thus the minima of the 
various energy surfaces occur at different values of the configuration co-or- 
dinates. In a qualitative fashion one may predict the direction of the shift 
in ionic crystals: if the impurity is a positive ion, raising it to an excited state 
extends its electronic charge distribution further away from its nucleus. Thus 
the positive ion is effectively made more positive and has a greater attraction 
for the nearest (negative) ions. Hence we would expect the minimum in the 
excited state to occur at smaller inter-ionic distances than the equilibrium 
values in the ground state. When the impurity is a negative ion or an F-center, 
the arguments are reversed. These conclusions seem to be in agreement with 
the small amount of existing experimental information. 

Similarly, near the minima, the curvatures will differ for various electronic 
states. It seems likely that in general the excited state curves would have 
less curvature near their minima than that for the ground state, because of 
their more diffuse charge distributions. This conclusion also seems to be 
generally borne out by experiment. 

In the case of just one important ©.C., we might obtain energy curves 
for two electronic states something like those in Fig. 17. For more than one C.C., 
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this curve may be considered a cross-section of the energy surface, holding 
all but one C.0. fixed. A few of the vibrational levels are shown. 

Let us now discuss the theory of optical properties of such centers. The 
wave functions are of the form @,,(r, x), where the subscript a labels the 
electronic state and / the vibrational state, r stands for the co-ordinates of 
the electrons and x for the nuclear co-or- 
dinates, that is, the C.C. 

Several approximations are commonly 
made, with varying degrees of validity. 
One approximation, usually a good one, Bais STES = 
and almost always invoked in practice, is L ne 

Eo 
the Born-Oppenheimer, or adiabatic, ap- 
proximation, which allows a separation of 
electronic and nuclear motion. Because of E 
the disparity between electronic and nuclear | 
masses, and the resulting disparity in elec- | 
tronic and nuclear velocities and frequen- 
cies, the electronic wave function at any gi- 
ven istant may be computed as if the (vibrat- 
ing) nuclei were fixed in their positions at 
that instant. This approximation allows a a Te 
separation of variables in the quantum 
mechanical formulation which greatly sim- 
plifies the problem. According to the Born- of @ center as a TAG Eo 
Oppenheimer approximation, we separate Sue co ore: ee Suda 
rium position of the center in the 


P(r, x) into a product of two functions sround electronic state would be 
near A, in the excited state near (0. 


Fig. 17. — Schematic potential energ 


(IIT.1) = Da(r, x) = warm) Xa(2), 


where wy,(r) is a function of the electronic co-ordinates alone, depending para- 
metrically on the nuclear co-ordinates and of course on the electronic state, 
and X,,() is a function of the nuclear co-ordinates alone, depending on the 
vibrational and the electronic state. Optical, symmetry-allowed transitions 
will be determinated by the dipole matrix element of the electronic co-or- 
dinates er between two electronic states, say an initial state a with vibrational 
states | and a final state b, with vibrational states m. The absorption coef- 


ficient is found to be 


Sy (E) ) 


n Chi d 472 H 
C 3he 


(ITT-2) o(E) = | 


Xo 


and the emission probability per unit time is given by 


n3 Cott 2 ee. 4 An 
(IIT-3) W(B) = Pal È (za | S.(B)AB . 
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The quantities in square brackets arise from the influence of the medium on 
the electromagnetic field with which the center interacts; » is the index of 
refraction, x, = n? the high frequency dielectric constant, and (€.,/€) an 
effective field ratio. See Lax (ref. [35]), whose treatment we are generally 
following here, for the macroscopic origin of these factors, and ref. [39] for a 
partial treatment of the microscopic origin. The functions Sa and S,(£) 
are shape functions for the absorption and emission bands; each is of the form 


(III-4) Spa 05 


m 


i * (a) My, (0) Xa(0) dx) Em — Ea— E), 
where 


M,,(@) - | ptiner yt) dr, 


is the dipole matrix element for the electronic transition. The symbol Av, 
indicates an average over the initial vibrational states, weighted with the 
usual Boltzmann factor. > indicates a sum over all final vibrational states. 


The 6-function is the Dirac 6-function, and expresses the conservation of 
energy in the transition. 

A common approximation at this point (*) is the removal of M,,(x#) from 
the integrand of (III-4). This is sometimes referred to as the Condon approxi- 
mation. It is a valid one when the electronic dipole matrix element does 
not depend markedly on the oscillations of the nuclei. Very little is known 
about the validity of this procedure. One rough calculation has indicated 
that it is not a very good one in ionic crystals [40]. Nevertheless it is almost 
essential to follow this procedure in order to continue in a simple manner. 
We thus replace M by a suitable average and remove it from the integral, 
obtaining 

. \2 
| XE, (a) Xa(a)de | (En Aa — E). 


(III-5) S, (E) = M2Av, > | 


According to Eqs. (III-2) to (III-5), the absorption or emission should consist 
ot lines, each corresponding to a transition involving two discrete vibrational 
levels. In practice, in ionic crystals, these lines are smeared out by other 
interactions, and a broad band of absorption or emission results. If we are 
not interested in accounting for possible fine structure, which is generally 
not observed, another simplification is possible which corresponds to the 
Franck-Condon principle. 

Let us assume that the minima in Fig. 17 are well-removed, so that vertical 


(*) It would be possible to put off this approximation until after one more step in 
the development, but since we shall have to make it anyway, we do it now for simplicity. 


OPTICAL PROPERTIES OF SOLIDS 275 


lines drawn from near the minimum of one curve intersect the other at consi- 
derable distances above its minimum. To anticipate our conclusions, we 
may say that involved in the optical transition are final vibrational states 
of large quantum number. According to the Correspondence Principle, then, 
we could treat these states classically, so that each vibrational wave function 
(of high quantum number) is large only near the classical turning point. In 
quantum mechanical language the integral in (III-5) gets sizeable contribu- 
tions only from a region of # near the potential energy curve, because of the 
cancellation elsewhere resulting from the rapid oscillation of X,,,(7). Thus, 
for a given value of x, the only vibrational state m which contributes to the 
integral is that for which the potential energy curve #;(x) is equal to Hyp. 
Thus we may replace £,,, in the argument of the 6-function by #;(x), rewrite 
the absolute square of the integral, and obtain 


(ITI-6) Si(E) = M2A0 > | de | da’ X*,,(x) Xa(0) Xyu(0') XE (a') - 


m 


-0(E;(€) — Ea—_ E) = 


= Wav, [aa far hate L) X tm (XL PG (0) Xi(a'))- 
i -0(H,(%) — Ea— E)) = 


— M?4y | | Xu) |? (Ea) — Ba — E) de , 


where we have made use of the closure property for a complete set of eigen- 
functions 


(III-7) DX am(0) om (@ i) “i O(a” eee a0) ° 


We may evaluate the integral in (III-6) by means of the 6-function, first 
changing the variable from x to £,(x), and obtain 


Y (A ae 
(III-3) Sta(E) = M?Av,| Xa(y)|}] —— A 


\e=v 


where y is the value of x which satisfies the conservation of energy, 
E,(y— Ex = E. Thus the shape function for absorption (or emission) is 
given by a thermal average, over the initially occupied vibrational states, 
of the initial probability of occupation of a given value of the C.C. times a 
Jacobian expressing the energy of the transition at that value of the 0.0. 

LAx has suggested a futher simplification to Eq. (III-6). He suggests that 
if a great many initial vibrational states ! are involved in the transition, a 
mean value approximation may be used POV Fee asl. Ose ay —— a) ee 
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we obtain, 


1 i 
(ITIT-9) Sia(E) = M? DA (#,(x) — E,(«)) | 


4 |a=z 


1 
AvilXa(2)18, 


where < is the value of the C.C. which satisfies conservation of energy 
E,(2) — E.(2) = E. The final average is the statistical mechanical probability 
for the occupation of the various values of the C.C. If this probability is 
computed with quantum (classical) statistics, the resulting expressions for o 
and w are called the semi-classical (classical) Franck-Condon Principle. 
Hither (III-8) or (III-9) gives rise to a familiar statement to the effect that op- 
tical transitions are unlikely when the positions of the nuclei change. That 
is, we treat only vertical transitions on the C.C. diagram. This is really a conse- 
quence of the cancellation of the matrix element, the integral in Eq. (III-5), 
for values of x away from the classical turning point. 

Let us refer again to Fig. 17, in which we may trace some familiar pro- 
cesses. Suppose that the crystal is at low temperature, so that the center is 
in its zero point vibrational state, or very near to it, in the vicinity of A on 
the diagram. Absorption occurs, causing transitions to the neighborhood of B, 
where the vibrational state is high, inconsistent with the crystal’s temperature. 
Violent oscillations ensue, in which heat energy is rapidly transmitted to the 
surroundings. Eventually the center cools off, reaching the vicinity of C in 
times of the order 10-! or 10-118. Emission occurs some time later, say in 
10-* s, to a region near D, and again heat energy is transferred to the crystal, 
the center finally approaching point A. The reason for the Stokes’ shift is 
apparent from this diagram; the difference between the energy of absorption 
AB and that of emission CD is converted into heat. This is quite a general 
phenomenon when the two minima are not directly above each other. 

The strength of the transition, proportional to the integrated absorption 
cross-section or to the emission probability, is given correctly by all of the 
approximations made above. Indeed, assuming the Condon approximation, it 
is a constant, independent of variations in the width of the absorption or 
emission band through temperature or pressure effects. Thus the variation 
of the integrated absorption coefficient with changes in temperature would be 
sufficient (but not necessary) to demonstrate the failure of the Condon ap- 
proximation. 

A change in the maximum of the absorption or emission curve results from 
thermal expansion, which may be related to the effects of pressure [41], and 
from more specific temperature effects. Let us ignore for the present the effects 
of thermal expansion, which usually result in a shift of the maxima to lower 
energy. In the semi-classical approximation (III-9), the only temperature 
dependence occurs in the distribution function, which broadens with increasing 
temperature, but does not change its midpoint. Thus in this approximation 
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the maxima of the absorption and emission curves do not change. The use 
of the more accurate Eq. (ITI-8) does lead to a small shift, and we will return 
to this topic later. 

Let us turn to a discussion of band shapes, which in (III-9) are given in 
terms of the distribution function and the Jacobian. A common approximation 
is to assume that over the range of C.C. involved in the absorption act, that 
is, in the vicinity of x, in Fig. 17, the curve #,(x) is essentially a straight line 
of the same slope it has at 7,=a,. Since H,(x) is essentially a constant 
near v,, the Jacobian reduces to a constant, and the shape is determined solely 
by the distribution function. Now the thermally averaged, quantum mechan- 
ical distribution function is a Gaussian in x. Since there is a linear relation 
between x and the energy of the transition #, according to our assumption 
about the Jacobian, the absorption and emission bands should be Gaussians 
in energy at all temperatures. The width W of the Gaussian varies as the 
one-half power of the absolute temperature at high temperatures, and ap- 
proaches a constant, determined by zero-point oscillations, at low tempe- 
ratures. The functional dependence is given by 


(ITI-10) W x [coth (iw,/2kT)|* , 


where fw, is the separation of adjacent vibrational levels in the initial electronic 
State a. 

As we have seen, the emission probability w, in a first approximation, 
should be temperature independent. It is observed, though, that the lumi- 
nescence yield in most systems decreases 
with increasing temperature. This pheno- 
menon, known as thermal quenching, has eround) 
been interpreted with ©.C. curves as fol- 
lows [42]. Suppose that a center has been 
excited by the absorption of light, has emit- 
ted phonons, and the center is near the 
point C on the C.C. curve in Fig. 18. If an 
unusually large amount of thermal energy 
should become available to it, the center may 
find itself momentarily in a high vibrational 
state X,, with a vibrational energy equal to 
E,=E,- E, At a point such as E on the 
diagram, a changeover to the ground elec- Fig. 18. — Schematic potential 
tronic state can occur with conservation of energy diagram to indicate ther- 

; 5 mal quenching of luminescence 
energy, the electronic wave function chan- ei. 
ging to that of state a, and violent oscilla- Morr [42]: (After KLIck and 
tions taking place characteristic of the vibra- SCHULMAN, ref. [33].) 
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tional level X,,, where k>>Q. In the vicinity of E the vibrational wave 
functions Y,, and Y,, are both large, so the transition can take place near E 
better than at other places, where at least one of the vibrational states is 
rapidly oscillating. After the transition the center would rapidly radiate 
phonons, eventually cooling off to the region A on the diagram. The proba- 
bility of reaching the vibrational state @ is given by a Boltzmann factor 
exp [— E,/kT], and let us denote the probability of the transition, when the 
center has this energy, by the symbol s. Thus the probability of the quenching 
process is P,=s exp[— E,/kT], and the quantum yield for emission is the 
ratio 


Q 


Ww 


(III-11) n= ser {1 + (s/w) exp [— E/kT]}}, 
Q 


where w is given by Eq. (III-3). This relation is at least qualitatively in agree- 
ment with experiment. The decay time would show a similar decrease with 
increasing temperature, 


{ITT-12) T=(w+P)) = y7/w. 


Some centers do not seem to luminesce at all with any reasonable effi- 
ciency. SEITZ [38] proposed a possible mechanism to explain such a pheno- 
menon. If there is a great deal of relaxation of the center when it changes 
its electronic state, the surfaces for the two 
electronic states a and b may come very close 
or intersect without the necessity of ther- 
mal excitation required in the thermal quen- 
ching explanation. Fig. 19 shows such a 
case, where the center may jump back to 
the electronic state a when the center cools 
off to the minimum of the electronic state b. 

CONFIGURATION COORDINATE With a system described by this diagram, 
Fig. 19. — Schematic configuration the center, when back in state a, may cool 
co-ordinate curve. In such a cen- Off to its absolute minimum, or to a quasi- 
ter strong luminescence could not stable position A. In either event little or no 
occur, except in the infrared. (Af- luminescence would be observed. 

borer Ere roference [331.) Another explanation of a possible absence 

of luminescence has been suggested [43], 
‘one which requires less lattice relaxation than the former. In Fig. 20, ab- 
sorption raises the system to the vicinity of B, after which violent oscillations 
occur. If the surfaces for electronic states a and b intersect or come close 
to each other at some energy E, < H,, during the cooling process the center 
will reach a point such as C, where the non-radiative return to electronic state 
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a may take place, just as in thermal quenching. If such a transition is a 


likely one, a criterion for strong luminescence may be that the surfaces must 


not intersect or closely approach 
each other at energies less than Z,. E 
8 


Such a criterion leads, with a little 


algebra, to a prediction that the 


emission wavelength should not be 


. . ~ 
more than twice the absorption wa- È 
. 1 5 . w 
velength, that is, that Stokes’ shifts fr 
greater than a factor of two should 
CONFIGURATION COORDINATE 0 X% Xe 


This 
condition seems to be generally but 


not occur in simple centers. È i i 
Fig. 20. -- Schematic potential energy curve 


to explain possible absence of luminescence. 


not absolutely satisfied. 
This same process may lead to 
auto-ionization, even at low tempe- 


In such a center a non-radiative transition 
can occur to the ground electronic state 
near point C on the diagram. 


ratures, if the ionization levels dip 

below the point B reached in the absorption process. Such a case is shown 
in Fig. 21. Direct ionization would occur at the point F#, but auto-ionization 
could occur while cooling from point B. 

Even making use of the Born-Oppenheimer approximation, the Con- 
don approximation, and the Corres- 
pondence Principle for the upper 
vibrational states, that is, using 
Eq. (III-8), an absolute calculation 
of the energies, strengths, and sha- 
pes of optical transitions is a difficult 
task. No serious attempt has yet 
been made on an absolute calculation, 
although 
using symmetrically-orthogonalized 
wave functions to account for over- 
lap [44], can be outlined in de- 
tail [45]. An alternative approach has 
been worked out by WILLIAMS [46], 
based on Seitz’s interpretation of 
the thallous ion impurity in KCl [47]. 
From a group-theoretical analysis 
of the atomic functions and 
the crystalline symmetry, SEITZ pro- 
series of transitions for the KCl: TI cen- 
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IONIZATION 
STATES 


the necessary procedure 
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Fig. 21. — Configuration co-ordinate curve 
including ionization levels. Direct ionization 
can occur at energies above /; if the ioniza- 
tion levels dip below B, auto-ionization can 
occur while the excited center cools off 


after excitation to the discrete state. paga 


posed an energy level scheme and 
ter, without, however, determining the energies and strengths quantitatively. 
WILLIAMS, by computing the interactions of the Tl’ ion with its neighbors, 
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which were assumed to oscillate in the «breathing » mode described earlier, 
calculated potential energy curves for the ground state 6s? and an excited 
state 6s 6p. He used as much experimental information as possible, to avoid 
inaccuracies associated with the use of the poor wave functions now available 
for Tlt. The agreement with experiment, although not outstanding, is at 
least qualitatively good, some details naturally being more sensitive than 
others [48]. Some of the agreement may be fortuituous, and in some respects 
it is ad hoc; e.g., the variation with 0.0. is arbitrarily chosen to be character- 
istic of Seitz’s assignment of the *P, state, whereas nothing in the calculation 
for the 6s 6p distinguishes between °P, and !P, levels. Application to 
Seitz’s 1P, level results in poor agreement of the model with experiment. 
Nevertheless, although a number of criticisms can be made of the detailed 
procedure [45], this work is a pioneer (and still the best) attempt at the at 
least partially theoretical determination of C.C. curves. 

Another technique, first introduced by KLICK [49, 33], has been used 
successfully on a number of systems. Several experiments can be performed 
on a given system which may be used to determine the parameters needed 
to describe the C.C. curves for the ground and excited states. Such experi- 
ments are the low temperature absorption and emission peaks and band 
widths, and the temperaturature variation of the band widths. Indeed, the 
parameters can be overdetermined if enough experiments are performed, and 
the observed internal consistency is an indication that a one-parameter de- 
seription on a C.C. model is a good approximation. It is important to note that 
the frequencies of vibration determined from experiment in ionic crystals are 
generally not the same as those of the pure host crystal, and further that they 
differ in ground and excited states. Thus the fundamental assumption in 
using this localized model seems to be justified. 

Two additional effects, which have received little attention should also be 
mentioned here. One is the Jahn-Teller theorem [50], which was taken into 
account in Seitz’s original KC1:T1 paper [47], but which has been largely 
ignored up to a year ago. The effect has recently been discussed in detail, with 
some emphasis on the solid state aspects, by Oprk and PRYCE [51]. The theorem 
states for our purposes that a geometrical arrangement of the atoms around 
a center in which the electronic state is degenerate is an unstable one, so that 
the atoms will move and destroy at least part of the degeneracy. (For our 
purposes the only exception occurs when the state is degenerate but the orbital 
state is not. Thus, the energy of the ground state of the F-center is the same 
regardless of the direction of the spin of the electron, but the orbital 1s-like 
State is non-degenerate; this spin degeneracy would not be removed.) It is 
well-known that the degeneracy of p-states is not removed by a cubic field; 
according to this theorem, however, the surroundings will become distorted, 
there will no longer exist a cubic field, and the degeneracy, or part of it, will 
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be removed. Consider an F-center or a T1l* ion in an alkali halide; in the 
ground state the symmetry of its surroundings is cubic, and immediately after 
absorption of light the surroundings are still cubic. Afterward, lattice re- 
laxation will occur which will remove at least part of the p-state degeneracy. 
The possibility arises, then, of observing polarization or structure in emission 
which would not be present in absorption. Little quantitative work has been 
done on the magnitude of the effect, but it is not large. 

The other effect to be mentioned is the intersection and crossing of the C.C. 
surfaces describing different electronic states. In one-dimensional C.C. diagrams 
the curves are generally shown as not crossing, but, instead, as coming close 
and pushing each other away. The theoretical basis for deciding how the 
curves behave seems to rest on a theorem by von Neumann and Wigner [52]. 
They have shown on quite general grounds that, for states belonging to the 
same irreducible representation, crossing of the surfaces cannot occur unless 
at least three real parameters, e.g. C.C.’s, are allowed to vary. If the states 
belong to different irreducible representations, crossing can occur at will. Thus, 
if the ground state were an S state and the excited state a P-state, crossing 
could occur even on a one-dimensional plot. In the case of two excited P-states, 
as in KC1:TI1, for example, the surfaces could not cross in a one or two para- 
meter description, and very likely not at all. A complete treatment of this 
topic does not seem to have been given. 

Finally, I would like to discuss some calculated results on a specific, ficti- 
tious system, by Mr. N. N. AxELROD and myself. We were interested in various 
observations [53, 48] of the non-Gaussian nature of absorption and emission 
curves. We were led to investigate the effect of curvature of the final electronic 
state H,(a) in the Jacobian (III-8) and also the approximation leading from 
(III-8) to (III-9), namely the smearing-out of the initial vibrational levels. 
Accordingly we selected a specific system, in which the maximum absorption 
occurs to about the 40-th vibrational level of state b. At low temperatures 
where thermal occupation of all but the zero-point level is unlikely, we com- 
puted Eq. (III-8) with the exact Jacobian and also with the « straight-line 
approximation », in which the curve H,(7) is assumed to be a straight line of 
the slope of #,(x) directly above the minimum of E.(x). Let «=0 be the 
minimum of H,(#), and let 7 > 0 be the minimum of É,(4). With the straight 
line approximation we of course obtain a Gaussian distribution in energy. 
Two effects occur when the curvature is taken into account. First we note 
that high energy absorption occurs for negative values of x (since we assume 
XL) > 0). Thus the increased slope of E,(x) where # < 0, as compared with the 
straight line approximation, results in more high energy absorption than the 
Gaussian. Similarly, there must be less low energy absorption. Hence there 
should appear a high energy tail in absorption as compared with a Gaussian. 
The same arguments apply in reverse for emission. Indeed, if the curvatures 
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of the two states a and b are the same, there should be precise mirror sym- 
metry in the absorption and emission curves at all temperatures. If the cur- 
vatures are not the same, there should still be mirror-like symmetry at all 
temperatures, although the high energy 
tail in absorption might be more or 
less pronounced than the low energy tail 
in emission. 

The other effect is that, because of 
the lesser slope for x> 0, a larger 
range of x contributes to a given range 
of energy in absorption. Thus the peak 
position of the absorption band is shifted 
to lower energy. To summarize, the 
peak is moved to lower energy, there 
is more high energy absorption, and less 
Fig. 22. — Calculated absorption from low-energy absorption than would be 
a fictitious center in which the peak the case with the straight line approxi- 
absorption occurs to about the 40-th mation. Fig. 22 shows the computed 


excited vibrational state. The curves È 
curves for low temperature, where &7 = 
are computed at low temperatures 


where kT is equal to one-tenth the = (1/10)ho,., and these qualitative con- 
separation of adjacent vibrational clusions are demonstrated to be cor- 
levels. The solid curve takes account rect. The abscissa is a reduced energy 


of the curvature of the potential 
energy curve for the excited electron- 
ic state; the dashed curve is com- 


of absorption, the solid curve is that 
obtained including curvature, and the 


puted on the basis of the common dashed curve that obtained with the 
assumption that the slope is constant, Straight line approximation. 
with the value it has directly above With a Gaussian curve the absorp- 


the minimum of the ground state. 


tion | coefficient is? given by f= 
The abscissa is a reduced energy. È 


= My exp [— ex(E—-E.)?] where E, is. 
the center of the absorption band. Thus. 
[log wo/u}} =«(E—E,) and a plot of this quantity should give a symmetrical 
V-shaped curve. Fig. 23 shows experimental data by RUSSELL and Krick [53] 
on absorption by the F-center in KBr at 4 °K. Careful inspection shows that 
these data can be represented by a V-shaped curve where the V is slightly tilted 
in a clockwise direction, with a low energy slope about 1.2 times the high 
energy slope. In emission, according to the mirror symmetry arguments, the 
low-energy slope sould be somewhat less than the high-energy slope. For 
KC1:Tl at 4°K PATTERSON and KLICK [48] found a ratio about 1/1.1. In 
Fig. 24 is a plot of (log w/w)? for our calculated case corresponding to Fig. 22. 
It is seen that the tilt of the V is qualitatively similar to Fig. 23, and it seems 
likely that the «tilted-V effect » is largely a result of the curvature of the 
final electronic state’s C.C. curve. Thus, the smaller the separation in 0.0. 
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of the minima of the two electronic states, the larger the effect must be. That 
is, if the center of the absorption or emission band involves the 40-th vibra- 


tional state, as assumed in our hypothetical center here, the curvature effect 


must be appreciably less than if 
we had treated a center where 
the 20-th vibrational level was 
responsible for the central tran- 
Sition. It is also necessary to 
recall that the curvature must 
generally increase, for either 
electronic state, as the co-ordi- 
nates move away from their 
equilibrium positions, because of 
the exponentially increasing re- 
pulsive energy. This would en- 
hance the tilted-V effect. 

The other effect, that of the 
thermal occupation of higher vi- 
brational levels, seems to have 
an exactly opposite effect. In 
absorption, the occupation of 
the higher vibrational levels rai- 
ses the energy of the center to- 
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Fig. 23. — Experimental absorption curve for 

the F-center in KBr at 4 °K. Note the tilt in 

the V-shaped curve. (After RusseLL and KLICK,. 
reference [53].) 


ward the excited state curve, so that absorption at low-energy is enhanced 


and at high-energy is decreased, as compared with a Gaussian. Secondly, 
the maximum tends to be shifted toward higher energy, a somewhat sur- 


10 


prising effect at first glance. Inspection of the 
schematic diagram in Fig. 25 makes this 
result plausible. The curve labelled 0 is the 
contribution to absorption from the ground 
vibrational state, and 1 from the next most 
important, for which {= 1. The center of the 
}=1 curve is shifted by an amount ho, 
toward lower energies from the center of the 
t= 0 curve. Thus the sum of these curves has 
its maximum shifted to higher energies with 
increasing temperature. It is not obvious that 


Fig. 24. — A different plot of the curve in Fig. 22. 

The dashed line results from the usual approx- 

imation of constant slope and the solid line from 
the more nearly exact treatment. 
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this will always be the case, though it seems likely at low temperatures. At 
a temperature 47%, the calculated absorption curve using the more ac- 
curate Eq. (ITI-8) is shown in Fig. 26 in a solid line, with the result from 


LU 
1 
107+ 
107° 
\ 
pre 10° - 
rig E 02 } ] Î J E i i 
Fig. 25. — Contributions to Fig. 26. — Calculated absorption coefficient for the 
the absorption coefficient center of Fig. 22 and 24 at a temperature where kT’ 
from the zero-point and first is equal to the separation of vibrational levels. 
vibrational level (schematic). The solid curve results from an exact treatment of 
Inclusion of the effects of the effects of the thermal population of higher 
the first excited level shifts vibrational levels; the dashed curve results from 
the maximum of the sum to the use of an « effective temperature» in determin- 
higher energy. ing the thermally averaged distribution in energy. 


Eq. (III-9) shown for comparison. The straight line approximation is made 
in both cases. Our qualitative arguments above are borne out here. We have 
also treated the curvature and temperature effect simultaneously for several 
temperatures. At the temperatures 47 =hw, the two effects almost cancel; 
i.e., the effect of treating curvature exactly is almost cancelled by the effect 
of treating exactly the thermal occupation of higher levels. Thus the Gaussian 
and the «exact » curve are almost indistinguishable. This will not always be 
the case; such a result depends on the details of the 0.0. curves. However, 
it does appear that there will in general be a tendency toward cancellation, 
so that the commonly used semi-classical treatment with straight line approx- 
imation is better than it has a right to be. 
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SUPPLEMENTO AL VOLUME VII, SERIE X Nee os 
DEL NUOVO CIMENTO 1° Trimestre 


Metallic alloys. 


J. FRIEDEL 


Sorbonne - Paris 


Introduction. 


The metallic alloys are mixtures of elements, on an atomic scale, whose 
electrons are easily displaced or excited, as shown by their optical reflection, 
electronic conductivity and low temperature specific heat. Most of the ele- 
ments are metallic; they mix rather freely, and form intermediary com- 
pounds in great number, so that the field of these lectures is enormous. 
There is however only little theoretical work done so far. As in every problem 
of physical chemistry, one can ask: 


1) What is the electronic structure for a given nature and position of 
the nuclei? 


2) What is the position of the nuclei in an alloy of given composition? 


There are then the questions of the most stable crystallographic structure; 
of the exact equilibrium positions of the atoms (size effects); and of the 
vibrations of the atoms around these positions (vibrational entropy effects). 

We will not consider the second type of questions, because they are mostly 
not specific of metallic alloys, and also because wave mechanical considerations 
have been little applied to them so far. We shall restrict ourselves to 
problems of electronic structure, and insist on the methods and approximations 
used. A systematic review of the results obtained would anyway be out of 
the question. 

In part I, we recall the first order approximation methods developed 
mainly by Morr and JonEs [1] around 1935. In part. II, we study better ap- 
proximations used when one wants more details concerning small pertur- 
bations introduced by alloying. In part. III, we study cases of large per- 
turbations. 
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VE 


First order approximations. 


1. — Energies: the rigid band approximation. 


11. The model. — When one is only interested in the energy spectrum of 
the alloy, the first order approximation may be called the rigid band approx- 
imation. It is based on the following assumptions: 


a) Independent electrons, i.e. the conductive electrons are as- 
sumed to move all in the same potential, V.+V, (V, periodic potential, e.g. 
that of the pure matrix; V, perturbing potential introduced by alloying). 


b) First order perturbation: the change in energy by alloying for 
a Bloch function p,= wu, exp [ik-r] is then 


AHE~ [vt V, yw, dt = [ut Vou. 


Vv v 


c) Nearly free electrons: if wu, is fairly constant in energy and 
in space, 


AH ~ FIT — const. 
È 

This equation means that alloying shifts the energy of every state by a 
constant amount. This shifts by AZ the whole curve of the density of 
states n versus energy £, without altering its shape. This is valid for electrons 
whose wave functions are near to those of free electrons; it requires V, small 
and varying slowly within an electronic wave function. These conditions are 
roughly fulfilled by electrons near to the Fermi limit in usual metals. 


12. Transitional alloys (Morr, 1934). — This is one of the first applications 

of the model. When Ag is substituted to Pd, the supplementary electrons 
introduced shift the Fermi level towards the 

top of the incomplete d band (Fig. 1). They 

mainly fili the narrow d band, because of its 

higher density of states n(#), thus reducing 

IAT the strong paramagnetic susceptibility y of Pd 
ig (Fig. 2). One needs about 50% Ag to suppress 
<= the paramagnetism, so that there are about 
Ta E 0.5 holes per atom in the d band of Pd [1]. 

Fig. 1. - Band structure of Pd. The large temperature dependent part of the 
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resistivity of Pd, due to phonon induced s-d transitions, is reduced in a 
Similar way by alloying with Ag. 

Such considerations are still widely used in transitional alloys. Thus in 
PdU (*), x varies as in PdAg but with a steeper slope, indicating that the six 
valence electrons of U fill the d band of Pd [2]. The susceptibility of Cr alloys, 
when plotted versus the average atomic number N, shows a pronounced mini- 
mum near to pure Cr (Fig. 3), in agreement with the idea that the d band of 
Cr has a minimum in n(E) near to the Fermi level [3]. 


x 
Pd ; 
Ag =01 Cr 703 
Fig. 2. — Magnetic suscep- Fig. 3. — Magnetic susceptibility x of Cr base 
tibility x of PdAg alloys alloys (CrV and CrCo) versus the average 
versus concentration c. atomic number N. y in 106 emu/mole. 


1°3. Zone boundary effects (JONES, 1935). — In ordinary metals such as Cu, 
where the conductive electrons have very nearly free electron wave functions, 
it may be shown that n(£) only deviates from the parabola of free electrons, 
and the Fermi surface from a sphere, when this is near to a Brillouin zone 
boundary. The characteristic deviation which then occurs is pictured sche- 
matically in Fig. 4. When, by alloying, the Fermi limit reaches such a region, 
the average kinetic energy of the electrons in the alloy is somewhat smaller 
than for a gas of free electrons, or for other alloys with structures such that 


Be E 

Fig. 4. — Deviations from the Fig. 5. — Stabilizimg energy 

free electron parabola near a dH near a Brillouin zone 
Brillouin zone boundary. boundary. 


the hump A occurs for a larger electron per atom ratio. This small negative 
energy difference SE, pictured in Fig. 5, stabilizes the structure for which 
its maximum occurs near to the Fermi level £, of the metal. 


(*) AB means B dissolved in A. 
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These considerations allowed JONES to explain the « Hume Rothery rules » 
i.e. that in a great number of alloys the structures and boundaries in the phase 
diagrams depend mainly on the electron per atom ratio of the alloy [1]. 
Thus in CuZn brasses, the phase boundaries are near to the electron/atom ratios 
where a free electron Fermi sphere touches the Brillouin zone boundaries: 


Electron/atom 


Phase Inscribed sphere Limit observed 
& (EGC) 1.36 (0) — 1.38 
B (BCC) 1.48 | 1.46 + 1.50 | 
y (complex) 1.54 | 1.58 — 1.66 | 
e CPH — 1.78 = 1.87 
| iq) (CO Isl — 1.94 = 2 


Such considerations are widely used by metallurgists, and are on the whole 
fairly successful in explaining complex binary and ternary diagrams, and- 
complex structures such as CuZn y (52 atoms per cell). Two restrictions must 
however be made: 


a) These effects lead, in an exaggerated form, to the strong homopolar 
bindings of Ge, InSb, etc. But in ordinary alloys with small electron/atom 
ratios and close packed structures, they are very small, and only visible be- 
cause the rest of the free energy varies very smoothly for these concentrations. 
Thus in CuZn alloys, the 3H have been measured and are only of about 
0.5 keal/mole [4]. As a consequence, a phase like CuZn £ is only stable at 
high temperature, and because of its large vibrational entropy. Therefore 
other effects (higher order corrections to the approximation used, size 
effects, etc.) might confuse the simple Jones picture. 

The behaviour of lattice constants also shows that these are small effects. 
When the Fermi level E, goes through a critical region H,, one expects an 
anomaly of the type pictured in Fig. 6: the struc- 

Aa ture should deform so that H, comes nearer to Ex 
and more of the energy SE is gained. This leads to 

8 an anomalous expansion for E, < E, to a concen- 

E Di tration for E, > EH, [5]. A small anomaly of this 
Fig. 6. — Corresponding type seems to occur for the ¢ parameter in Mg alloys 
anomaly expected for the with small concentrations of elements of higher valen- 
lattice constant a. cies such as Al, In [6]; it might be connected with 
an incipient overlap of the Fermi surface on the 

corresponding Brillouin zone boundary. On the other hand, no anomaly of 
the lattice parameter is observed for CuZn « alloys; one knows however from 
the anomalous skin effect that in Cu the Fermi surface is near to a Brillouin 
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zone boundary [7]; and the low temperature electronic specific heat of CuZn « 
alloys shows a peak around 10% Zn which suggests strongly that in Cu the 
Fermi level is just below the top of a hump such as A, Fig. 4 [8]. 

Similarly, in both Cu base and Mg base alloys, one observes no anomaly 
in the elastic constants or in the electrical properties [9, 10]. 


b) Contrary to the case of transitional alloys, there is here no direct 
relation between the magnetic susceptibility of an alloy and its density of 
states n(H,,). This is because the diamagnetic terms are usually preponderant. 
Thus, in Cu, addition of Zn strongly increases the diamagnetism, although, for 
small concentrations, the Pauli paramagnetism probably increases, as the electro- 
nic specific heat does [11]. The main contribution here is probably an orbital 
diamagnetism, due to the fact that the conduction electrons are not distri- 
buted uniformly over all the atoms, but tend to concentrate on those of higher 
valency. To take such an effect into account, one has to study the spatial 
distribution of the electrons. 


2. — Space: the screening effect. 


When a solute atom is introduced into a metallic substance, the excess 
nuclear charge (*) Z displaces locally the mobile electrons until the displaced 
charge screens out the new nuclear charge exactly. We may say that the 
Z excess electron charges introduced with the solute atom remain around its 
nucleus, at short distances. What we call the excess charge Z is of course 
the charge of an interstitial impurity or the change of charge when an im- 
purity is substituted in the matrix (Z=1 for CuH and CuZn). That this 
screening should be perfect follows, in classical physics, from the fact that no 
long range electric field can subsist in a conductor; in wave mechanics, it follows 
for instance from the fact that in a Coulomb field of potential — Z/r, there 
are an infinite number of bound states below the conduction band [12]; the 
conduction electrons would necessarily gain some energy by filling at least 
one of them, thus providing a localized screening. 

As the screening should be perfect within the limits of classical physics, 
its radius should have atomic dimensions. A rough computation by Morr [11], 
based on a Thomas-Fermi approximation, confirms this point. 


21. Thomas-Fermi screening (Mort, 1935). — This computation is necessa- 
rily based on a series of simplifications which will be discussed in the next part. 


(*) Atomic units e=m=h=1 are used throughout. 
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1) Independent electrons (as before). All the electrons have the 


same potential V,+V,. 


2) A Thomas-Fermi type of approximation. — If the pertur- 
bation V, were a constant, the electronic density o in the alloy would be related 
to the electronic density 0, in the pure matrix by 


(1) SIAE 


Here o(E, r) refers to a density at a point r and for the electrons up to energy È. 
The approximation is to assume (1) to be still true when V, varies in space. 
Thus, from Poisson’s equation, 


(2) AV,=—4n[o(E,,r)— (Em r]=-42[0(Ey— Vo; r)— 0Eu)] 


if E, and E, are the Fermi energies in the pure matrix and in the alloy 
respectively. 


3) Linearization. For |E,— E, V,| small, we have 


da , 
(3) AV, = +4n-> (Ey+V, Ex). 
dB, M M 


4) Nearly free electrons. The electronic density do/dE is then 
nearly a constant in space, and equal to its average value, the density of 
states n(E). The solution of (3) with the right boundary conditions is 


Z 
(4) Q~==— . exp [— ar], 
with 
(5) 3 He ie q? = 4nn(E,) ; 


and a screening charge density 


1 > 49° exp [— 
(6) Ex, r) ae Ont, r) FT An AV, Ga ae ae gr] . 


4a ie 

2°2. Qualitative consequences. — The preceeding formulae are an extension 
to Fermi gases of the classical Debye Hiickel model of electrolytes. They 
provide a rough but very useful estimate of the screening radius. 


22.1. Localization. — Due to screening, the Coulomb field of the 
nuclear charge Z is cut-off at a distance of the order of a few times 1 /q. 
For most metals, this is of the order of the interatomic distance. Thus atoms 
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of the matrix which are not neighbours to impurity atoms do not feel their 
presence, except for size effects not discussed here. Experiments which measure 
the properties of the bulk of the matrix are unaffected by the presence of 
impurities. 

Thus: 


a) The optical and X-ray absorption edges of Cu are unaffected by the 
admixture of solute atoms such as Zn up to several percent (constancy 
OPE elo mor ls 


b) The Knight shift of Cu in CuAl seems to remain a constant up to 
10% of Al (constancy of do/d#,, on the copper atoms) [14, 15]. Recent measu- 
rements on AgCd [39] indicate however some shift with Cd concentration of 
both the Ag and Cd Knight shifts. But this might be due to a size effect not 
discussed here. 


22.2. Size of the screening. — If r, is the radius of the atomic sphere 
(4ar3/3 =the atomic volume), the part of the screening outside the atomic 
sphere of the impurity is, from (6), 


OP xv || = 
Zg exp[—@] , _ 
Ar r 


(7) fons | cee (1 + qr.) exp [~ gra]. 


Three cases may be distinguished: 


a) In transitional metals, n(E,,), thus g, are large, so that Z,,, is vanishingly 
small. The screening occurs on the impurity atom itself. Thus two impurity 
atoms do not feel the presence of each other, even when nearest neighbours. 
This complete lack of interaction between solute atoms leads to « ideal » solid 
solutions (no energy of dissolution and perfect disorder). This is indeed a 
characteristic of such alloys, when size effects are negligible (e.g. NiCo alloys). 


b) In ordinary alloys, like CuZn, q~1 AU and r,=3 AU, thus Z,;~ 
~a few (1/10)Z: the solute atoms with Z> 0 give up a small part of their 
excess electrons to the neighbouring atoms in the matrix. They are a little 


more « electronegative ». 


This overlap leads to a small interaction between solute atoms: the per- 
turbation V, when two solute atoms are present is the sum of those for the 
isolated solute atoms, because equation (3) is linear in V,; and the compu- 
tation, within first order approximation, of the potential and kinetic energies 
of the system leads to an energy of interaction 


Z,4, exp [— qd] 
a ? 


(3) AU d 
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if the two impurities, with excess charges Z, and Z,, are a distance d apart [17]. 
This leads to an attraction when Z, and Z, are of opposite signs and to a re- 
pulsion for Z, and Z, of the same sign (*). Such an interaction should lead 
to a small short range order in the solid solution. It has been used by LAZARUS 
to explain why, in Ag, polyvalent impurities (Z > 0) diffuse with a smaller 
activation energy than pure Ag, while transitional impurities like Pd have a 
larger activation energy (Z < 0). He assumes that a vacancy in Ag acts as an 
impurity with Z=— 1, thus as Pd, and therefore is attracted by polyvalent 
impurities and repelled by Pd [18]. Formula (8) can however be only very 
rough, because it depends sensitively on the screening radius. 

Finally in a high concentration alloy like CuZn f$ (50% Zn), each Zn atom 
has a net charge +Z,,, and each Cu atom a charge — Z The alloy should 
then be more stable in an ordered state; the stabilizing Madelung energy is 
in this case equal to — 10 Zì, eV. The alloy is indeed ordered in the low 
temperature range, with a stabilizing energy, of about 0.1 eV. As pointed 
out by Mort [1], this shows that the charge (Z,,,) in each atom is small, of 
the order of (1/10)Z. 


ext ext ° 


c) In some polyvalent metals (e.g. graphite, bismuth), the density of 
states n(E,,) is anomalously low, because H,, falls at a strong minimum such 
as B, Fig. 4. One then expects large screening radii and fairly strong inter- 
actions between solute elements. No observations have been made so far on 
this point. 


23. Ferromagnetic alloys. Equivalence with the rigid band model. — Ac- 
cording to MoTT, ferromagnetic Ni has a band structure analogous to Pd, 
with one half of the 3d band, with say spin down, overlapping the Fermi 
level E, and the other half, with spin up, full, and 
thus below E,, (Fig. 7). 

When an impurity is dissolved into it, its excess 
nuclear charge Z is therefore screened out within the 
impurity atom itself, the screening being provided by 
the part of the d band with large n(#,,), thus spin 
down. By alloying, moments of the matrix and of the 
impurity should then be independent of concentration: 


Fig. 7. — Band structure 
of ferromagnatic Ni and (9) 
Ni base alloys. 


matrix = const A 


impurity E matrix ao VAT 5) 


(*) This formula was first proposed by Lazarus [18], by an incorrect argument 
which left out the kinetic and part of the potential energies. Another formula, pro- 
posed previously by the author [19], is also incorrect because it leaves out an inter- 
action between the screening electrons and the nuclei. 
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(44; Bohr magneton). Im NiFe alloys for instance, Z=— 2, thus ux, = 0.64, 
and “y= 2.6u,. This is indeed observed by neutron diffraction experi- 
ments in the disordered 


solid solution up to 50% Fe, 
and also on ordered Ni,Fe 
where results are more accu- 
rate (Fig. 8 and 9 [20]). 
(9), the 
magnetic moment of an alloy 


From average 


with atomic concentration € 
should be 
(10) = Bens — Zeus « 


This is in good agreement 


Fe 
3 af 


Fig. 


tribution of the mag- 
netic moments in ferro- 
magnetic NiFe. 


N | N Hug 
2 
i vy Ni 
0 Ni, Fe Cre 
8. — Spatial dis- Fig. 9. —}Magnetic mo- 


ments on Ni and on Fe 
in NiFe, according to neu- 
tron diffraction. 


with the straight line AB with 45° slope obtained when His plotted versus 
the average atomic number in various Ni and Co base alloys (Fig. 10). Now 


3b 


0 I 1 


Cr Mn Fe 


Fig. 10. — Average magnetic moments jv 
versus average atomic number N in ferro- 


magnetic alloys. 


equation (10) was obtained by Morr [1] 
just using the rigid band model. This 
shows that the screening considerations 
are not contradictory to the rigid band 
model. It is actually easy to show 
that the equations (1) to (5) for screening 
lead to the rigid band model (*). The 
two models developped so far are 
therefore complementary: they are the 
energetic and the spatial aspects of 
the same first order approximation. 


(*) Within the approximations of Sect. 2-1, the density of states with energy 


E is such that 


Va Vv 


= | (AE+V,) 


fut dE=— foce ip)éle = feat —V,r)dt = fote+ar. r) dt — 


Vv 
E . 
1 
To dr = fuse+45) Cree iim NH = V,dt. 


n is the density of states in the alloy, », that in the pure matrix. 
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Better approximations for small perturbations. 


The methods developed above give a picture of the alloys very useful in 
many ways. It allows us to study homopolar binding effects (Hume-Rothery 
alloys), ionic effects (Mott’s theory of order), short range order effects, it 
shows them to be small, especially in transitional alloys; and it relates these 
properties to the density of states at the Fermi 
level n(#,,), a quantity of evidently primary im- 
portance in a conductor. 

The methods are however insufficient in a 
number of problems, which require a more accurate 
knowledge of the electronic structure. One can for 
instance compute the electrical resistivity Ao of the 

; conduction electrons of a metal, due to the presence 
aoe of Ta of MIRA with the perturbation Dez uzli V, 
copper. The crosses are  OPtained above. Within first order approximation, 


the experimental values. Ag should be computed with the Born approxima- 

tion [1]. One obtains then for Cu alloys a resistivity 
about 10 times larger than the observed one (Fig. 11). Other discrepancies 
of this kind will be presented below. They give a physical interest to a system- 
atic discussion of the approximations made in Part I. This will be done 
presently. 


1. — Independent electrons. 


A systematical study of correlation corrections, along the lines described 
by Pines in his lectures, is still lacking. Within first order approximation 
methods, it is reasonable to introduce a Thomas-Fermi type of correction, 
both for exchange and Coulomb correlations [21]. This would lead to the 
following effects: 


a) A relatively small correction on the screening radius, making it smaller 
for Z > 0 and larger for Z < 0 (because correlation effects make each electron 
feel the screening somewhat less) ([19]. 


b) Large corrections on the screening energy, and on the magnetic pro- 
perties (as in pure metals). This certainly explains why all efforts to compute 
energies of solution in this way have failed so far [22]. 
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2. — Linearization. 


It is easy to introduce terms of higher orders in the development of the 
screening charge. These take into account not only n(E,), but dn/dz,,, 
d°n/AE;,, etc. These terms are certainly not negligible even for « small » per- 


turbations V, e.g. for Z=1 (CuZn). The following effects are obtained (Lore 


a) All the bands tend to broaden and to have smaller densities of 
states n(£). 


b) For «electrons » (dn/dE, > 0), the screening radius becomes smaller 
for Z > 0, larger for Z < 0; the reverse is true for « positive holes » (da/dE,< 0). 


3. — Thomas Fermi approximation. 


This is probably the most interesting point to consider. The approxi- 
mation is based on a mathematical theorem, due to von LAUE [23] which we 
analyze first. 


31. Von Laue’s theorem (1914). — This refers to a gas of free electrons enclosed 
in a box of surface S. The theorem states that the electronic density o(E, r) 
(density at r of electrons with energy less than £) is independent of the boundary 
conditions on S at all points r in the box which are not too near to the 
surface S. 

This is proved by analyzing 0 in orthogonal packets of the electronic wave 
functions y with energy less than E. The size of the packets, thus their spatial 
density, are evidently independent of the presence of S and of the boundary 
conditions on them, as long as their distance to S is much larger than their 
size: von Laue’s theorem does not apply to a boundary layer along the sur- 
face S. The thickness of this layer is given by the size of the wave packets; it is 
thus of the order of the wave length of the electrons of energy E. 

As pointed out by von LAUE himself, this theorem is applicable to any 
wave mechanical problem, and therefore to phonons, electrons in a periodic 
potential, metallic alloys.... 


32. Examples. — Two simple examples might help to understand this result. 


32.1. One dimensional square box. — In this case, a direct com- 
putation of the electronic density o(£,7r) shows that, for impenetrable walls 
(p= 0 on 8), o starts from zero at the wall and takes a very nearly constant 
value at distances from the wall larger than 2/2k (k2?=2#). This constant 
value o, is that obtained for Born-von Karman conditions (Fig. 12). The 
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bo 
e) 
(0.0) 


deviation from this constant value is plotted in Fig. 13. It is given by 


0 sin 2ka 


0) Ola 


This shows that the interference effects obtained for x > 2/2k are very small. 
A repulsion of this kind is the major part of the surface energy of metals. 


OE 0) Si 
a? 
do 2 
aX 
aie. 5 ace n chi 
2K x 2K Te Ja 
Fig. 12. — Electronic density Fig. 13. — Relative deviation from¥a 
o(H, x) in a box with impene- constant value for the electronic den- 
trable walls. sity near to an impenetrable wall.4 
32.2. Thin spherical well. — This situation is pictured in Fig. 14, 


against the radial distance r to the center of the well. If o is the electronic 
density, oo that if there were no well (V,=0), the electronic density 0 — 00 
displaced in the gas by the presence of the 
well is given by 


4U,k* sin 2kr — 2kr cos 2kr 


O}- (11) O— Wye ae (2 kr) ’ 
Gi J 2 
if 
Fig. 14. — Deviation from a 7 
7 bi 2 . I a 
constant value for the elec- k? — 2H and Cj oF Vn 
tron density around a thin 3 
spherical well (only the part 
outside the well is pictured). This approximation formula is only valid for 


ka and V2V,-a<a. Here again, the inter- 

ference fringes are very week, except for a central spot of radius ~ 3z/k. 
Formula (11) is at the origin of what may be called the « Fréhlich-Bloem- 
bergen-Kittel » effect [24]: the contact part of the magnetic interaction of a 
nucleus with the conductive electrons may probably be represented by such 
a potential well V, acting on one half of the electrons, with spins say up- 
wards, and a similar potential — V, of opposite sign acting on the other spin 
direction. Then, within first order approximations, there is no excess electronic 
charge around the nucleus, but an excess of electrons with spin upwards near 
to the nucleus, given by twice the expression (11). This « spin polarization » 
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will induce a tendency to ferromagnetic alignement on a neighbouring nucleus, 
if it is at a distance r such that 0 — 0, > 0 (F regions, Fig. 14); an antiferro- 
magnetic one otherwise (AF regions). At the Fermi level of usual metals, 
37/4k is slightly larger than the internuclear distance. There should be a 
slight tendency to ferromagnetic alignement of the nuclei. This seems actually 
to exist and to affect the width of their resonance level [25]. The effect seems 
much stronger in polyvalent metals like Tl where the conduction electrons 
deviate markedly from free electrons; in such metals, the « effective » k may 
be smaller, because it should be counted from a band edge higher than the 


bottom of the valence band. 


33. Application to impurity atoms. — The preceding examples show clearly 
that corrections to the Thomas-Fermi approximation should spread the screen- 
ing charge somewhat. This effect should be small except: a) near to the 
nucleus, where V, varies rapidly with r; b) and also at large distances, if the 
Thomas-Fermi screening radius is much smaller than 37/4k,, where k,, is 
the wave number for Fermi electrons. 

For a given V,, these effects can be studied by treating the conduction 
electrons as free and only scattered by V,. One then gets a useful formula, 


which we shall first recall. 


33.1. The phase shifts sum rule. — When scattered by a spherically 
symmetrical potential V,(r), free electrons have wave functions which may be 
analyzed in spherical harmonics [26]. The radial part g,(r) of the /-th com- 
ponent with energy H satisfies the equation: 


Hoe Poa 
on —v,)—' E r= 0. 


. + . Ù » 
A combination of this equation with that for another wave function 9, of 


different energy £' leads to 


R R 
9 DI 7 i / Ù dp d 20 ’ I dg, dq + 
2(E - 5) | par = [(# ques! dr? jo = vi ag RANA È 


0 0 


Setting 2H —k? and for E' + E, this gives 


R 

we dg, dy, dp, 
DIA lira ra a IR 
2 [pian +» È dk? dkar 


0 


Rh 


0 


Using the fact that g, > Ar? for r-+0 and gy, > Bsin (kr +n(k) — 3la) 
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for r + co, one has 


RK 
a 
fotar> El e|r+ SE] — Resin? (ER + m— 2) for R + co. 


2k| 


mis «the phase shift » produced on g, by the action of the perturbation V, [26]; 
A and B two normalizing constants. 

When V,= 0, the corresponding equation for the unperturbed spherical 
harmonic @, with the same energy is: 


0 


R 


| pa dr > aT st {kk — 5 = = cin (27a ix)} for R+ co. 
0 

The screening charge produced per unit k in the sphere of radius Rk will be 
obtained by the difference of these two expressions multiplied by the cor- 
responding densities of states per unit k. For gy,; it is easily seen that the 
density is 4R/~B,. From von Laue’s theorem, the density of states for , 
must be 4R/zB, so as to give the same asymptotic value for large R’s. One 
finds then for the screening charge per unit k in a sphere of large radius R 
the following expression [13]: 


R 


(12) [=e = 9) gp dr = 


2 dn: 
dk TT 


Il 
(2 VADER 9 197 
> ( DIE) aE sing, cos (2kR + y,— la) 


Account has been taken here of the degeneracy of the /-th spherical com- 
ponent; one has summed over all values of /; and assumed two electrons (with 
opposite spin directions) per state. 


363.2. The oscillating term. — The preceeding formula shows that the 
screening charge around a perturbation is the sum of a constant term and 
of a term which varies sinusoidally with R. By summing this second term over 
k and differentiating with respect to R, for a thin spherical well, one sees 
easily that this leads to the interference pattern of Fig. 14, discussed in 
Sect. 32.2. [27]. 

More generally, for any given perturbation V,(r), the oscillating term in 
equation (12) will give rise to similar interference fringes, which should be 
computed in the same way. This has not been done so far, but the resulting 
effect should not be very important: 


a) In the case of Fig. 14, only 7, differs from 0. For more extended 
V,, other phase shifts will be significant, and swamp somewhat the long range 
oscillations, which therefore will be even less marked. 
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b) Only close range effects (r< 37/4k,,) can therefore be significant. 
These can obviously be important only when the Thomas-Fermi screening 
radius of Part. I is much shorter than this distance. Numerical computations 
show that this is not the case in usual metals such as copper where these effects 
are negligible, at least for « small » perturbations (cf. for instance [13]). How- 
ever, as the Thomas-Fermi screening varies as 1/9, thus as (m*k,,) ? for electrons 
with an effective mass m*, one expects the actual screening to be much more 
spread out than the Thomas-Fermi one in transitional metals (+) (m* large) 
or in «semi metals » such as Bi (k, very small) [36]. 

Another possible case when the oscillating terms might spread the screening 
Significantly is in the resonance effects discussed below in Part. IIT. 

The Zener effect is a coupling of neighbouring magnetic ions through the 
spin polarization they induce in the conduction band [28], by the same me- 
chanism as in the nuclear Fr6hlich effect discussed above. If it exists, it is 
therefore likely to be small. 


33.3. The screening condition. — As the oscillating term in (12) has 
an average value zero, it is the term in dy,/dk which gives the charge displaced 
by-V, in the gaz. 

An integration over k gives, for the total charge locally displaced by V, 
below energy E: 


TY 


(13) Jee r) — o(B, r) dar? dr == (21 + 1g). 


This is a very useful rule when one looks for a potential V, better than the 
Thomas Fermi one. As a first step towards selfconsisteney, one can choose 
V, such that the total screening charge below the Fermi level is equal to Z 
electronic charges: 


(14) 


ln 


¥ (20+ 1)n(Bu) = Z. 
l 


33.4. Electrical resistivity of impurities. — Using then any likely 
approximate potential V, which satisfies (14), and computing the corresponding 
residual resistivity by the exact equation 
Aor 
ai M 


(p electrons per atom in the matrix, ¢ atomic concentration of impurities), 
one obtains a much better agreement with experiment for alloys such as 


(15) Nd 


=. Ney ’ 


(+) In transitional metals, the neutron diffraction data discussed in Part. I indi- 
cate that most of the screening still occurs within the impurity atoms. 


2) - Supplemento al Nuovo Cimento. 
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Zn, Ga, Ge, As in Cu (Fig. 11). The remaining discrepancies are probably 
to be attributed mainly to the factors neglected (corrections for size effects, 


effective mass, etc.) [29]. 


33.5. Electronic density near to the nucleus. — The Thomas- 
Fermi approximation of Part I leads to an electronic screening density which is 
infinite at the origin. This is clearly wrong from the Knight shift experiment 
on impurity atoms (Al in CuAl/14]) and difficult to reconcile with other measu- 
rements such as positron annihilation or X-ray spectra in metals. A more 
exact computation of the scattered wave functions is needed in this case 
(cf. [38] for positron annihilation) ; it leads to a finite density at the origin and 
reasonable agreement with experiment. 


34. Nearly free electrons. — The conduction electrons have been treated 
so far as free or nearly free. This is a reasonable assumption for ordinary 
metals. One expects therefore only small corrections when a fuller account 
is taken of the periodic potential of the matrix. A generalization of the con- 
cept of phase shifts has thus been carried out recently in an approximate 
manner [30]. It gives results not very different from the free electron values, 
and still definitely larger than the experimental ones, as the following table 
shows (in uQ em/%): 


| A0n INA | 
| 7 | | 
Cu Zn 0.58 | 0.34 
Ag Cd | 0.56 | 0.38 
AuHe 0.62 | 0.41 


From a general point of view, writing the residual resistivity as 
Ao = CNet ae ’ 


one expects the usual effective mass m* of the conductive electrons to enter 
in their effective number N,,,, while an effective mass nearer to the normal 
mass m should enter in the relaxation time 7, because the perturbation V, 
is so localized [29]. 


JUDE 
Strong rerturbations, 


1. — The period factor. 


The simplest case of a strong perturbation is in an alloy such as AgaAu, 
where the solute element has the same valency as the matrix, but belongs 
to a different period. 
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One expects in such a case the two elements to mix up freely, without 
altering very much their electronic structure: the wave functions at the bottom 
of the conduction band of Ag and Au should be easily connected, because they 
have nearly the same energy and the same ampli- 
tude on the boundaries of the atomic cells the big 
perturbation potential energy introduced with Au is 
nearly compensated by a big change in kinetic energy 
due to the supplementary node around the Au nu- © 
cleus. This node occurs of course because of the © © © 
supplementary 5s, 5p, 5d shells of the Au atom Ha tag 109 
(Fig. 15). Such alloys have indeed small energies a 
of formation and very small electrical resistivities. eS ui pi us 

wave function at the bot- 
These have been computed treating the conductive {om of the CRAUTI 
electrons as free [1, 31] and, more recently, taking band in AgAu alloy. 
the periodic potential of the matrix into account in 
an approximate fashion. The following table shows that the agreement is 
good in alloys such as AgAu when no other factors such as differences in 
size or valency play a role [30] (Ao in pQem/%). 


XS 


| | Now ANORSS | 
| | 

| AgAu | 0.46 0.38 | 

| Au Ag | 0.41 0.38 | 


2. — Transitional impurities. 


Alloys with transitional impurities often exhibit peculiar properties which 
are probably related to the presence of d bound states or virtual bound states. 
The concept of virtual bound states is well known in the scattering of free 
electrons by free atoms of a gaz [26, 32]. This is first recalled. 


21. Virtual bound states and resonance scat- 
tering for free electrons scattered by free atoms. — 
Let us consider an atom with a spherically 
symmetrical potential not quite strong enough 
to accept a certain bound state with quantum 
number J. That is, if it was slightly more at- 
Fig. 16. — Real bound state tractive, as pictured by the dashed curve in 
SEE ce ane ee. Fig. 16, it would accept an /-th bound state. 
pars Ce ees! When the potential is reduced from the value of 


In an energy versus space 
diagram. the dashed curve to the actual value cer 
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responding to the continuous curve, the bound state increases in energy and 
merges into the continuum of extended states. It is often useful to think of 
it as still existing, with a positive energy. But as it has now the same energy 
as an extended state, it will resonate with its /-th spherical component to 
build up two (extended) states of slightly different energies; these in turn 
will have the same energies as extented states, with whom they will reso- 
nate etc. Finally this « virtual » bound level broadens into a region in energy 
and space corresponding to something like the shaded region in Fig. 16, where: 


a) The amplitude of the /-th spherical component of the extended states 
is anomalously large. 


b) These large amplitudes correspond to an excess of charge density 
which, summed over the whole shaded region, is approximately equal to that 
of the initial /-th bound state (with degeneracy 2/+1). 


This second point is an obvious consequence of the resonance mechanism. 
It may also be seen by considering the behaviour of the phase shift n, of the 
l-th component of the extended states. For the punctuated potential of Fig. 16, 
7, must start from x for E=0, because there 
is a bound state [32], as pictured in Fig. 17. 
For the continuous potential without bound 
state, 7, starts from 0 for E=0; it must 
join the dashed curve for E>É, because 
there it is surely little sensitive to a small 
change in the potential. 7, should therefore 
Tee Lie Pra ary rather rapidly from nearly 0 to nearly 
for a real bound state (dashed ‘in a region of width w near to energy H). 
curve) and for a virtual one Numerical computations confirm this point [26]. 

(continuous curve). From the screening r lation of Part II, one 

sees that such a variation of 7, corresponds 

to increasing by 1 state / (with 2/-+1 degeneracy) the screening charge in 
the energy range of the virtual bound level. 

Because of the strong resonance, electrons with energy near to that 4, 
of the virtual bound state are strongly scattered. This is what makes the 
interest of these levels for free atoms. The relation 
given in Part II for Ao shows that the residual resis- 
tivity of a Fermi gas with Fermi energy # should 
indeed go through a peak when H is equal to £,, 
Fig. 18: 7, crosses the value 7/2 at an energy E, 


via 


al 


E E 


Fig. 18. — Resonance scattering peak corresponding to a 
virtual bound level of average energy H, and width w. 


cet 
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where all the other phase shifts are small or near to multiples of a (if E, 
is small). Neglecting completely the contribution of the other phase shifts, 
the relation of Part II gives for the maximum resistivity, with the same 
notations, 


(16) DN Drak = va: Z 


This peak is large compared with the resistivities for the «usual» alloys dis- 
cussed in Part II, where > J sin? (m-,— .)< 2141. 
l 


Finally the width w of the level increases obviously with the amount of 
l-th spherical component in the free electron state of energy E. 
Thus: 


a) At a given energy E, w decreases for increasing 1; for l= 0 it is 
actually so large that virtual s levels have no physical significance. 


b) For a given J, it is roughly proportional to E, (for small values of Ens 
for 1—2 (d states), it is of the order of 2 eV for H,=7eV (i.e. the Fermi 


energy of copper). 


We shall now discuss some applications of these concepts to analogous cases 
in alloys. 


22. Transitional impurities in aluminium. — When an element such as 
Ti, on the left of a transitional series, is dissolved in aluminium, we expect its 
d shell to be unstable, thus to be practically empty and above the Fermi level 
of aluminium. For an element such as Ni or Cu, the d shell should be 
stable, full and below the Fermi level of aluminium. Thus, when going con- 
tinuously from Ti to Ni, the states cor- 
responding to the d shell of the tran- Ao 
sitional impurity should cross the Fer- pm [0 
mi level of aluminium, and give rise to Ah 
one or several «virtual » bound d states, 
by mixing with the conductive states 
of aluminium. Po pi eo an er eee Toe a 

T V Ca Mm Fer Co ANI Gu Zn, Gal Ge 

The residual resistivities Ao of these 
impurities in aluminium are plotted 
in Fig. 19. They show indeed a large 
and broad resistivity peak around Cr, 
which we interprete as due to resonance scattering of the Fermi electrons of 
Al by the broadened d shell of the transitional impurity when this crosses 
the Fermi level of Al. The top of the peak reaches a value near to that pre- 
dicted by formula (16) for /=2, p=3 and k, that of Al. 


Fig. 19. — Residual resistivities of 
transitional impurities in aluminium. 
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The resistivity peak is very broad and continuous, indicating that, in this 
case, each d shell gives rise to only one virtual bound d level, with room for 
10 electrons. One could a priori have expected this level to split into a suc- 
cession of levels of different energies, from a variety of reasons: 

a) The cubic symmetry of the lattice should split the vy type of d states 
from the x? — y? one. 


b) The Coulomb correlation between d electrons of the same shell should 
stabilize the intermediary states of ionization 3d°, 3d°, 3d’,..., 3d?, 3d [33]. 


c) The exchange correlations within a shell should induce one half of 
the d shell, with one spin direction, to become empty before the other half 
(Hund’s rule). 


All these splittings are apparently swamped here by the resonance 
broadening. This is very large when the d state crosses the Fermi level, because 
the Fermi energy of Al is large (~12 eV, leading to d states with a width 
w=4eV if the conductive electrons are treated as free). 

In conclusion, we picture here the d shell of the transitional impurity as 

one broad virtual level, with room for 10 

3d" t electrons of both spin directions, which emp- 

ties itself continuously when one goes from Ti 

to Ni (Fig. 20). The number of d electrons or 

Al T A d holes for a given element is not necessarily 

. an integer. The presence of this virtual level 
Fig. 20. — d shell of a transi- , È : 

ata pants Tan taluninide: across the Fermi level H,, gives rise both to a 

broadened by resonance with large Pauli paramagnetism (due to the large 

the conductive states. increase in the density of states at H,) and 

to a large orbital diamagnetism (due to the d 

shells). The two contributions are independent of temperature, as is indeed 
observed for the magnetic susceptibility of all these alloys [29]. 


2°3. Transitional impurities in Cu, Ag or Au. — As pointed out above, 
exchange interactions within a d shell tend to split it into two halves, of op- 
posite spin directions, which would empty themselves one after the other when 
going from Ni to Ti. This splitting can only occur if the energy of splitting 
is larger than the width w of the states. The energy gained per d electron from 
the splitting is pAE, if p is the number of electrons (if less than 5) or holes 
(otherwise) in the d shell; AE is the average energy gained when two d electrons 
with antiparallel spins are put with their spins parallel. The condition for 
Hund’s rule to apply is thus 


(17) w<pAE. 
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From atomic spectra, AH is 0.6 to 0.7 eV. As p <5, the exchange splitting 
is impossible in aluminium, where w~ 4 eV according (*) to Sect. 2.1. It should 
however occur in matrices with a smaller Fermi energy, where w is smaller. 
This would lead to a double peak of 
Ao in the series from Ti to Ni, which is i Ao 
indeed observed for transitional impu- qu cm /%) 
rities in noble metals (Cu, Ag or Au), 
as shown in Fig. 21: peak A would 
correspond to the emptying of the 
first half A of the d shell, peak B to 
the second half B with opposite spin 
direction, as pictured in Fig. 22. Here Canosa ae ie Mas op CANT Cy CO. oenge 


again, the top of the resistivity peaks Fig. 21. — Residual resistivities of 
transitional impurities in copper. 


are near to what is predicted by equat- 
10n (16) (*). 

For Cu, the width w of the d states should be of the order of 2 eV. One 
expects then from condition (2) the splitting of Fig. 22 to occur for p > 
> w/AHK = 3; thus for impurities like Fe, Mn, 
Cr, but not for Ni and Co, where the number 


CD ar p of d holes is too small. 


This is in agreement with the magnetic 
MIL 


a) For Fe, Mn, Cr, the magnetic suscep- 
tibility y varies strongly with temperature, fol- 
Fig. 22. — d shell of a transit- lowing a Curie-Weiss law y = const/(7 — const), 
ional impurity such asMninCu, as expected for a split d shell such as in Fig. 22. 
split into two virtual bound le- For Mn, between the two resistivity peaks, 
Mignon Cirections. Fig. 21, the Curie constant corresponds indeed 
to a magneton number near to (*) 5. 


Cu Cu 


b) For Ni and Co (at least at low concentrations), the magnetic suscepti- 
bility is independent of temperature, as in the Al alloys pictured in Fig. 20 [34]. 


(*) The width w should be about twice as large in Al as in Cu, because the Fermi 
energy is 13 eV instead of 7 eV. 

(+) A factor (p+1)/2p must be introduced in this formula. The factor 3 takes 
into account the fact that only one half of the conductive electrons, with a suitable 
spin direction, are strongly scattered by an impurity atom. The factor (p+ 1)/p takes 
into account the scatterings with exchange [40]. 

(*) It is actually somewhat smaller than 5, suggesting that one of the half d shells 
overlaps slightly the Fermi level, as pictured in Fig. 22. This would explain why the 
resistivity minimum for Mn is still fairly large. 
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Further considerations on this topic, in connection with other electrical 
properties, may be found in reference [29]. 


2°4. « Anomalous » ferromagnetic alloys in Ni and Co. — Alloys of Ni or Co 
with solute elements on the left half of the transitional series (Mn, Cr, V, Ti) 
exhibit strong departures from the simple law 


(18) IZ = matrix ry Zeuy ’ 


valid for elements nearer to the matrix elements in the periodic table, as 
explained in Part I. 


These elements have nuclear charges much smaller than the matrix (large 
negative Z’s). They introduce a perturbation V, which is strongly repulsive 
as well as highly localized. Now one expects such a 
perturbation, when strong enough, to subtract a 
bound state from the full half of the d band and to 
move it towards higher energies. When it comes 
above the Fermi level £,, such a state will empty 
itself into the conduction band, mainly in the other 
half of the d band with opposite spin direction, be- 
cause of its high density n(H,,) (Fig. 23). The dege- 
neracy of the d state makes it possible to have room 


Fig. 23.— Emptying of a for at most 5 electrons in it. 5 electrons less with 
3d bound state in alloys 
such as NiCr. 


sp 


Ew È 


~ 


spin upwards, turning into 5 more electrons with 
spin downwards, make a change of 10u, when the 
bound state crosses the Fermi level. Thus the new 
equation for the average magnetic moment would be [35]: 


(19) ll =a H matrix en (Z ar 10)cug % 


Such a law is approximately followed by these anomalous alloys. Thus writing 
= Matrix — <CUg; the following table shows that the experimental values of 
— Z for Ni alloys go suddenly from values near to 0 up to Mn, to values 


near to 10 after that element: 


= 


cad 


Alloy Z z—Z 
Ni Co —1 — 0.2 
Fe —2 — 0.8 
Mn — 3 + 0.6 
Cr — 4 8.4 
Vi —5 10.2 
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For what concerns the spatial distribution of the magnetic moments, the 
simplest assumption would be to think that the impurity, with its empty half 
d shell, has a large magnetic moment antiparallel 
to that of the matrix; the matrix would be left Pug 
unaffected, as in the normal ferromagnetic alloys like 
NiFe (cf. Part I). This model is ruled out by neu- 
tron diffraction on CoCr, which shows Cr to have a 
small, slightly positive magnetic moment, and to re- 
duce strongly that of Co[20] (cf. Fig. 24). This surely 
comes from the fact that the bound state is fairly 
extended: when appearing above the d band, it starts 
with an infinite radius, and has probably still a large Fig. 24. — Most probable 
radius when crossing the Fermi level #,, because variation of atomic ma- 
the distance of EZ, to the top of the full d band is eaegs. se of Co 
fairly small, of the order of the magnetic energy kT. ar io (ose 
We picture then the impurity center as in Fig. 25: 


a) The full d band with spins upwards has an empty bound state above 
the Fermi level, which has locally subtracted 5 electronic charges from the 
band. These missing charges have roughly the same radial extension as the 
bound state (they are positive holes captured in an empty acceptor level). 


n 


iS 


[Steed 
Fig. 25. — Electronic densities in the two halves of the d band for CoCr. (a, spins up- 
wards; b, spins downwards). 


b) The other half of the d band, with spin downwards, has a large density 
n(E,), thus screens out easily all the unbalances of charges: on the neigh- 
bouring atoms of the matrix, it compensates for the electronic charge missing 
in the other spin direction; on the impurity atom, it also compensates for the 


excess nuclear charge Z. 


In CoCr, the neutron diffraction results are in agreement with the charge 
distribution pictured in Fig. 25, where a little more than 3 of the charge of the 
bound state is on the neighbouring Co atoms. 

Finally, the table above shows that, in Ni, the d bound state seems to 
become empty very suddenly when one goes from Mn to Cr. This shows that 
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the state is fairly sharply defined in energy. Various causes for broadening 
may be considered: 


1) Coulomb correlations. 


‘ 


a 


) Lattice symmetry. 


3) Resonance broadening. 


The two first factors are probably not very effective because the state is 


rather extended (*). As for resonance broadening, contribution from the other 
half of the d band with opposite spin only arises through the weak spin orbit 
coupling; resonance with the sp conduction band is fairly weak, because the 
Fermi energy of this band is small, as it contains only 0.5 electrons per atom. 


(*) As it has the full degeneracy 1=5, at least in Ni alloys, it is nevertheless far 


enough from the band edge (or localized enough) to mix up contributions from the 
various component d bands. 


N. 


L. 


E. 
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SUPPLEMENTO AL VOLUME VII, SERIE X NERO Lies 
DEL NUOVO CIMENTO 1° Trimestre 


The Transition from the Metallic to the Non-Metallic State. 


Ne Ee More 


Cavendish Laboratory - Cambridge 


1. — Introduction. 


In all text books on the theory of metals and indeed in this course of 
lectures you will find detailed discussions of the movement of electrons in a 
periodic field. These discussions, based on Schrédinger’s equation, have, been 
applied with great success to the behaviour of electrons in semiconductors. 
Here the interaction between the different electrons in the conduction band 
is frequently negligible, so that once a suitable potential is chosen one has 
a «one-body problem », that of the possible energy values of a single particle. 
When the same method is applied to metals, however, the interaction between 
the electrons in the conduction band is always strong, and one can only treat 
one of them as moving in a periodic field by averaging in some way the effect 
of all the others. It is my aim in this lecture to show you that, successful 
as this approach has been, there are cases in which it gives wrong results. 
Though correct in general for metals, there are cases in which it is not pos- 
sible to treat all the electrons in a crystalline solid as moving in a periodic field. 

Let me first describe the conventional theory of solids. One starts with 
Schrédinger’s equation 

2m 


Vip + za {W-V(r}y=0, 


where V(r) is a periodic potential energy function. The solutions y, are of 
the Bloch form 


(1) yx = exp [i(kr)]u,(r) , 


where u, is periodic with the period of the lattice. The energy W, plotted 
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against k has the form shown in Fig. 5b, and one introduces the concept of 
the density of states N(W). The values of k and allowed energy values Wy 
are divided into « Brillouin zones», of which the allowed energies may or may 
not overlap. 

A. H. WILSON [1] was the first to point out that, if a Brillouin zone is fully 
occupied, the electrons occyuping the states which make up this zone can 
make no contribution to an electric current. He was thus able to explain 
the sharp distinction which exists in nature between pure crystalline materials 
which at low temperatures show good (metallic) conductivity and those which 
are insulators. Insulators are substances in which all zones are either full 
or empty; metals are those in which one or more zones are partly full. 

Twenty-six years after WILSON’s paper, it seems that he was very nearly 
right. It is true that the electrons in metals can be described by wave func- 
tions of type (1), with values of k partly filling one or more Brillouin zones. 
It is also true that if one describes electrons in a solid by wave functions ot 
type (1) and it then turns out that all zones are full or empty, the substance 
will be found to be an insulator at low temperatures; typical insulators such 
as sodium chloride or diamond are to be described in this way. The point 
that I want to make in these lectures, however, is that there is a class of 
substances which, if described according to Wilson’s scheme, should be me- 
tallic conductors and are in fact insulators. Most of the antiferromagnetic 
oxides come into this class. And not only are there substances of which this 
can be said, but groups of electrons within substances, for instance the 4f 
electrons within a rare earth metal. 

These lectures, then, will develop the basic theory of such systems of 
electrons and apply them to three types of problems, which are 


1) Impurity-band conduction in valence semiconductors ; 


The electrical properties of the antiferromagnetic oxides; 


bo 


3) The nature of the magnetic electrons in the rare earth and tran- 


sition metals. 


The lectures are based on a series of papers by the present author [2-6], 
who welcomes the opportunity to make a collected story of them. 


2. — Conducting and non-conducting states. 


In order to consider the conditions under which the Bloch-Wilson theory 
breaks down, let us consider an array of hydrogen or other monovalent atoms, 
and let us denote by a the interatomic distance. Let us discuss in some detail 
how one would describe the electrons in such an array, and how our description 
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depends on the interatomic distance. An intuitive approach is the following. 
If a is large, so that the overlap between neighbouring atoms is small, one 
should use what is called in the literature the London-Heitler-Heisenberg ap- 
proach. That is to say, each electron is described by an atomic wave function 


w»,(r), where 


y,() =a yr — R,) ’ 


y being the wave function of a free atom and R, the co-ordinate of the n-th 
atom. To describe the wave function of the whole system one sets up a product 


(2) (11) w2(F2) 3; 


after multiplying by appropriate spin functions one then sets up a Slater 
determinant antisymmetrical in the co-ordinates of the electrons. This Slater 
determinant we shall write 


(3) Pre(d1y 29 +++)» 


The q, are the electronic co-ordinates including spin; ne stands for non-con- 
ducting. The system described by such a wave function is obviously non- 
conducting; electrons can change places (electron exchange), but no net current 
is possible. The question before us is, as a is decreased, how are « polar states » 
introduced into the wave function in such a way as to allow a current. We 
Shall return to this question below. 

First, however, let us look at the metallic description which is appropriate 
for small a. Here all the electrons are «free », and one may set up a Slater 
determinant 


(4) su CP tiered) 


from the functions y, corresponding to occupied states. One knows that the 
use of this Slater determinant suggests that the chance of a given electron 
being on a given atom is independent of whether another electron of opposite 
spin is there already (*). This cannot be true, and a great deal of effort from 
WIGNER to BOHM and PINES has been spent on a proper description of « cor- 
relation», i.e. the tendency of electrons with opposite spins to keep away 
from each other. In the free electron model, each electron is seen as moving 
with a correlation hole round it, in which another electron is less likely to be. 

As the distance a increases, this picture does not seem so satisfactory. 


(*) Electrons of the same spin are kept off the same atom by the wave function 
being antisymmetrical. 
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The wave functions y, can now be given by the tight-binding approximation 


(5) Wr = » exp [¢kR,, |y,(r) 4 


If overlap is small, no energy will be gained by allowing two electrons to sit 


on one atom; the correlation hole—as Professor BROOKS put it in his lectures 
no longer moves with the electron; one needs instead a correlation term which 
simply prevents an atom from having two electrons on it. Under these con- 
ditions it seems very forced to use the function ‘7, at all; Y,., which takes 
account of correlation in the zero order of approximation, represents a much 
more natural approach. 

Our aim then is to investigate the transition from wave functions of 
type Y,, to type Y. as a is decreased. Though of course %,, will gradually 
deviate from the simple determinant described as the overlap increases, we 
Shall give several arguments to show that the change from a non-conducting 
to a conducting state must be sharp; either none of the electrons are free to move, 
or all are. 

To show this, it must first be emphasized that a wave function of type n. 
is non-conducting only if the number of electrons per atom is unity (or an in- 
teger when the ground state has orbital degeneracy). If we take an electron 
out, the « hole » left behind can move about and carry a current; the only 
effect of increasing a is to increase its effective mass, not to stop it moving (*). 
Similarly if an extra electron is added, so that one atom carries two electrons, 
this extra electron can move from atom to atom. 

Now as two hydrogen atoms move together, it is known from the theory 
of the hydrogen molecule that more and more of these polar terms appear in 
the wave function. The same must be true for the crystalline array. But the 
presence of polar states will not necessarily make the system conducting. A 
new feature turns up in the theory of the infinite lattice which is absent in 
the theory of the molecule; in the former we must distinguish between free 
carriers, and positive and negative carriers bound together as they are in an 
exciton. The distinction does not occur for the molecule. 

The present author has emphasized in the papers cited [2-5] that at the 
absolute zero of temperature it is not possible to have a small number of free 
carriers; one must either have none at all or a large number, as in a metal. 
The argument is the following: a pair of carriers attract each other with a 
Coulomb force derived from the potential — e?/xr. They can therefore com- 
bine together to form a bound state, similar to an exciton, in which neither 


(*) In an ionic lattice the formation of a «polaron» may do this if the effective 
mass is high. In our discussion, however, we consider the lattice points as fixed. 
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can carry a current. Therefore a small number of carriers is not possible 
tel yi) 

If, however, the number n of carriers is large—of the order of the number 
of electrons in a metal—two free carriers attract each other with a force de- 
rived from a screened Coulomb potential (— e?/r) exp [— qr]. The quantity ¢ 
increases with N, and if q is large enough the potential hole becomes too 
small to allow a bound state to form and the carriers will not combine. This 
is the main argument that there should be a discontinuous transition from 
none to a finite density of free carriers. 


3. — Wannier functions. 


We have explained in the last section that, for a current to be possible, 
the wave function must include terms that represent free carriers, and also 
that the existence of free carriers means that polar states are included in the 
wave function; none the less, we have stated that the existence of polar states 
does not necessarily imply any conductivity. This may be illustrated by 
describing the non-conducting wave function Y,,, in terms of Wannier functions. 
Wannier functions are a set of orthogonal functions formed from the functions 
y, of any one Brillouin zone, by the transformation 


w,(r) = > exp [ikR,]yx(r) , 


the summation being over all the states in a zone. The function w,(r) is 
localized in the neighbourhood of the atom R,; if the y, are « tight-binding » 
functions of type (5), w,(r) reduces to the atomic function y,(r). This is only 
a good approximation when the overlap is negligible, and in other cases a 
Wannier function is as illustrated in 
|v Fig. 1, overlapping onto surrounding 

atoms. 
Suppose now that the lattice is 
SIA antiferromagnetic so that a definite 
spin direction can be associated with 
eae pelenanic RASO of a each atomic site. We can then set 

sAlISe « , yave 30 ) è a 

The E of Se rire Cale DAI I TO 
Wannier functions multiplied by the 


appropriate spin functions. We note 
a) That ¥,, is formed from all the y, of a zone, in contrast to Y, which 


is formed of half the functions of a zone. The two functions 7, and YW, are 
thus quite different in form. (On the other hand, if we have two electrons per 


I 
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atom, the determinants formed from y, and w, are of course identical, and 
both represent insulating states.) 


b) Y,. is a real function and apart from states involving spin waves, 
which do not carry a current, there is no other state of the whole system 
within an energy of atomic order (a few electron volts) from it. ¥Y,, thus 
describes an insulating state. If, however, there is overlap between the atoms, 
there are polar states (the possibility of two electrons in one atom) as Fig. 1 
shows. One can thus have polar states without conductivity. 


4. — Slater’s model of a non-conducting state. 


SLATER [7] has made a suggestion as to how a non-conducting state can 
be described by wave functions of the Bloch type (1). The assumption is 
made that the lattice is antiferromagnetic. Any electron described by a Bloch 
wave function will, in terms of the Hartree-Fock equation, be repelled con- 
siderably less by electrons with spin in the parallel direction than by electrons 
with spins in the antiparallel direction. Therefore in a crystal in the anti- 
ferromagnetic state each electron will move in a crystalline field on which is 
superimposed that of a superlattice. This field of a superlattice will split the 
first zone of a cubic lattice into two, each containing $N states for each spin 
direction, where N is the total number of atoms. With one electron per atom, 
the first zone could be completely full and the second empty. The material 
would then be an insulator. 

While this model certainly gives a possible first approximation for an 
antiferromagnetic substance, it is misleading in one respect. It suggests in- 
correctly that the material will show metallic conductivity above the Néel 
point, or in other words that the activation energies required to destroy the 
long-range antiferromagnetic order and to produce current carriers are of the 
same order of magnitude, both depending on the width of the energy gap. 
In fact the former will depend on some overlap integral giving the strength 
of the exchange or super-exchange interaction, which will tend to zero as @ 
tends to infinity. The activation energy for conduction, on the other hand, 
tends to I— E, where I is the ionization potential of each atom and £ the 


electron affinity. 
5. — The interatomic distance at which the transition occurs. 


No satisfactory theory of this has been given. The present author [4] has 
made a rough estimate based on Slater’s model, with the assumption that 
the lattice is antiferromagnetic. For this purpose let us consider a body- 
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centred cubic lattice and denote the side of the unit cell by d. The atoms 
on one simple cubic lattice will all have the same spin direction; we shall 
describe them by the Bloch tight-binding wave functions (5) with energies 


W = — 2y(cos k,b + cos k,b + cos k, b) , 


where (k,, k,, k.) is the wave vector, y an overlap integral. This band is full 
for electrons of the spin considered; we have to ask whether the top of the 
band, with energy 6y, overlaps the bottom of the band obtained when an extra 
electron is brought onto the other half lattice occupied by electrons of op- 
posite spin. If the depth of the bottom of this band is — U, the condition 
for conductivity is 


6y +US>I—E, 


where J is the ionization energy for one of the atoms, and £ the electron 
affinity. We might equate U to y’, where y' is an overlap integral for the 
extra electron moving from one otherwise neutral atom to another; this over- 
lap will, however, be large and we prefer to set for the wave function of the 
extra electron a plane wave, so that — U is the averaged potential energy 
of the electron. 

Thus 


a 


ae [voce — R)(e2/r) dr = (me/2h2)(1 + b/a,) exp [— blag] , 


a 


for the hydrogenic form of y (BETHE [8]), where a, is the hydrogen radius; 
also 


—u=[Vvinar/ far, 

if 

where V(r) is the potential within a hydrogen atom so that 
A 
Up 


and the integration is over a sphere of volume 45?. Neglecting small terms 
containing the exponential this gives 


~ 


Vrh= — e? (= + 3) exp 


ae 4 


U = 4ne?ai/b? . 


If we take H~0.1/, as for hydrogen, this gives as the condition for con- 
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ductivity 


4ne?aî, | ea eos De 0.6 met 
Cee sot | exp ica erre 


A numerical solution gives 


A convenient way of expressing this is to introduce the ratio X of the radius 
of the atomic sphere round each atom to 4,, so that the number e of atoms 
per unit volume is 


¢ = 2/b3 = 3/4nX%a}, . 


The critical value of XY at which the transition to the metallic state should 
occur is then given by 


Thus we expect the transition to occur when the mean distance between atoms 
is about four times the mean radius of any one of them. 

This derivation is unsatisfactory for many reasons. It neglects the basic 
principle which we have advanced in favour of a sharp transition—namely 
that a small number of holes and electrons cannot exist at 7=0. This would 
Suggest that the overlap at the transition point may be somewhat greater 
than estimated. A better approach might be simply to calculate energies 
with a metallic wave function, using half the y, of a band and allowing for 
correlation, and from an antiferromagnetic arrangement of localised orbitals, 
and to see at what value of a the energies cross. I doubt if it will be pos- 
sible to do this until we have a method of c ‘imating the effect on energy of 
correlation in the case of narrow bands (large a). 

The evidence put forward in the next section does in any case suggest 
that, as a is decreased and a transition to metallic conductivity occurs, all 
the electrons at once become free. 


6. — Impurity-band conduction in semiconductors. 


By this we mean conduction by an impurity-activated semiconductor 
without exciting the electrons into the conduction band. The subject is of 
very great interest for the purpose of these lectures, because one can vary 
the concentration of impurity centres in a semiconductor, and thus study the 
electrical properties of a (random) array of one-electron centres (with properties 
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similar to one-electron atoms) as a function of the mean distance between them. 
Consider for instance an n-type semiconductor in which the concentration 
of impurity centres is small, so that their wave functions do not overlap. 
Let I denote the energy necessary to remove an electron from an impurity 
centre to the conduction band. Then at temperature 7 the number of electrons 
in the conduction band is proportional to exp [—4J/kT], so that the resistivity 
will tend to infinity as 7 tends to zero. 
As is well-known the «radius » of the wave functions of these hydrogen- 
like orbits is very large, being of order 
10° xh?/m,,e?, and considerable overlap may 
be expected at concentrations of about 
1017 cm-=3. In this region, then, we may 
expect a transition from a conducting or 
metallic state for the electrons in the im- 
purities to a non-conducting state in which 
temperature is essentially necessary for 
conduction. Fig. 2 shows some recent ob- 
servations by FRITSCHE [9] of the con- 
ductivity at 2.5 °K of p-type germanium 


@ 
ha ° activated by gallium. It will be seen 
& that for distances between the centres 
107 °s greater than about 200 A the conductivity 
| So OP 0 is only about one thousand times less than 


10? (ees ae |e || ee 
ho’ 10 108 107 1058 


for a metal; the resistivity is in fact 


2000 1000600" 300 seat ea on almost independent of temperature in 
meee ts cAces Delweeomernlers: CAI this range. It is clear that the impurity 
Fig. 2. — Conductivity @ in Qem of centres are here close enough together for 
p-type germanium at 2.5°K as a their electrons to form a conducting or 


function of concentration e in em 


ae : metallic assembly, in other words a con- 
of the majority carriers. 


densed Fermi gas. The mean free path 
depending little on 7 will be a conse- 
quence of the disordered arrangement of the centres—a much more random 
arrangement than in a liquid metal. 

The drop in the resistivity as ¢ approaches 1017 cm-? is very rapid. Our 
theory suggests that the activation energy for conductivity should drop 
discontinuously from a finite value to zero as e is increased, at any rate for all 
crystalline arrangements of atoms; the absence of a discontinuous drop in 
Fig. 2 could well be explained by the random arrangement of the centres. 
Unfortunately there is no way of testing this hypothesis, since a crystalline 
arrangement cannot be obtained. 

The analysis given in Sect. 5 shows that the activation energy should drop 
as ¢ is increased; the type of curve to be expected is thus of the type shown 
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in Fig. 3. It is a marked feature of the materials in the « high €») region of 
Fig. 2 that the conductivity and Hall constant are very constant from say 
20 to 2.5 °K, suggesting that all the carriers are 
free; it does seem a question of all or none. 

The nature of the conductivity on the low € 
side in Fig. 2 is of great interest. The type of 
conductivity observed [10] for three concentra- 
tions in the region 20 to 1.5 °K is shown in Fie. 4. 
For high e, as we have said, the resistivity is 
independent of 7. For lower values of e, in the 
Fig. 3. — Activation energy region 20 to 5 °K we have the normal temperature- 
E for conduction as a fune- activated conductivity with electrons moving in 
tion of concentration, accor- the conduction band and the activation energy 
eae age Sg oe dropping slightly as e approaches the critical 

ward in these lectures. $ are 
value. In the low temperature region below 
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about 5 °K the slope goes over to a lower value. 
It appears that the electrons are not excited into the conduction band but 
move (by tunnel effect) from one impurity centre to another. 

In the author’s opinion (compare reference [10] for some experimental 
evidence) this can only occur through the presence of a certain number of 
minority centres. Suppose that the majority centres be donors and the mi- 
nority acceptors. Then the acceptors will all acquire electrons from donors, 
so that some of the donors will be full and others empty. Under these con- 
ditions it is perfectly legitimate to speak of an impurity band, partly occupied, 
below the conduction band. The band rapidly becomes narrower and the 
effective mass greater as the distance between the impurity centres increases. 

However, even in this case an activation 
energy for movement is expected. Each ac- 


ceptor carries a negative charge. The car- 
riers may be thought of as «holes» in a 
nearly full donor impurity band, and each i aes 


one will be trapped by a charged acceptor. 


The activation energy to free it should be a 
of order [9] = 2 
(6) €7/(5 21") , 
1 


Fig. 4. — Schematic behaviour of resistivity 0 
of impurity-activated valence semiconductors. 
1) High concentration (conducting or metallic 
wave-functions). 2) Medium concentration; some overlap but no conduction without 
thermal activation or compensation. 3) Low concentration with slight overlap. 


1/T 
202 2°K 
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where 7, is the mean distance between the donor centres. We think that the 
slope in Fig. 4 between 5 and 2 °K may correspond to this activation energy. 

The recent paper by Kornta and GUNTHER-MOHR [10] discusses in detail 
the experimental evidence relevant to the above hypothesis about impurity 
band conduction. In particular, formula (6) seems to give a fair figure for 
the relevant activation energy. 


7. — Electrical properties of oxides. 


It was the fact that the antiferromagnetic oxides and similar compounds 
do not show metallic conductivity, either above or below the Néel point, 
which first suggested the necessity of introducing non-conducting states into 
the theory. Consider for example the case of nickel oxide (NiO). If this is 
thought of as built up of nickel ions Ni** and oxide ions, it is clear that, if 
the electrons are described by Bloch wave functions, the 3d band of nickel 
will be partly occupied. This conclusion remains valid even if, as is certainly 
the case, the 2p oxygen orbitals overlap the nickel ion considerably, making 
use of the empty 3d orbitals to do so. The number of states in the 3d band 
of nickel is not affected by the behaviour of the wave functions of the 2p 
band of oxygen in the neighbourhood of the nickel atoms. 

The absence of conductivity in NiO is certainly not due to the distance 
between the metal ions being too great to allow conductivity by tunnel effect; 
this is shown by the fact that NiO activated by Li,O, for example, and thus 
containing Nit++ ions, is a semiconductor. The « hole » represented by Nit’ 
among the other Ni*++ ions is able to move from atom to atom. 

It seems reasonable to suppose, therefore, that the electrons in the inner 
shells of the nickel ions, to which the antiferromagnetism is due, are to be 
described by «non-conducting » wave functions of the type described, and 
this is why they do not show metallic conductivity, either above or below the 
Néel point. It is interesting to contrast the much higher conductivity of Fe,0,, 
an oxide containing a mixture of ions of two types, Fet* and Fet*. 

HEIKES [11] has given an interesting table, reproduced here, showing the 
electrical and magnetic properties of oxides, sulphides etc., of the transition 
metals; this is shown in Table I, together with the ratio of the radius r of the 
metal ion (Pauling’s estimate) to the inter-ionic distance R. It will be noticed 
that, while compounds with five or more electrons in the 3d shell are anti- 
ferromagnetic and are non-metals, those with four are metallic conductors 
and show ferromagnetism. There is not much difference in the values of r/R 
for the two classes and it seems most unlikely that the conductivity is due 
to any large overlap between 3d electrons leading to a metallic type of 3d 
band. It is much more probable that the overlap between the full shells of 
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AOSTA I : a Toe È 
Te-- ions, in CrTe for example, is great enough to lead to metallic con- 
duction there. 


TaBLe I. — Magnetism and electrical properties of binary compounds (due to HEIKES). 
| Resistivity | Temperature | | 
Substance (ohm) | coefficient oe | 
| (room temp.) | of resistivity | . 
SS a | 
MnBi | 10-4 | positive | 0.207 | 
Ferromagnetic | MEG 10-2 is | 0.217 | 
(4 electrons in | A | es 
n MnSb | =" | positive 0.214 
| CrTe 10+ | positive 0.273 
| MnO 10° negative 0.25 
| FeO 108 negative 0.243 | 
ay des CoO | 108 negative 0.291 
Antiferromagnetic | NiO | 108 | negative 0.238 
Saona | CuO TO negative — 
electrons | Hes 03 | 1010 | negative _ 
TRAFIC Mns | 105 | negative 0.218 
| MnSe 10° | negative 0.208 
MnTe | 102 ‘negative 0.238 


The present writer [4] has made the tentative suggestion that overlap bet- 
ween the anions will be favoured by the presence of less than five electrons in 
the 3d-shell of the transition metal for the following reason. If there are less 
than five electrons there will be empty states for both spin directions; therefore 
the electrons of the outer shell of the ions can enter these low-lying states 
whatever their spin direction, and thus will spread out further in space. 


8. — Incomplete inner shells of transition and rare earth metals. 


In considering the incomplete inner shells of metals, it is obvious that 
similar considerations may be valid; it may be proper to describe these electrons 
by wave functions of the Bloch type, in which case they will contribute to 
the conductivity, or by wave functions of the non-conducting type, in which 
case they will not. But since the conductivity will come in any case mainly 
from electrons in the outer shell (conduction electrons), observations of other 
kinds must be used to determine which type of wave function is appropriate. 
A discussion of these observations will be given in this section. 

We must, however, first remark that the argument which we have given 
for a discontinuous change from a state with no free carriers to one with a 
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finite number does not apply in this case. We have argued that positive and 
negative carriers attract one another with a force derived from the potential 
—e/xr and that with such a potential they could always combine to form 
uncharged pairs. In a metal, however, this potential will always be changed 
into a screened potential (— e*/r) exp [— qr], the screening being provided by 
the conduction electrons. There is no a priori argument against the presence 
in any inner band of a very small number of free carriers. In fact, one knows 
from many investigations that bands containing a very small number of 
carriers do exist in many metals (cf. HEINE [12]). But none the less it seems 
to us legitimate, in metals too, to ask whether the wave function of the 
electrons in an inner shell is of conducting or non-conducting type. 

In the first place we must emphasize that the difference between the two 
types only arises if the number of electrons in each shell is integral. Fig. 5 
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Fig. 5. — a) Shows an array of atoms for large and small values of the interatomic 


distance respectively. b) Energy of a single particle as a function of k. e) Energy Wo 

per electron of an assembly of » electrons per atom. If these curves relate to the 

inner shells of the transition metals nickel and iron, the Fermi surface is as shown 
by the dotted lines. The assembly is non-conducting in the states A, B, O. 


shows this; the diagrams a) show the atoms of an array for large and small 
interatomic distance, b) shows the energy W as a function of % for a single 
particle moving in the field of these atoms, and c) the energy W, per electron 
of the whole system as a function of the number » of electrons per atom in 
the band. It is characteristic of the non-conducting wave function that there 
will be a gap in the curve c) for each integral value of n, which does not occur 
in the conducting case. When we are considering incomplete inner shells of 
a metal, we have to ask whether the Fermi surface—i.e. the energy per 
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electron of a conduction electron there—lies in this gap or not. If it does, 
then the inner band should contain an integral number of electrons and should 
make no contribution to the conductivity; if on the other hand the Fermi 
surface does not lie in the gap, the number of electrons in the inner band will 
be non-integral and they can contribute to a current. 

Turning now to actual metals, it seems certain that for the transition 
metals cobalt, nickel and palladium the second of these two descriptions is 
correct. The two former are ferromagnetic and the saturated magnetic moment 
in terms of Bohr magnetons is non-integral (0.6 and 1.6); since the early work 
of SLATER [13] and of the present author [14] this has been explained in terms 
of a partially full d-band and a conduction (4s) band which overlap. The 
model has been successful in explaining a number of properties, for instance 


a) The magnetic properties of the alloys of these metals with noble and 
other metals. If nickel, for instance, is alloyed with copper, the extra electron 
provided by each copper atom goes mainly into the 3d band, thus reducing 
the magnetic moment per nickel atom. 


b) The electrical properties of these metals and their alloys. Nickel for 
instance has considerably higher electrical resistance than copper, silver than 
palladium. To explain this and other peculiarities of the electrical behaviour, 
a model was proposed some time ago by the present author [15]. According 
to this model, most of the current is carried by electrons in the 4s (conduction) 
band, a comparatively small part being carried by the holes in the 3d band 
because of the high effective mass there. However, the scattering of the con- 
duction electrons (the reciprocal of the mean free path) is determined mainly 
by transitions from the s to the d band, caused as are other scattering pro- 
cesses by lattice vibrations or impurities. This model is particularly convenient 
for explaining the electrical resistance of nickel (Fig. 6). It will be seen that 
the resistance increases rapidly near the Curie temperature. This is because 
all the holes in the 4 band have the same spin directions, and therefore only 
half the conduction electrons can suffer these s-d collisions; the other half 
will suffer transitions from one state in the 
s-band to another and therefore have a 
much longer mean free path as in copper. rat 


R 
At higher temperatures there will be holes 2} Ro eae 


Fig. 6. — Electrical resistance of various ferromag- 
netic metals: Ni and Pd, GERRITSEN [23]; Fe, Po- 
WELL [24]; Gd and Dy, Leavorp [25]. Note the 
similar behaviour above the Curie point of Ni 
and Pd and of Fe and the rare earths. 
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with both spin directions in the d-band and therefore electrons with bond 
spin directions will suffer collisions. 

c) X-ray absorption edge. Many transition metals show a strong max- 

imum of the LZ; absorption at the absorption 

| edge; a curve observed by CAUCHOIS [16] 

for nickel is shown in Fig. 7(a). This is 
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Fig. 7. X-ray absorption edges for transition metals: a) The L, edge for nickel 

observed by CaucHOIS; the divisions on the frequency scale are 7eV apart. b) The 

M, or M, edges of iron, as deduced by TomBouLIAN from the observations of CARTER 
and GIVENS (frequency in eV). 


supposed due to the vacant states in a d-band in which the density of 
states is high. 


If we turn from nickel and cobalt to the rare earth metals such as gado- 
linium, it seems unlikely that the 4f shells will contain a non-integral number 
of electrons. The comparatively low Curie temperature suggests a narrow 
band width, and although in one or more of these metals the Fermi surface 
might accidentally lie in the middle of such a band, this is hardly likely to 
be the case for many of them. If this is so, the resistance anomaly of this 
metal near the Curie point (Fig. 6) must be due to quite a different process, 
namely the scattering of the conduction electrons by the disordered spins, a 
process which does not depend on the lattice vibrations at all. 

A metal in which there is as yet some uncertainty about the proper 
description of the magnetic electrons is body-centred iron. Here the magnetic 
moment per atom is 2.2 Bohr magnetons per atom, and it is a plausible as- 
sumption that the inner shell contains just two electrons per atom contributing 
to the magnetic moment, and that the remainder comes either from orbital 
moment or from some small magnetization of the conduction electrons 
(cf. ZENER [17]). GRIFFITH [18] suggest that these two electrons are in e, 
orbitals, that is in 3d orbitals with symmetry x? — y? ete., of which there are 


THE TRANSITION FROM THE METALLIC TO THE NON-METALLIC STATE 327 


two per atom with each spin direction and which should interact less strongly 
with their surroundings in a cubic lattice than those with symmetry xy ete. 
The present author has suggested that these electrons ought to be described 
above or below the Curie temperature by a non-conducting wave function 
and that they contain exactly two electrons per atom. 
Consequences of such a hypothesis are: 


a) That on alloying with non-transition metals, the magnetic moment 
per iron atom would not change as it does in nickel, but would remain constant. 
That this is the case has been emphasized by STONER [19] and by CoLEs and 
HUME-ROTHERY [20], and was in fact the most important reason for intro- 
ducing this model of non-conducting states. 


b) The magnetic anomaly in the electrical resistance of iron, which looks 
very much like that in nickel, must be due to quite a different mechanism, 
namely the scattering of conduction electrons by disordered spins in the inner 
3d shells. Certain experiments aimed at distinguishing the two mechanisms 
are in progress at the present time (for a discussion see Morr and STEVENS [6]). 


c) In any X-ray absorption process in which electrons in an inner 
p-shell make transitions to the empty states above the Fermi surface the ab- 
sorption coefficient should have a sharp maximum, due to the empty e, states, 
to the short-wave side of the absorption edge. TOMBOULIAN has recently 
analysed the M absorption spectrum of iron obtained by CARTER and GI- 
VENS [21], in which the initial state is 3p. This state is a doublet; the result 
of the analysis by TOMBOULIAN [22] is to give the curve shown in Fig. 7b for 
the absorption due to either state of the doublet. It will be seen that the 
white line is considerably displaced from the edge. 


The evidence for non-conducting states in iron is then fairly strong. A 
more detailed discussion will be published by the present author elsewhere [6]. 


9. — Conclusion. 


I hope from these examples I may have convinced that the usual 
band theory of solids based on Bloch wave functions of type (1), though enor- 
mously successful, is not of universal validity. It is always legitimate to use 
it if one has a non-integral number of electrons per atom, but if the number 
is integral it may predict conductivity and related phenomena in cases when 
no conductivity is observed. Examples may be drawn from the inner shells 
of metal atoms both in the metallic state and in oxides and also from impurity- 
band conduction in valence semiconductors. 
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1. — Introduction. 


In these lectures I wish to consider the behaviour of electrons in solids 
when one takes into account their mutual interaction. I shall pay particular 
attention to the following questions: 


1) What is the ground state energy for the free electron gas, i.e. a system 
of interacting electrons in a uniform background of positive charge? 


2) What are the elementary excitations of electrons in solids? 


In discussing the first question, I shall follow the approach which BoHm 
and I [1] developed for the calculation of the correlation energy for the free 
electron gas. The correlation energy is defined as the difference in energy 
between the Hartree-Fock value and any better calculation. It is so called 
because the Hartree-Fock method takes into account only the « accidental » 
correlations due to the Pauli principle and neglects the correlations in particle 
positions brought about by their mutual interaction; any improved calculation 
will take the latter correlations into account. 

In discussing the second question I shall try to summarize the results of 
some investigations which Mr. NozièREs and I have carried out during the 
past two years [2]. We shall see that the plasmons, that is, the quantized 
high frequency plasma oscillations of the electron gas as a whole, are for 
most solids a well defined elementary excitation. We shall also try to under- 
stand to what extent we are justified in regarding «electrons » in solids as 
independent elementary excitations. 
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2. — Qualitative considerations. 


The Hamiltonian for the free electron gas may be written as (*): 


12: 
(1) Herb 2a > (exp: [th (xp x) oe 
i, 4M k0 
i#i 


where the exclusion of the term with k=0 takes into account the contri- 
bution of the uniform background of positive charge. The density fluctuations 
of the electron gas, 0,, provide a useful tool for obtaining qualitative insight 
into the behaviour of the system. We have 


(2) ce feto exp[— ik-x]da = di exp[— ik: a], 


and 0,=, the electron density. The equation of motion of 0, is: 


2 keP, RI l hee 
(3) dr ri ep ikea] — gp 


The first term on the right-hand side represents the influence of the kinetic 
energy of the particles; the second arises from their mutual interaction. We 
may rewrite (3) separating out the term with q=k in the second term on 
the right-hand side, we then have 


i kPa tk ì Ame? 
(4) On + ¢ == => ( 3 DI exp [— ikizd => qurkor-.0a; 
UL. azk MQ” 
where 
(5) Wp» = (4ane?/m)* 


is the plasma frequency. 

The o, oscillate at a frequency ©, provided we can neglect the two terms 
on the right-hand side of (4). Let us see under what circumstances we may 
do so. We may approximate the first term by k?Vjo,, where V, is the ve- 
locity of an electron at the top of the Fermi distribution. Let us furthermore 
assume that the second term is negligible, an approximation which is equi- 
valent to linearizing the equations of motion of the density fluctuations. It 
is frequently referred to as the random-phase approximation. The reason our 
study of the equations of motion of 0, is qualitative is that it is not possible 
within this framework to justify the random phase approximation. 


(*) We are Fourier analysing in a box of unit volume, subject to periodic boundary 
conditions. 
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The condition for collective oscillatory behaviour of the Ox, and hence of 
the entire electron gas, is then, in addition, that 


(6) ee or R<k, 


where k? is of the order of ©?/V?. Thus in general we may expect that the 
electron system behaves collectively for k<k,. For k>>k, it behaves like a 
system of free individual particles, since then the first term on the right 
hand side of (3) dominates. In the region of k near k, the behaviour will be 
more complicated. 

Let us put in some numbers. For a typical electron gas with a density 
of ~ 10°? electrons/cm* we find that fw,~12 eV, and k,* is of the order of 
the inter-electron spacing. Thus under ordinary circumstances, we do not 
expect to observe the collective excitation at a frequency ©, (the plasmons) 
because the energy to excite a plasmon, fm,, is greater than E, the energy 
of an electron at the top of the Fermi distribution (and far greater than kT). 
The wave length Z,= 7! represents the minimum wave length for which we 
might expect collective behaviour; it also is the effective range of the actual 
electron interaction. To see this, let us write our basic Hamiltonian (1) as: 


TG; ae? | 
i JR AT in 
ù > om TA kz (0% 0x — N) 


Since the o, for k<%. exhibit oscillatory behaviour near ©, we might 
expect that in some suitable co-ordinate system, they would be described 
by a set of equivalent harmonic oscillators, and would contribute only a zero- 
point energy to the system. We are therefore left with an effective Hamil- 


tonian, 
Pi 2re? 
8 He= a È rae Fhe LU 
4 Zam = ya OXP [tk (x — «))] 
iti 


a Hamiltonian appropriate to a set of electrons interacting with a screened 
Coulomb interaction of range %,!. In other words, the long range part of 
the interaction is frozen out because of the high frequency of the plasma 
oscillations it brings about. 

We may reach these conclusions more physically in the following way. 
As an electron moves, it tends to push other electrons out of its way, because 
of their mutual Coulomb repulsion. In fact, the electrons are quite efficient 
in staying out of one another’s way. For any given electron, one is not likely 
to find another electron within a distance of the average inter-electron spacing; 
each electron is essentially surrounded by a correlation hole of missing electrons. 
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Outside this hole, one sees then the field of the electron plus the field of the 
uniform position charge surrounding the electron up to a radius of the order 
of 7), where 4xr}/3 =1/n is the volume per electron. The net field seen by any 
other electron at distances greater than 7, is nearly zero; hence the effective 
interaction between the electrons is screened, with a screening radius compa- 
rable to the inter-electron spacing. 

The plasma oscillations describe the correlations in the electron motion as 
this screening action takes place. If, for instance, there is a charge unbalance 
at some point in the electron gas the electrons will tend to move in such a 
way as to screen it out. In so doing, they will move too far, overshooting 
the equilibrium point somewhat. They are attracted back in, overshoot 
again, etc., and one has an oscillation at a frequency near ,. 

Before going into a more detailed consideration of the free electron gas, 
let us survey the regimes of different electron density. We may characterize 
the electron density by 7,, the inter-electron spacing measured in units of the 
Bohr radius a. We have 


(8) ATU ED PE 


For actual metals 7, varies between about 2 and 5.5, if we regard the valence 
electrons as making up our free electron gas. There are for the general problem 
three regions of interest: 


1) High densities PE 
2) Metallic densities AVERE, 
3) Low densities RSI 


In the high density case, the electronic kinetic energy dominates the scene, 
and the interaction between the electrons is relatively weak. The collective 
plasmon modes, n' in number, represent an insignificant fraction of the total 
number of degrees of freedom. Let us define 6=k,/k,, the maximum plas- 
mon wave vector measured in units of the maximum electronic wave vector. 
The relative number of collective degrees of freedom is 


AMI). 
we o: o 


As we have seen k,— @,/V,, so that B~r?. Hence n’'/3n~r%, and goes to 
zero with small 7,. Because of the relative weakness of the interaction, in 
this domain the Coulomb interaction can be handled rigorously, and this is 
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what GELL-MANN and BRUECKNER [3] have done recently. They find that 
the energy per electron can be written as a power series in 7,, which has the 
form 


(9) EEE ery ef Tn rsa. BY , 


where the first two terms represent the average Fermi energy and the exchange 
energy, and the remaining terms are the correlation energy. I might add 
that the basic approximation which they make is the random-phase approxi- 
mation, which is rigorously satisfied in the very high density limit. 

The very low density regime presents a quite different picture. Here, as 
WIGNER [4] first pointed out, the electrons will be found in a regular array, 
about which they carry out oscillations. In other words, one not only has n 
longitudinal plasmon degrees of freedom (as might have been anticipated from 
our expression for n’/3n), but one also has 2n transverse oscillatory modes. 
The energy per-electron may be written as 


a b e 
(10) ie L_+4+.. Ry, 


I 
2 
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where the first term represents the exchange energy plus the leading term in 
the correlation energy, the second term represents the zero-point energy of 
the electrons oscillating about their equilibrium positions, and the third term 
arises from the van der Waals interaction between the electrons. We might 
call the low density case the «strong coupling » regime, since the interaction 
between electrons is all important and actually forces them into a regular 
array. Of course the random phase approximation is no longer valid here, 
since the electrons are now in a periodic array. 

The case of actual metallic densities represents an « intermediate coupling» 
regime, in which both collective and individual particle behaviour are im- 
portant. The relative number of collective degrees of freedom arising from 
the Coulomb interaction is not inappreciable; as we shall see, it is given ap- 
proximately by 


n! 


3, = 001, 


7 


and so varies from 3% to 13% for metals. The random phase approximation 
turns out to be quite satisfactory for the long wave length oscillatory plasmon 
modes, but is questionable for the large wave vectors appearing in the re- 
maining screened Coulomb interaction. As a result, it is difficult to obtain 
a truly accurate value for the ground state energy of the system. We shall 
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see that the energy can be written as a sum of the following terms: 


(11) ip : Le'+dlnr,+e"r,+... Ry, 


in which the coefficients ¢’ and e" may differ somewhat from their counter- 
parts in (9). The accuracy of (11) is estimated to be about 20%. 


3. — Correlation energy in the free electron gas. 


As we have seen the electrons in a dense electron gas display both col- 
lective and individual particle behaviour. Our basic problem is to develop 
a formalism which allows explicitly for the introduction of n' collective co- 
ordinates to describe the plasma oscillations, and which still maintains the 
possibility of describing the motion of individual electrons. Boum and I treated 
this problem by introducing n' extra co-ordinates through the addition of 
certain terms to the basic Hamiltonian, (1). We then related the new co- 
ordinates to the actual oscillating variables (which for long wave lengths will 
be close to the 0,) by a series of canonical transformations. While doing this, 
one can guarantee that the expected Hamiltonian be identical with the orig- 
inal Hamiltonian by imposing a set of n' subsidiary conditions on the ex- 
tended system wave-function. (This simultaneously guarantees that the total 
number of degrees of freedom of the extended system be just 3n). However, 
as we Shall see, the real usefulness of the method stems from the fact that 
for many purposes the subsidiary conditions can be ignored. We shall show 
that they do not affect the ground state energy, the plasmons, or individual 
electron excitations; in other words, they act only to inhibit the simultaneous. 
excitation of many electrons [5]. 

Let us consider the following family of extended Hamiltonians: 


k<ke 


2Q70e? TTrIT 4 
(12) H= DEE apy ya (00 MT D (rime ° nt (fe o i), 
with the associated set of subsidiary conditions: 
(13) TP = 0 (k =e ke 


The x, represent a set of field momenta, n’ in number, where n' = k°/67?. They 
commute with the particle co-ordinates and momenta. It is straightforward 
to show that if the ground state of our extended Hamiltonian (2) is non- 
degenerate, the ground state wave function will automatically satisfy the 
subsidiary conditions, (13). This follows because the subsidiary conditions are 
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not invariant under a translation, while the Hamiltonian (12) is invariant (*). 
Such will be the situation for any extended Hamiltonians which have a lower 
bound, as is obviously the case with (12). 

We have, therefore, a new kind of variational approach. We are able to 
vary the form of the Hamiltonian with which we work, as well as the wave- 
functions appropriate to a given Hamiltonian. We cannot in so doing obtain 
a lower energy than the true ground state energy of the free electron gas, 
since the entire family of extended Hamiltonians (12) possess that ground state 
energy in common. In the remainder of this section, then, we shall consider 
what is the best extended Hamiltonian to use (in other words, the choice of k,) 
and what is the best ground state energy we thereby obtain. We do not need 
to concern ourselves with the subsidiary conditions until we take up the 
excitations of the electron system. 

Thus far all of our considerations have been purely formal; the 7, are quite 
without physical significance. We begin to come to grips with the physics of 
the problem when we carry out a canonical transformation which relates the 
a, to the actual oscillating variables. We first carry out the following trans- 


formation: 
47¢e? 
Th = Wi ke On 9 


(14) Qi > Qe, 
aes 
P,> P.-id | = EER. 
k<ka 
Ly > Ui, 


(), is the collective co-ordinate which is canonically conjugate to z,. We obtain 
the following family of Hamiltonians: 


2 * i * onne2 
(it) HAYS 444) ee oes ey ph ee 


k<%o 


(*) The proof goes as follows. Define the translation operator U(AX), such 
that U1X,U= X;+ AX; Uo,U =o, exp[—ik-AX]. We may also require that 
Utn,U = n, exp[ik-AX] and U1Q,U =Q, exp [- ik-X]. We then have U14,4U= 
= H,y where H,,, is any of the family of Hamiltonians, (12). Let £ be the non-de- 
generate lowest state of H,,, and © its corresponding eigenstate. Since 7, and U(AX) 
both commute with H,,,, D is also a simultaneous eigenstate of these operators, so that 


Hie De iD 
DP = By ’ 
U(AX)D = a. 


We further have U(AX)x,P=«B,P by combining the last two equations. We also have 
U(AX)m,© = (U(AX) 2,0 +) U® = af, exp [ik-AX]®, 


so that f,—f, exp [ik-AX]. Since this is true for arbitrary AX we must have 
B,=0. The theorem applies, in fact, to any non-degenerate eigenstate OLIO 
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2 . : A 
H,, represents a short-range interaction between the electrons, of range hk, ; 


2Q70e? ì 
(16) HS cea 


k>k, k 
iFj 


H,,, describes a linear interaction between the electrons and plasmons, 


Q, exp[— dk x;] 


/ kr 


A n 5 [2 / pa 
k-P, a on / dre 
m 2m 


(17) Taba, = 0) da | 
k<ke 
and U describes an electron-plasmon interaction which is bi-linear in the 


plasmon co-ordinates, 


dre? SF : 
$ e jhe a - k di = "WU; | è 
(18) T= al aaa TF exp Ie — a) 2) 
k#q 


If we neglect H,,, and U we see that we have in (15) a system of electrons 
interacting via a screened Coulomb interaction of range k,*, and a set of n’ 
plasmons, all at frequency ©,. This is the picture we were led to by our 
consideration of the equations of motion of the density fluctuations. In fact 
the neglect of H,,, corresponds to neglecting the first term on the right-hand 
side of (4), while the neglect of U is just the random phase approximation. 
Now, however, we are in position to estimate how valid these approximations are. 

We may do this simply provided we are justified in regarding H,, as a 
relatively small perturbation on the motion of the electrons; as we shall see 
this requires that k, be sufficiently large. We may then neglect H,, when 
considering the effect of H,,, and U on the electron-plasmon system. It turns 
out that the coupling introduced between the electrons and plasmons by H 
may be measured by the coupling constant: 


“i (F)) ae 


na us sa Xv MO p yee a 2rs i 


int 


where the average is over all electron momenta and values of k less than k,. 
(One determines this by writing down the perturbation-theoretic canonical 
transformation which eliminates H,, to first order. g? represents the ex- 
pansion parameter which appears in that transformation (see BP - III [1] and the 
following section)). For sufficiently small values of f, then, H,,, represents a 
relatively weak coupling between the electrons and the plasmons, which can 
readily be treated by perturbation-theoretic methods. U turns out to re- 
present an even weaker electron-plasmon coupling. 

We may calculate the size of U by second order perturbation theory: we 
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find a change in energy per electron which is 


|Unol? _ Bg 
SE TI 


The ratio of AZ to the average kinetic energy furnishes a measure of the 
importance of U; it is 


O63 ee SE 


and is clearly negligible for all metallic densities. 

Let us proceed to calculate the ground state energy of the electron gas. 
As a first approximation, let us assume the electron-plasmon and electron- 
electron interaction are small. The wave function of the system is then 


(20) DE Kos 


ose 


where Y_ is a product of simple harmonic oscillator wave functions, one for 


each collective mode, describing the plasmon ground state and 7, is the usual 


Slater determinantal wave function appropriate to the ground state of a gas of 
free electrons. The energy of the system is 


3 ho rane? 
(21) E==nB 2 | = 7 Hee en 


where the first term is the kinetic energy, the second the difference between 
the zero-point oscillations of the plasmons and the self-energy of the charge 
distribution they have replaced, and the last is the exchange energy associated 
with H,,. One finds for the energy per electron, 


ZZ eae LO 2 4 di 
(22) LS — 0.458 ce + 0.019 =e 0.366% Ry. 
Ys rs rs Ts "s 


The last three terms in (22) represent the correlation energy in this ap- 
proximation, since the first two are the system energy in the Hartree-Fock 
approximation. This part of the correlation energy arises from the fact that 
we have replaced the long-range part of the Coulomb interaction by the 


plasmons; it is just 


( or 20 . 


dip  270e? 
2 k? 


One method for choosing f consists in minimizing the system energy (22). 
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If we keep only the leading terms in 6? and /*, we get a quite simple expres- 
sion for f, 
p = 0.3539". 
A somewhat better value for 8 is obtained if we wait to minimize the energy 


until after we include the contribution from H,,,; the latter may by calculated 
using second-order perturbation theory, and is, per electron 


ni ly 3 DI b* (Sd ps 7 
(23) (OE). = 0.708 ri A da 0.05875 Ry. 


The new value for 8, obtained by minimizing the sum of (22) and (24) (again 
keeping only the leading terms), is 


(24) B=0.4rt. 
The correlation energy, with this choice of /, is then 


(25) E =— 0.024 + 0.0006r, Ry. 

With the choice of 6 in (24) we are in quite good shape with respect to the 
consistency of our assumptions about the smallness of H,, and U. The 
coupling constant, (19), is 


g? = 0.08, 


so that the corrections beyond the second-order from H,,, are certainly neg- 
ligible. The contribution to the correlation energy from U is very small, being 


(26) (SE), ~ — 0.00003r2 Ry. 


The remaining contributions to the correlation energy come from H,, . 
These contributions have thus far only been calculated using conventional 
second-order perturbation theory for the many-electron problem. The do- 
minant contribution comes from the interaction between electrons of anti- 
parallel spin. One finds (see SSP [1]) for the correlation energy with these 


interactions 


(27) Ey. = — {0.0254 — 0.062 2 In B + 0.00637 82} Ry. 


There is also a contribution from the interaction between electrons of parallel 
spin. The integrals which appear in the latter expression are very much more 
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complicated, and it has only recently been possible to obtain a value for it 
from some Monte Carlo calculations carried out for GELL-MANN and BRUECK- 
NER [4]. One finds: 


(28) Es — + 0.021 + 0.0622 In 6 — 0.0218° Ry. 
If we now substitute the value for f from (24), we find 


(29a) Ex = — {0.035 — 0.03111n 7, + 0.001 0r,} Ry 


corr. 


(290) E*®-—— {0.081 — 0.0311In r, + 0.0034r,} Ry. 


The total correlation energy is the sum of (25) and (29); it is 


(30) E... = — 0.140 + 0.0622 In r,— 0.0038r, Ry- 
It is of interest to compare our calculation of the correlation energy with 
the earlier calculation of WIGNER [6] and the recent calculation of GELL-MANN 
and BRUECKNER [4]. To compare with WIGNER we should really consider the 
value for the correlation energy obtained by neglecting the second-order cor- 
relations between electrons of parallel spin, that is, neglecting VIRA AMES 
value is 
(31) E: =—0.105 + 0.0311 n7,— 0.00047, Ry. 


corr. 


It agrees with the calculation of WIGNER, 
(32) alc OLGA fa 


to better than 6% over the region of actual metallic densities. Such a close 
agreement is not accidental, as has been shown recently by KREISMENT [7], 
who shows that WIGNER’s assumed wave function is very close to our wave 
function (20), when one applies the subsidiary condition to (20). 
GELL-MANN and BRUECKNER obtain the following value for correlation 


energy 


(33) E — — 0.096 + 0.0626 nr, + O(7,) By. 
Their result is only valid for extremely high densities (r,<1). Our expres- 
sion (30), is only in fair agreement with the result (33); I believe the discre- 
pancy may be traced to the inadequacy of second-order perturbation theory 
in our calculation of the correlation energy arising from H,,. From the 
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comparison of (30) with (33), and from various numerical estimates of the 
validity of perturbation theory (see SSP [1]), I am led to estimate the accu- 
racy of our expression (30) as about 20% (*). 

One final word on the choice of 8. One might ask why it makes sense to 
choose 8 by minimizing only a part of the correlation energy. The answer, 
I believe, is that we have chosen the lesser of various evils. We could not 
include the short-range part of the correlation energy, because that is not 
known accurately, and would in fact lead us to a divergent result. We have 
chosen a value of f which makes the most of that portion of the correlation 
energy we can calculate accurately, that associated with the long wave length 
momentum transfers. In so doing, we have fair accuracy in treating H,, : 

A somewhat more ad hoc approach, which might in fact lead to a more 
accurate answer, would be to take a rather larger value of f than (24); an 
increase to f=.6r°, for instance, would not lead to an appreciably different 
long-range correlation energy, nor less accurate one, but might produce a 
more accurate value for the short-range correlation energy. One point which 
should be kept in mind involves the physics of the situation; f gives the max- 
imum wave-vector for which the plasmon may be regarded as an independent 
elementary excitation, and that requires that 6 <0.47r:, since for this value 
a plasmon can spontaneously decay into a free electron. 


4. — The transformation to independent collective modes. 


In our Hamiltonian (15), we have a set of n’ plasmons, in relatively weak 
interaction with the electrons (provided of course, that we choose k, pro- 
perly). The weakness of the interaction makes possible a systematic treatment 
of its effects, and leads to an effective isolation of the collective modes of the 
system, the plasmons. We can carry out a canonical transformation which, 
to any desired order in g?, decouples the plasmons from the electrons. Let 
us see how this looks, without going into any details: 


(*) The fact that our «intermediate » coupling result, which is reasonably accurate 
for actual metallic densities, has the same structure as the high density expansion 
(and with only a small correction of order r,) might lead one to assume that the 
Gell-Mann and Brueckner result is valid for actual metallic densities. This is almost 
certainly not the case. The expression, (30), or the result of WIGNER, (32), when com- 
bined with the other terms in a cohesion energy calculation (see the lectures by Prof. 
Brooks) yields rather good agreement with experiment. The Gell-Mann and Brueckner 
expression, (33), would give cohesion energies which were some 13 keal/mole too low 
(not enough cohesion); the remaining terms in the calculation of the cohesion 
energy are not in error by such an amount. 
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1) Divide the Hamiltonian (15) into three parts: 


Pî PERA 
H ae eas ae bik wie ke ke 
i = 2Mm È 2 ni 2 J 
il = > (wp — @?) fe : 
k<ke a 


We are neglecting U, and H,,,, which means we neglect the coupling between 
different momenta in the electron-electron and electron-plasmon interaction; 
w is the frequency of the plasmons after we have isolated the plasmons, and 
is to be determined. 


2) Consider the transformation Y—=exp [iS/h@]; H > exp [—iS/h]- 
-H exp[+iS/h] which expanded, reads: 


H = o [S, H] — als [S, H]]+. 
Choose S such that 


Ta SARE dla int . 
3 [8,.H]= 


The expansion in powers of S is a perturbation-theoretic expansion. H,,, is 
proportional to g, the coupling constant for the electron-plasmon interaction, 
and $ is therefore also of order g (H, being of order unity, in this sense). 


3) In the new Hamiltonian the lowest order corrections to H, will be 
of order g?; they arise from 


sai HE 


If we make the random phase approximation in treating these terms, we find 
that one such is proportional to Q*Q,, and that we may define @ in such a 
way as to thereby cancel H’. (The correction to the plasmon frequency from 
the interaction is thus of order g?.) The new dispersion relation is 


1 Are” x a 1 
— m € (0 — (k-P,/m))? — hekt/4m? 


~~ 


which may be expanded, in powers of g?, as 


h? ks 
4m? 


0) 
2 62 [72 
Oi O24 greve | 
f 
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The remaining terms in — (i/2h)[S, H,,,] describe a new effective interaction 
between the electrons, which has come about because the electrons are coupled 
to the plasmons through H,,,. It is of order g? compared to the original un- 
screened Coulomb interaction, describes a long-range screened interaction 
between the electrons, and is given by: 


me? [k-(P,—%k[2)][k-(P,+%k/2 lbs 
desi rae k?@ ) (@ = Pl] — hk? j2m) © ATEI 


4) Finally we remark that the subsidiary conditions now involve only 
the electron co-ordinates (again to order g?). The old subsidiary conditions were 


VE 


“Sexp (ihn) y= 0 (k < Kee)e 


These are transformed to 


(la 


(34) > OF ((k P,]m) — Me]2m)? 


exp[—itk:-x,]y = 0 (k< ke). 


5) There remain terms in the Hamiltonian (and the subsidiary con- 
dition) which are of order g?:H,,, and which could be eliminated to give 
rise to corrections of order g*. The basic structure of the new Hamiltonian, 


(35) H=H,+H, 


and the new subsidiary conditions (34), are unchanged, and the g* corrections 
are in practice negligible. 


5. — Plasmons. 


In our Hamiltonian (34), the plasmons are an independent mode of excita- 
tion of the electron gas. Plasmon excitation will occur when a charged parti- 
cle of energy greater than hw, passes through the electron gas. It is the 
dominant mode of energy transfer for wave-vectors less than k, (*). The 


(*) The interaction between the charged particle and the electron gas is >) (4s0e?/k?) - 
k 
‘ox exp[—itk-R,] (R, is the particle position) which transforms for wave vectors 
less than k, to, approximately > V 4ae? /k? a, exp [—ik-R)], from which the cross- 
k<ke 
section for plasmon excitation may be calculated. 


ELECTRONS AND PLASMONS 343 


plasmons may be damped only through the terms in the Hamiltonian we have 
thus far neglected, those arising from a coupling between H,,, and H,,. which 
formally appears via [S, H,,]. Damping cannot occur through H,,, directly, 

md . 
because as long as f<.47rìî energy and momentum cannot be conserved in 
the interaction ; i.e., 


ha > ees + ee i 
m 2m 

The situation in an actual solid is a bit different. In the presence of a 
periodic potential, one finds not only intra-band transitions for the electrons, 
which are fairly well described by a free electron gas model, but also inter- 
band transitions, which fall quite outside the scope of a free electron gas 
approach. One might think that the inter-band transitions (which may, after 
all, occur for a wide spectrum of energies bracketing the plasmon energies) 
would markedly alter any conclusions based on a free electron gas model; 
actually, they do not, as was first pointed out by Morr [8]. 

Morr showed, using a semi-classical argument, that if the majority of the 
inter-band transitions correspond to excitation frequencies, @,, which are 
small compared to w,, then the plasmons will be little affected by the inter- 
band transitions. Because the plasmon energies are so high (h@,~ 15 eV for 
a wide variety of solids) such a situation is frequently encountered in practice. 

Recently, Nozmres and I (*) have carried out a treatment of electron 
interaction in solids which closely parallels that I have described for the free 
electron gas. I should like to summarize the essential points of the treatment: 


1) The first canonical transformation (14), which relates the plasmon 
variables to the 0,, goes through in exactly the same way in the presence of 
a periodic potential, since the transformation leaves that potential unchanged. 
Therefore the basic Hamiltonian is that of (15), with the addition of a periodic 
potential. 


2) All the consequences of that potential for the plasmons and the 
electron interaction may be described in terms of the one-electron excitation 
frequencies ©,, for electrons moving in that potential, and the one electron 
oscillator strengths, f,,(k). Consider the Hamiltonian, H,= > (P;/2m) +V(r,) 


where V(r;) is the periodic potential. The eigenfunctions ®, of H, are deter- 
minants of Bloch waves p,. We are interested in matrix elements of 0, between 
various states of H,, as for instance (@,),,; (0,) induces transitions from the 
ground state to excited states which differ from the ground state in that a 


(*) See references [2], where a list of references to earlier work along these lines 


may also be found. 
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single electron has made a transition from a state AV (to use the reduced zone 
scheme) to another state K+k, V’, where V'=V corresponds to an intra- 
band transition, V’4V to an inter-band transition. ©,, is the excitation fre- 
quency (E,— E,)/fi for that transition. The oscillator strengths for the tran- 
sitions to excited state are then defined by 


2m 


~ hk? 


Apo | (Ox) no i x 


(36) fro(K) 


They satisfy the sum rule, )f,,(k) =, where » is the number of valence 


n 


electrons. 


3) The condition for the existence of plasmons as an independent mode 
of excitation is that the electron gas be highly polarizable, which means that 
a sizeable fraction of the oscillator strengths correspond to w,,<@,. The 
plasmons may be isolated by a suitable canonical transformation when this 
is true; such isolation is also possible where the majority of the oscillator 
strenghts correspond to frequencies much higher than ©,. 


4) The plasmon dispersion relation is 


Ame? lee 


(37) aa 


which reduces to w?~ ©} when the majority of the oscillator strengths cor- 
respond to ®,, & ©. 


no 


5) A generalization of the relation (37), allows one to include the effect 
of the core polarizability on valence electron plasmons. In the case that the 
vast majority of the core electrons have important excitation frequencies large 
compared to the plasmon frequency wm, we may treat core electrons and valence 
electrons simultaneously in deriving the plasmon dispersion relation. One finds. 


(38) _ dae? ap foo | De dB | 
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where the /,, and 2,, are the core electron oscillator strengths and excitation 


frequencies. If we now make use of the expression for the core electron di- 
electric constant at frequency, ©, 


sn 3 “lo 


wm?’ 
we may re-write (38) as 

4ke? 
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which is exactly what one would expect from a semi-classical argument. 
Further, for the case under consideration, e(0) = £, the static core dielectric 
constant. 


6) I should like to emphasize that these conclusiéns are not confined 
to metals; they apply equally well to valence electrons in a semi-conductor 
and even to many insulators (those with small energy gaps). What is relevant 
for an understanding of the importance of Coulomb interactions is a compa- 
rison of w,, the plasma frequency calculated assuming the electrons in question 
are free, and @,, the average one-electron excitation frequency. Where 
®,, > ©, as might be the case for molecular crystals (the solid rare gases), 
the Coulomb interaction is small, may be treated by perturbation theoretic 
techniques, and no plasmons will be found. On the other hand, for the vast 
majority of solids @,,<@,. For such solids, Coulomb interaction is impor- 
tant and may be described in terms of the plasmons, which constitute a well 
defined mode of excitation of the system. 


7) There are two ways of determining the plasmon energy experimentally. 
One is by the study of the characteristic energy loss spectrum of electrons 
passing through thin solid films. The pioneer experiments in this field were 
by RUTHEMANN [9] and LANG [10]; the invention of electrostatic focusing 
techniques has greatly stimulated work on these lines. This determination is 
not always reliable, but it has been carried out for a wide variety of solids [11]. 
A second method involves the study of optical properties of solids. When the 
frequency of an electromagnetic wave reaches the plasma frequency, the 
solid passes from a reflecting to a transmitting region [12]. The frequency 
involved is in the far UV; as a result experiments have been carried out thus 
far only for the alkali metals. 


I have discussed in some detail elsewhere [13] the experimental evidence 
for the existence of plasmons in solids, and I here wish only to summarize 
some of the results on the plasmon energies. My summary takes the form of 
the following five tables (taken from NP IIT) with a few remarks appended 
to each. In all of these tables, iw, is the calculated value for the plasmon 
energy, assuming all the valence electrons are free, and hw, is the experi- 
mentally observed value, which is taken from reference [13]. 


Tempi le 
Element Be Mg AI B (0; Si Ge 
hop (eV) 19 iil 16 24 25 17 16 
hw. (eV) 19 10 15 19 22 17 iy 
E 6.2 DA 12 16 
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Table I: These are «simple» solids, in that the valence electrons are 
weakly bound, and the core electrons are strongly bound. e is the dielectric 
constant obtained from optical data. The good agreement between ©, and ©,. 
is gratifying. The shift away from the free electron value for B and C may 
be understood from the fact that the valence electrons in these solids are 
somewhat more tightly bound, as is reflected in their lower electronic polariz- 
abilities. 


TIVA E Lhe 
| Element Li Na K Rb Cs | 
| | 
hop (eV) 8.1 6.0 4.4 4.0 3.6 | 
ho | 8.0 DI 3.9 3.4 2.9 | 
hop 8.02 5.91 3.94 3.65 3.27 
! 


Table II: One would likewise expect the alkali metals to be « simple» 
solids, and they are; hm is the plasmon energy when the core polarizability 
is taken into account, while hw,, is the optically determined value. When 
the effect of core electron polarizability on the plasmon energy is taken into 
account, the agreement between theory and experiment is even better. 


opt 


TABLE III. 
Element Thi (Che Mn Fe Co Ni Cu Zn | 
hop (eV) 17 24 2 
fiv 22, 24 2 II DI 23 20 2 


Table III: No treatment at present is satisfactory for the transition metals. 
If we regard the plasmons as composed of both s and d electrons, we are 
including many electrons which are tightly bound. For these electrons 
Oro > 0 80 that we overestimate w,. On the other hand, the polarizability 
of the d electrons is enormous, and at these energies one can certainly not 
consider separately the s electrons. The behaviour of the plasmon energy 
from Ti through Mn may be understood qualitatively in the following way. 
For Ti, the valence electrons have an average excitation frequency w,, some- 
what below w,, so that m, >q@,. For Mn, certainly the reverse is true. At 
Cr we appear to have a cross-over, in that there are as many transitions with 
Ono > Wp AS W,,< %pj the result is a broad line at nearly w,. A similar effect 
appears to occur for other metals with 6 valence electrons (Mo, W, Se). 
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TABLE IV. 


Element Ag Cd In Sn Sb Te sil 
hop (eV) 9 11 ll 12 24 15 
Ae 23 20 12 12 15 18 
| 
| 


Table IV: Here we observe a shift, at In, from metals in which the core 
electrons are weakly bound, and take part in the plasmons, to those in which 
they may be regarded as tightly bound. 


TABLE V. 


Compond mS PbS Be0Msg0. ALLO, S10, Sn0, KBr KCl  Nacl 


| hp (eV) ee OG ME ND eee ee oie eae orem gts 
ede ye en ait ey Ren Sek 20 e 1316 
e 5.6 15 n o Egr ag 92.4 22 24 


Table V: The good agreement between the free electron value and the 
experimentally observed value for such a wide variety of semi-conductors 
and insulating compunds is a bit surprising, particularly so for those solids. 
which have a rather low electronic polarizability. 


6. — Effective electrons in solids. 


I should now like to consider the present basic theoretical justification for 
the individual-particle like elementary excitations in solids («effective » electrons). 
We all know how very crude the usual one-electron approximation in solids 
is; we also know how very successful it is. Indeed, experiment demands that 
there be something very like an independent particle excitation as evidenced, 
for instance, by the de Haas-von Alphen effect in metals and cyclotron re- 
sonance in semi-conductors. The question is rather one of whether, in the 
light of our present knowledge of the influence of electron interaction in solids,. 
we can understand the effective electrons. In what follows, I shall be sum- 
marizing a paper which Mr. Nozrhres and I have written on the subject [2]. 
Our principal conclusion is that good qualitative arguments may now be given 
for the effective electrons, but that a detailed quantitative justification remains 
to be made. 

Let us first assume that we have no long-range interaction between the 
electrons. We thus consider the structure of the eigenstate spectrum of H+ 4H, ,, 
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where H,, is of sufficiently short-range that no collective excitations exist. 
We may then follow and extend an approach recently given by GELL-MAN [14] 
and by LANDAU [15] for the free electron gas. 

1) The eigenstates of H? alone are Slater determinants built with Bloch 
functions, g,,. In the ground state D,, all levels inside a certain surface S 
in k space are filled; those outside are empty. S is the Fermi surface. An 
excited state ©, is described by p electrons outside S (K,... K,), and p holes 
inside K,....K,); its energy is 


p p 
(40) E, = E,+ > B(K,) + > IK}. 
t=1. = 

2) Switch on H,,, allowing the charge to increase progressively from 0 
to e. Assume that in so doing the energy levels vary continuously from their 
free electron values, so that an eigenstate @,(e) may be followed continuously 
from @,(0). There will then be a lowest state ®,(e) which defines a perturbed 
Fermi surface 8’; an excited state @,(e) is likewise deduced from the unper- 
turbed @,(0). 


3) Consider the energy of a state ©,(e) with one excited electron K,, 
and one hole X., E(K,K;). We may write: 


(41) bri La Ere LEM) 


where Hx’ is the energy of the system with the hole alone. The first term on 
the right-hand side is then the energy to create a hole, while the second is 
the energy to create an electron in the presence of the hole. The latter will 
depend on the hole only if the interaction between the hole and the electron 
gives rise to a strong spatial correlation in their positions (e.g., a bound state 
corresponding to an exciton). Otherwise we may assume the hole and electron 
are spread throughout the solid, and their mutual interaction will be of order 
1/N compared to their interaction with the remaining electrons. We may 
then write: 


(42) Erg; E, = EK)+E(K), 


where E(K.) and E(K,) are the energies of an «effective » electron and hole 


u 


which are independent, 


4) Where (42) is valid, it may be generalized to an arbitrary number, N, 
of electrons and holes, provided N < N. The energy spectrum is then iden- 
tical in form with (40). We may define a Fermi surface for our « effective » 
electrons, and we may go on to calculate the density of states, specific heat, 
spin susceptibility, etc. I should add that such calculations have been carried 
out for the H,, given by (16) and yield good agreement with experiment [16]. 
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How far may these conclusions be extended to actual electrons in solids? 
The long-range part of the Coulomb interaction does introduce strong spatial 
correlations between the electrons, which correspond to the plasmons. How- 
ever, as long as we restrict our attention to ordinary temperature (KT < E,) 
or low energy excitations (£,,,<#©,), plasmon excitation will not be im- 
portant, and we might hope that effective electrons do exist. Let us then 
consider the modifications brought about by the long range part of the Cou- 
lomb interaction. 

The basic Hamiltonian, after the decoupling of the plasmons from the 
electrons is 

TEE) Ee aE ae Tah 


0 


where H,, is the plasmon Hamiltonian, and H,, describes the new effective 


long-range electron interaction. We also have a set of subsidiary conditions 
which act only on the electrons, 


Qe 2a 0 (Ha ie 


The complications brought about by the Coulomb interaction then reside 
in H,, and 2. I should like to indicate what these are and how we may 
account for them in at least qualitative fashion. 


1) Normalization. Care must be taken in normalizing the extended 
system wave functions when we take into account the subsidiary conditions 
as is evident from the original form of the subsidiary condition, 


py = 0. 


2) H,, gives rise to just those correlations in the electronic positions 
which bring about the satisfaction of the subsidiary conditions; such cor- 
relations involve many electrons, and an explicit treatment of them has not 
yet been carried out. Thus if we treat H,,, by second-order perturbation-theory, 
we find an additional energy which is comparable to that calculated in lowest 
order, both being very small. It is therefore necessary to go beyond per- 
turbation-theory to understand H,,, though the improvement in energy so 
obtained will not be significant. 


3) The subsidiary conditions affect the electronic degrees of freedom. 
Actually they do so only to a very limited extent. They do not inhibit low 
energy excitations of the system, but play a role only for excitations com- 
parable to the plasmon energy. What they tell us is that we cannot describe 
the plasmons twice. Even long wavelength high energy (> hw,) individual- 
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electron excitations may not be affected, since at such wave-lengths the plas- 
mons involve the simultaneous excitation of many electrons. 

In other words the subsidiary conditions act only to influence that class 
of excitations which correspond to the simultaneous excitation of many electrons. 
with a total excitation energy greater than fm,. The preceding statement 
no longer applies for k <k, since then the plasmon states begin to involve 
only one electron. 

NoziÈRES and I have attempted to make more quantitative the foregoing 
qualitative conclusions regarding the role of the long-range part of the Coulomb 
interaction. In so doing, we have met with only limited success. If we assume 
that we deal only with long-range interactions (neglecting H,,), we may then 
treat rigorously the interaction of a minority group of electrons (say those 
which are near the surface and which are susceptible to temperature excita- 
tion) with the majority group (the remaining electrons). We may, in fact, 
decouple the minority electrons from the plasmons, from the subsidiary con- 
ditions and from the majority electrons. We thus arrive at a set of inde- 
pendent effective electrons, not subject to subsidiary conditions, which cor- 
respond to « dressed » electrons, each surrounded by a cloud of virtual plasmons 
and majority electron excitations, in such a way that their effective inter- 
action is characterized by the dielectric constant of the solid. 

If we now try to take into account H,, we find that its principal effect 
will be to shift the energy levels of these electrons at the top of the Fermi 
distribution. We do not at present understand how to take these fairly large 
shifts into account after we have treated the long-range part of the inter- 
action. Also, it does not appear feasible to take H,, into account first 
and then treat the long-range part of the interaction, because the pro- 
cedure outlined above for treating H,, has not been reduced to Hamiltonian 
form. 

To sum up, for a metal we can define effective electrons as long as we have 
only a long-range interaction, or only a short-range interaction. It is certainly 
likely that effective electrons exist in the presence of both parts of the Coulomb 
interaction, but a formal proof that they exist is still lacking. 

Finally, I should like to mention that the situation appears rather brighter 
for conduction electrons in a semi-conductor or an insulator, because in these 
cases the band-gap may be expected to reduce the energy shifts associated 
with H,,. A perturbation theoretic treatment of its effects may then be 
expected to be successful, and a detailed calculation of the properties of the 
effective electrons appears in principle feasible. If we compare our results 
with those of Ko_HN [17] for a single extra electron in an insulator, we see that 
our approach is somewhat more general (being not confined to a single electron), 
but somewhat less rigorous, since we have not proved the validity of the ap- 
proximations I described. I believe that it offers a promising way to generalize 
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the results of KoHN to the case of many electrons in the conduction band, 
and that the generalization may be carried out along the lines I have 
described. 


Note added in proof. 


In a paper recently submitted to the Phys. Rev. NOZIBRES and the writer have shown 
the following: 


1) The calculation of the correlation energy by Gell-Mann and Brueckner is 
only valid for 7; <> 1. 


2) For actual metallic densities the contribution to the correlation energy from 
momentum transfers k S 0.47r?k, may be calculated accurately within the random 
phase approximation. This may be done by using the extended Hamiltonian (15), 
the canonical transformation of Sect. 4, and summing all the higher order terms arising 
from H,,. within the random phase approximation. The result through terms of 
order ° is 


SI le p° ps pi api 
Him =— 0.458— + 0.866 — — 0.98 — + 0.019 — + 0.706 — + ... Ry. 
+ ae ri r, 13 


The change in the #4 contribution from the sum of (22) and (23) is due to the higher 
order terms from H,,. f may be taken as 0.47r? and therefore E. ~ 0.043 Ry. 


3) Within the accuracy of a perturbation theory calculation, the contribution 
to the correlation energy from H,, arises only from electrons of anti-parallel spin, 
and is therefore given by (27). 


4) The total correlation energy may be represented, to 15% accuracy, by the 
formula: 


Boor = — 90.115 + 0.031 In r, Ry . 


5) The foregoing result is very nearly the same as that obtained recently by 
Hupparp (Proc. Roy. Soc., A 243, 336 (1958)). 


6) The long range correlation energy may also been obtained by a suitable 
expansion of the result of Gell-Mann and Brueckner. The result agrees with that obtained 
using the BP approach and furnishes an explicit justification of the BP [1] neglect 
of the subsidiary conditions in their calculation of the eround state energy. 


\ 
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1. — Conduction by phonons. 


1°1. Perfect crystal. — The Debye theory of specific heats leads directly to 
a theory of the conduction of heat in solids. The lattice waves may not only 
stand, and store thermal energy; they may also travel and carry energy. There 
is no difficulty in understanding this. The problem is more to understand 
why, in a perfect crystal, the conductivity is not infinite as if the lattice waves 
were like radiation in an empty cavity. 

First note some properties of lattice waves. They are characterized by a 
wave vector, g, which may take any value inside the first Brillouin zone, and 
by a frequency v which is a function of g. The energy in the wave is quantized 
in units of iy. We say that we have a certain number of « phonons » in the 
mode q, just as we refer to light quanta as photons. The energy is carried 
with the group velocity v = dr/dq. 

Generally speaking the phonon spectrum breaks into two parts, corres- 
ponding to the polarization of the lattice displacement in the wave. The lon- 
gitudinal modes, where the displacement is more or less parallel to the wave 
vector, travel rather faster, and have a higher frequency, than the transverse 
modes. This separation is only approximate, and should not be relied on 
exactly. For long waves (small q) it is usually correct to take v= vq, with 
v constant; but, because of crystal anisotropy, the value of v may depend 
strongly on the direction of q. 

Thermal resistance in pure perfect crystals arises from the scattering of 
one phonon by another. The origin of this scattering is the set of anharmonie 
terms in the expansion of the lattice potential energy as a funetion of the 


displacements. 
Thus, symbolically, 


V=VW+ Viyy+ Vi YY t > 
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where y; are displacements at sites è in the lattice etc.. We usually only go 
as far as the second term when we calculate the lattice frequencies. One can 
show that the next terms give rise to processes in which, say, two phonons 
collide, destroy one another, but create a third. These processes are, of course, 
subject to energy conservation conditions, 


hy + ho’ =hy" . 


There are also interference conditions from the fact that each wave has a 
space factor like exp[iq:r]. These conditions are 


qu dda 


where g is a vector of the reciprocal lattice. If g were zero, this would look 
like a rule for the conservation of momentum. 

We often think of hq as the momentum of the phonon, but it is not really 
momentum at all, it is only a formal analogue. This is clear when we have g 
non-zero, for then, we should be saying that the (quasi) momentum is being 
created or destroyed in the scattering. The reason why we can have Umklapp 
processes (as we call it, when 9g #0) is that q is not strictly defined more 
closely than by the addition of a reciprocal lattice vector (just as in the 
Bloch theory of electrons). 

It is important to distinguish between N-processes (g = 0) and U-processes 
(9 # 0), because the former do not give rise to a thermal resistivity. The gas 
of phonons one might say, is created at the hot end of the crystal and flows 
down, as if through a tube, to the cold end. N-processes do not hinder this 
flow; they are like the collisions between particles in a flowing gas, which give 
rise only to a viscosity, and this can only slow the flow if the walls are taken 
into account. U-processes on the other hand, can make the gas give up some 
of its momentum, and do cause the gas to be slowed, i.e. resist the diffusion 
of heat. 

The full theory of this effect is exceedingly complicated. The main argu- 
ment was given by PEIERLS [1]. At high temperatures (7 > ©) scattering by 
U-processes, roughly proportional to the density of scattering phonons, is 
proportional to the magnitude of the fluctuations of density in the solid, which 
by thermodynamics is proportional to temperature. Thus Xoc1/T. Since 
U-processes can only occur if the three phonon wave vectors, g, q’ and q” 
are all of the order of magnitude of g which is about twice the radius of the 
Debye sphere in reciprocal space, there is a strong tendency for these to be 
«frozen out» at low temperatures. Roughly speaking, the probability of a 
U-process is proportional to exp[— 0/27]. The thermal conductivity then 
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increases very rapidly when T < 0, i.e. 


If we accept this explanation, and ignore certain sophisticated details, we 
expect the thermal conductivity of a perfect crystal to rise as shown in Fig. 1. 
This sort of curve can be observed, and the theory is well verified in principle, 
if not yet made fully qualitative. But real solids are often not pure or perfect, 
and it is interesting to try to study the effects of 
various sorts of imperfections on the thermal con- 6/21 
ductivity. This is the topic we shall here pursue, { Te 
since the theory for perfect crystals is algebrically 
complicated, not very complete, and best read out 
of the book by PEIERLS [2]. 

Various crystal imperfections and impurities 
may be expected to scatter phonons. The scattering 
of a given phonon may be expected to depend very Fig. 1. — Typical ther- 


much on its wavelength, since this can vary enor- Mal conductivity of an 
insulator. 


mously over a range from one to a thousand lattice 
spacings. The overall thermal conductivity will de- 
pend on some sort of average of the scattering of phonons of all wavelengths, 
and this average will depend on the distribution of phonons in various lattice 
modes, which, in turn, depend on the temperature. Thus, one must find some 
rule for this average. 

Here we often use a general formula based upon kinetic arguments 


K = kevl, 


where e is the lattice specific heat, v the group-velocity and / the mean free 
path of a phonon. This formula is crude but at least serves to separate out 
the significant physical quantities. If / and v were the same for all phonons, 
this formula would be true. 

Now suppose we put into the crystal imperfections that scatter phonons 
of wavevector gq at a rate which depends on q. 

We could from first principles calculate (9), say, a mean free path for 
phonons of that wavelength, which we should put for / in the kinetic formula. 
There are a number of alternative arguments, none exact. 


a) Dominant mode. At the temperature 7. There will be some 
frequency v, for which the number of phonons is greatest. Most of the heat 
current will be carried by phonons of frequency ». 

Roughly speaking hy ~ kT. This gives the frequency of an average phonon 
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at that temperature y ~kT/h. This would give 


If, as often happens, l(q) cc g’, then, also loc 7". At low temperatures, when 
co T*, we get the useful empirical rule ko T*’. 


b) Independent modes. One might try to be more sophisticated 
and write 


K= 3 ferma , 
as the sum of the contributions of the various modes to the total conductivities, 
each contribution being a replica of the kinetic formula. This formula, also, 
gives the same power law rule, but unfortunately the integral often does not 
converge. Thus, if we remember that ¢(q) would be proportional to q?, i.e. to 
the number of modes of that vector, we get: 


Imax 
if 
Keg [era 


0 


which diverges at ¢g=0 if r<—3. In other words, the long waves are scat- 
tered so little that they carry all the heat. 


c) Strong N-processes. The use of independent modes ignores the 
tendency of phonons to interchange into each other’s modes, by N-processes 
(even if there are no U-processes to give resistance). If this mixing is very 
strong, one cannot just add the contribution of seaprate modes. One can show 
(ZIMAN [3]), as a limiting case, that one should then take 


ao OR Gh 


=a! qe 

as the average value of the inverse free path. This gives, in effect, an average 
of the probability of scattering by the imperfections, over all wavelengths, 
rather than an average of the m.f.p. itself. The integral always converges, and 
gives the usual power law at low temperatures. One can show that this for- 
mula gives a lower bound to the possible thermal conductivity of the solid. 


d) Klemens formula. This avoids the singularity at g=0 in the 
method of independent modes by a cut-off; l(q) is taken to be constant for 
all values of q less than ¢ where q=kT/hv. This method (KLEMENS [4-5]) is 
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based on a study of the properties of N-processes. It gives conductivities. 
greater than e). Also thermal resistivities from different sources (from point 
defects or dislocations) are not additive. That is, Matthiessen’s rule is not 
obeyed. For practical purposes, and first guesses, method a) is adequate. 
One says, roughly speaking, that the wavelength of the dominant mode is. 
about 0/7 lattice spacings at the temperature 7, but there may be quite a 
large numerical correction (say (27)) when it comes to an exact formula. 


1°2. Effects of imperfections. - Now we study the various imperfections, 
according to their dimensionality (see KLEMENS [6]). 

(0) Point imperfections. These may be interstitial atoms, impurities,. 
isotopes, or vacancies. The scattering is given by an old classical theory,. 
which depends chiefly on geometry. All we need to do is to match incoming 
and outgoing waves on the surface of a small sphere about the imperfection. 
If this sphere has radius a, then the Rayleigh scattering law for the scat- 
tering cross-section is 


whence 


1 4 
l — Le pcs 
(q) c (= , i.e. 7 


In principle, we can distinguish between 3 effects. 


i) Mass. An extra mass, 0M at a point in a medium of average density 
0 gives a scattering cross-section 


This is an exact formula. Note that the presumed radius a of the sphere does 
not enter, although, if we took 9 = M/a? so that a was the « atomic radius » 
we should get a formula of the type suggested, 


a K ‘al (“= 4 
STE M, À ; 


For isotopes 6M/M may be small, perhaps a few percent. But it must 
be remembered that an isotope may be present as an «impurity » in great 
abundance. One can have (as in chlorine) a mixture in nearly equal propor- 
tions of two different isotopes. When one comes to calculate the mean free 
path, or the thermal conductivity, the scattering cross-section must be mul- 
tiplied by this abundance. In fact, we now believe that the thermal con- 
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ductivity of most solids is dominated by the effect of isotopes just in the range 
where we should be seeing U-processes being frozen out. 
The power law for this case would give 


Kei/T, 


right down to quite low temperature, instead of Koc exp[0/2T]. For va- 
cancies and interstitials this will also be a large effect, only there are also 


ii) Elastic forces. The forces on an interstitial atom change the 
local elastic properties of the medium. Classical theory would replace (6 M/M)? 
by 3(6u/u)?, where éu is the charge in the local modulus of rigidity, or bond 
strengths or some similar parameter. The difficulty is to guess the amount 
of this. 


iii) Strain anharmonicity. A vacancy or interstitial causes a 
strain in the surrounding lattice. The strained material has different elastic 
properties, due to the anharmonic terms in the elastic potential energy. The 
strength of these is measured, crudely, by the Griineisen parameter y, which 
appears in the theory of thermal expansion of solids. However, this effect 
is zero in an isotropic medium (KLEMENS [6]), and is otherwise very difficult 
to calculate. 


(1) Line imperfections. — The typical one dimensional imperfection in a 
solid is a dislocation. The scattering effect of a dislocation for lattice waves 
can be thought of as divided into two portions. The difficulty is that the 
strain field spreads out a long way, on a scale much larger than the wave length, 
2 of the phonon. 


i) Dislocation core. For the region of radius r< 4 we have 
Rayleigh scattering by a cylinder. 
This goes with a cross section (per 
unit length of dislocation) o x (a/A), 
where a is, say, an effective radius 
of the core of the dislocation where 
the lattice disturbance is large. 
Here we should also include 
the scattering by the local strain 


Se field, just as for point defects. 
Fig. 2. — Deviation of an electron near a Thus the scattering cross-section 
dislocation. would include further factors like 


y2(AV/V)? for the dilatation effect. 


ii) Main strain field. For the region r> A, the Rayleigh theory 
will not apply. Now we are in the region of geometrical optics. The beam 
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passing at a distance p from the dislocation is in a region where the strain 
is of the order of b/p, where b is the Burgers vector. The angle of refraction 
comes out at 0~y(b/p). If this is a small angle, the total cross-section will 
be proportional to 


1 — cos 0) d0 ~ Î ya aye 
CALZA | UP Ps? 


where p, is the least value of p. On our hypothesis, geometrical optics only 
works down to a radius po— 4. Thus 


2h? i 
ie a Guai ee =, 
A q 


This is actually the main effect, since the wavelength of a typical phonon 
is much larger than the «radius of the core of a dislocation », or than a Bur- 
ger’s vector. These results have been derived by Klemens using the Born 
approximation but they are not specifically quantal processes. Thermal resis- 
tivities varying as 1/7? have been observed in certain alloys and crystals where 
a high density of dislocations would be expected. 


iii) Flutter. There is a further possible mechanism for scattering 
of lattice waves by dislocations. We have treated the dislocation and its 
strain field as if it were fixed to the medium. We know that, in fact, dis- 
locations move very freely in metals; there is almost negligible resistance to 
motion of a dislocation along its slip plane. Now a shear wave incident on a 
screw dislocation has a strange effect. As pointed out by NABARRO [7], it 
causes a motion of the whole dislocation normal to both the direction of pro- 
pagation of the wave and the dislocation line. The shear wave sets up a local 
strain field, to which the dislocation responds by slipping. 

Crudely speaking, the dislocation moves for the time of one period before 
reversing. The distance moved is thus proportional to 1/y, so is proportional 
to A. In its motion the dislocation sends out other waves in all directions, so 
that, in sum, the incident phonon is scattered. The cross-section for this scat- 
tering turns out to be proportional to the range of the displacement of the 
dislocation o oc i or lag. This also is a classical result: a rigid cylinder 
free to move in a fluid of the same density scatters sound waves in a similar 
way. In greater detail we have to include the «inertia » of the dislocation, 
which is proportional to In Z/b. There is also the Peierls-Nabarro force keeping 
the dislocation to a special lattice position. Perhaps the dislocation only 
moves in the bottom of a trough in the lattice field. This would explain 
why there is no effect of this sort in covalent crystals, where the dislocations 
are tightly bound by molecular bonds. 
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Evidence for this effect (giving K oc 7! at low temperature) is meagre, 
but it might explain some anomalous effects in some superconducting metals. 


(2) Surfaces of imperfections. These are more complicated and we know 
very little about their scattering power. Stacking faults and twin boundaries, 
for example, probably have very little effect on lattice waves, except those 
of very short wavelength. The imperfection of the lattice is confined to a 
thin layer and the medium has nearly the same properties on both sides. 

Grain boundaries show two scattering mechanisms. 


i) Acoustic mismatch. In a typical crystal the velocity of sound 
is anisotropic, with, at most, cubic symmetry. The propagation of elastic 
waves depends on direction. At a tilt boundary there will be a mismatch of 
velocities on the two sides; and consequently partial reflection. The theory 
is again classical, as for seismic waves, and 
depends on the polarization in a complicated 
way. The main result is that geometrical 
optics should apply; the reflection coefficient 
would be independent of wavelength giving a 
thermal conductivity proportional to 7°. The 
scattering probably also depends on the square 
of the angle of mismatch. 


ii) Dislocation arrays. Grain boun- 
daries always tend to break into arrays of 
dislocations, especially at small angles. The 
boundary region then acquires a certain thickness, which is, roughly speaking, 
the diameter, 2a, of the cylindrical core of a single dislocation. The array can 
give Rayleigh scattering with o o (2a/A)?. This is probably not a big effect. 

Crystal boundaries are a special form of two dimensional imperfections. 
That is, we suppose, our thermal conductivity to be measured in an infinite 
crystal and are distressed to have to use specimens only a few millimeters 
in diameter. As we have seen the U-processes scattering decreases rapidly 
as we go to low temperature, so that the m.f.p. may easily become comparable 
with the crystal size. This case was early calculated by Casimir [8] but goes 
back to the problem of Knudsen gas solved by SMOLUCHOWSKI. 


Fig. 3. — Acoustic mismatch. 


i) Rough walls. In the simplest case where the scattered phonon 
does not remember its direction, one can show that J is equal to the dia- 
meter D, of the specimen, or at least some average of the same sort if it is not 
of circular cross-section. This makes 


HO re 4S, 


which is the typical form of the conductivity at low temperature. But note 
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that this « conductivity » is not absolute but is proportional to the size of 
the specimen. 


ii) Smooth walls. Suppose that the crystal surfaces are rather 
smooth. For the sake of calculation, suppose that a fraction p of the phonons 
are specularly reflected. Then one can show that 


which can become rather bigger than D. This is observed. It is not so easy 
to calculate p, for this should vary with phonon wavelength. Suppose we 
take A to be the average (root mean square) variation of surface height. Then 
one would expect the following limiting behaviour: 2< A, p= 0; the waves 
come off with random phase and are scattered irregularly: A>> A, p= 1; the 
wavelength is too great even to see the asperities. Crude calculation suggests 
that the transition from one type of scattering to another is quite sharp so 
that one could reasonably take p=0 for A< A and p=1 for A> A. The 
theory of scattering of radio waves from the monosphere is very helpful on 
this point. It seems, however, that one cannot just take a definite value of A, 
and see / increasing suddenly as the dominant phonon wavelength passes 


A<<A: @-=0 


Fig. 4. — a) Short waves see a rough surface; b) Long waves see a smooth surface. 


through this point. Crystal surfaces are not just random functions. It is 
better to think of them as made up of a patchwork of areas; on the fraction p 
of the surface area, the value of 


ui; ele 


This gives a reasonable picture 
of the scratched, stepped, badly Fig. 5. — Typical crystal surface. 
polished surface. 
iii) Saw tooth. Suppose that the crystal surface has a definite zig- 


zag pattern cut into it. 
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A phonon trying to travel down the specimen will be preferentially re- 
flected back the way it came. This can reduce the thermal conductivity making 


= LD 

Fa oe aw An effect of this sort seems to have been 

er IIa bv saw observed by WHITWORTH, in liquid helium 
} tooth wall. in a tube with large irregular lumps on 


the walls. 


(3) Three-dimensional imperfections. In a glass one cannot locate the 
imperfection of the crystal lattice at special points, lines or surfaces. The 
material is irregular all through. There is another case where the theory of 
propagation of radiowaves in the ionosphere is helpful. One needs only two 
parameters to define the problem: (Av)?/8°, which is the relative variance of the 
velocity of a wave from point to point in the medium and L the correlation 
length, which measures the scale of distances over which the refractive index 
may be supposed constant. We find then, two limits: 

When 7< L, the wavelength of the waves is smaller than the regions into 
which the volume is dissected by L. Passing from one region to the next the 
waves are scattered with a m.f.p. proportional to LZ, 


he 


l~ (Av)? L= constant. 


But, when A> L, the long waves ride over the varying refractive index, 
only acquiring a certain amout of randomness of phase by the addition of 
small effects from each region. One then finds 


Of 43 1 
me tà 


This is verified for glasses. Taking K to be about 10 À.U. the size of a 
typical ring of silicate groups, we get a constant thermal conductivity at high 
temperature, where / is of the order of the lattice spacing, but at lower tem- 
peratures the conductivity is proportional to 7. 


2. — Electronic conduction in metals. 


Although a perfect crystal of a solid with a high Debye temperature 
(e.g. Diamond) is actually a very good heat conductor, we usually think of 
typical conductors being metals. That is, we think mainly of transport by 
the electrons, and specifically of electrical conductivity. The complete theory 
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of electron transport in solids is very complex algebrically, especially when 
we think of the effects of both electrical and thermal gradients, as in the 
thermo-electric phenomena; or when we add a magnetic field and twist up the 
electron orbits. I shall only try to give an account of the microscopic pro- 
cesses which give rise to electrical resistivity in metals, concentrating on the 
general physical picture rather than on the mathematical details. We know 
that the electrons in a metal are free to move subject to certain conditions 
arising from the exclusion principle. 

We know that the electron states may be classified according to their 
quasimomentum hk, with only two electrons in each state. We know that 
most such states lie deep in energy, and are always filled, whilst others are 
always empty. We know that one can define the Fermi surface, a surface 
of constant energy in k space, such that, to a good approximation all states 
within that surface are filled and all outside it are empty. 

The effect of an electric field E is to accelerate all the electrons. The force 
eE is just the rate of change of quasimomentum, i.e. 


ch =k. 


Thus the Fermi surface, and all that is therein, is displaced from its equi- 
librium position at a uniform rate. Where does it stop? There must be other 
processes opposing the displacement. These are 
the relaxation or scattering processes, which take 
an electron at A (going rather faster than usual) 
and send it to B, where there is a deficiency of 
fast electrons. 

For the moment, we sum up these relaxation 
processes in a relaxation time t defined by a 
typical exponential decay equation, e.g. 


Fig. 7. — Displacement of 
È the Fermi surface. 
È = (k,— k)/t, 


where k, is value of k in the absence of a field. If these two effects balance, 
we have 


6k = (k— K,) =——., 


but this extra corresponds to a net electron current, J. 
Thus 


J= ja |vas-ok, 


ATU" 
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since dS-dk is the extra volume in k space where there is a density 1/47 
of electron states. 
Substituting for 0k we have: 


erie 
Ja apt [POSE == oH, 


where o is the electrical conductivity tensor. Taking account of averages 
over direction, which allows us to write, for a cubic crystal 


il 
fe ds 5 os , 


(with v the average Fermi velocity) the formula for the conductivity is 


DE es 
DS Soa a 


{with A =tv =the mean free path of an electron). 

A more sophisticated derivation, using the Boltzmann equation, verifies 
this formula, and also defines A and 7. 

This is given by 


È fe — cos 0)dQ, 


Ra 
where 0(0) is the probability of an electron being scattered into the solid 
angle d2, making an angle 0 with its original direction. This formula applies, 
of course, only to spherically symmetric scatterers such as impurity atoms. 

The main point to be emphasized is that the conductivity is proportional 
to the area S, of the Fermi surface, and to mean free path, A, of the electrons. 
This is why metals with large areas of Fermi surface (Alkali metals, Noble 
metals, Aluminium, etc.) are good conductors in general. The values of S is 
a quantity to be determined by other means, or from calculation. We shall 
not consider it further here, but will study the behaviour of A for various 
types of scattering objects. 


1) Point imperfections. The theory of the scattering of electrons by 
isolated impurities in metals is given by FRIEDEL, and will not be discussed here. 


2) Dislocations. One thinks of a dislocation as a narrow disturbed core 
surrounded by a widespread strain field. The latter has the main effect in 
scattering electrons. Here the method of deformation potentials is extremely 
valuable. 

We take an element of volume some distance from the axis. In this element 
the strain is nearly homogeneous, and so we can calculate the energy of the 
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electronic state, the function e,, as if this element were part of a large lump 
of the same sort of material. If the strain is 7, we could treat 


ex(n) — ex(0) = n i, 


as the deformation potential acting on an electron of wave vector k, scattering 
it. As 7» varies slowly over the strain field round the dislocation, we could 
use the Born approximation to calculate the cross-section. 

But this argument needs some amplification. The fact that our system 
of ions is immersed in an electron gas means that we must allow for the re- 
action of the « outer» electrons, which can serve to screen out this sort of 
deformation potential, just as they could screen out the charge of an im- 
purity. In a shear strain this is not important, because the extra electron 
density gives the same change in the potential energy of all electrons moving 
in different directions relative to one another. That is, the constant energy 
surfaces in k-space are sheared. As the direction of shear will be different 
in different parts of the strain field of the dislocation, an FR of given 
k vector has different energies, and is scattered. 

In a dilatation, however, we have to take into account the change in 
density of the ions. If there are n ions per unit volume, a dilatation 4 will 
give rise to a charge density (neA). 

Electrons to nearly this number will be drawn in so that the Fermi level 
would rise by the amount 


CUI) 


nA 5a 


= (ac 


But this cannot be allowed, by the Thomas-Fermi principle. Just enough 
charge unbalance will be permitted so that there will be an electric field, with 


charge shitt 


= I LE SE 


= eS 5° = 
Fig. 8. — Dilatation of a crystal: Fig. 9. — 6) after charge 
a) before charge shift. shift. 


electrostatic potential dp, which can be subtracted from all the electron energies 
to bring the Fermi-level back to constant. This potential can scatter electrons, 
and its amount is just de,. If the distance scale of the strain field is large, 
the number of electrons required to move to set up this potential is negligible. 


24 Supplemento al Nuovo Cimento. 
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For free electrons (n/(0n)/0de)) =%e,. Without charge shift the defor- 
mation potential would have been of about the same magnitude, but this is. 
effectively screened out and replaced by this quantity. Thus, one can cal- 
culate the scattering by the dilatation in the dislocation strain field without 
further knowledge than the density of states. 

There is a little difficulty in actually calculating the resistance, because 
one has to average over different directions of dislocations and so on. Thus, 

an array of dislocations with axes parallel would 

not offer any resistance at all. 
ax < The effect of the core of a dislocation is not 
easy to calculate explicitly. However, it is pro- 
bably not serious, because the strain field goes as. 
Fig. 10. — Scattering by 1/r and the integrals calculating the scattering do 

dislocations. not need to be cut off at any inner radius. 
However, STEHLE and SEEGER [9] have empha- 
sized the importance of the anharmonic elastic forces, which expand the core 
of a screw dislocation, and have calculated the extra resistance using a 
phase-shift method. 

The formula for the extra resistivity of the whole dislocation is rather 
complicated, especially for edge dislocations where we have both shear and 
dilatation fields. According to HUNTER and NABARRO [10] reasonable results. 
for the extra-resistivity would be about 


edge screw 


for Cu 6 
Na 23 


bo 


107? e.s.u. per dislocation line 
per sq. cm. 


bo 


I should be prepared to bet that the results for Cu should be increased both 
for edges and screws, because the Fermi surface touches the zone boundary 
and is thus rather susceptible to shear strains. 


3) Grain boundaries would scatter electrons by the same mechanism as. 
they scatter phonons, i.e. through the mismatch of electron velocity when 
the Fermi surface is not spherical and through the presence of microscopically 
disturbed regions where the boundary has condensed into an array of dis- 
locations. The short wavelength of electrons would make the latter a more 
important effect than it is for phonons. 

The most interesting two dimensional defect in this respect is a stacking 


fault (*). 
How should stacking faults scatter electrons? The first estimate is—not 
at all—. Free electrons would not be aware of the change of phase in the 


(*) For a geometrical description reference is made to Prof. FRANK’s lectures. 
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lattice at this boundary. There is no change of density. The general electric 
potential of an electron would be scarcely altered in the boundary layer be- 
cause the number of nearest neighbours has not changed. One can say that 
a region of H.C.P. lattice has been interposed in the F.C.C. structure, but this 
is only a narrow layer and probably not thick enough to develope its cha- 
racteristic electronic structure. 

The next estimate is based on the augmented plane wave method of cal- 
culating electronic band structure. This analyses the potential in a crystal 
into spherical regions surrounding each ion and empty spaces in between. 
Plane waves in the interstices are matched on the spherical boundaries to so- 
lutions of the Schrédinger equation for the ionic potential. Then we take 
some suitable surface at the stacking fault in the empty region and match wave 
functions on both sides of the fault. Now if the A.P.W. consisted of just one 
plane wave (exp[ik-r]) in the interstices, the matching could be made per- 
fect. Thus there would be no reflection—essentially we should still be treating 
free electrons. 

But there will also be some admixture of higher terms A, exp [i(k-+g)-r], 
where g is a reciprocal lattice vector. These waves are tied in phase to the 
lattice and therefore will not match exactly at the boundary. It turns out 
that we get a reflection coefficient proportional to (A,)?. Thus our next esti- 
mate is small (say 10-2) because a simple plane gives good solutions of the 
band calculation in metals, so we do not expect A, to be large. 

However, more recent work shows that it may not be so. The experiments 
of PIPPARD on copper show that the Fermi surface touches the zone boundary 
in the (111) directions. Near these points the wave function must be a nearly 
equal mixture of exp[ik-r] and exp[i(k-+ g):r] coming from an equivalent 
point in the extended zone scheme. Thus A, is of the order } and strong re- 
flections would be observed. Since the stacking faults are normal to the [111] 
directions, the reflections would be very effective in resistance. As the expe- 
rimental evidence seems to favour large reflection coefficients, this is fortunate. 
Note that the large resistance is bought at very little expense in energy in 
setting up the stacking fault. It is only a few electrons at the Fermi surface 
that are affected. Other electrons of longer wavelength pass through the wall 
without seeing it at all. 

Twin boundaries are very similar to stacking faults and would be expected 
to have similar properties. 

Crystal surfaces can be made to scatter electrons if we make very thin films 
or thin wires. The evidence is on the whole, that the surfaces behave as if rather 
rough with very little specular reflection. The problem of calculating in such 
cases as usually simply geometrical with the complexity that the mean free 
path of the electrons for other causes (residual resistance) may be very short 
compared with the thickness of the wire etc. (see SONDHEIMER [11]). 
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4) Disordered structures A solid containing an irregular distribution of 
mass, or of elastic forces, could scatter phonons. In the same way, an irregular 
distribution of electric forces will scatter electrons. We saw that long wave 
phonons could glide over the irregularities of mass, and hence would not be 
scattered so effectively. Electrons on the Fermi surface are all of rather short 
wavelength, so will have more or less constant cross-section. 

But now we have to obtain an irregular distribution of potential. This 
comes most simply in a disordered alloy. We might have a proportion x of 
A atoms, with potential V,, and a proportion (1— «) of B atoms with po- 
tential V,,. Then the average potential seen by each electron will be 


V=aV,+(1—2)V,. 
At an A atom the deviation of the potential from the average is 
Va Ms = (1— (Va =» Vo) 
and at a B atom it is 
V—V,=ax(V,—V,).- 


The scattering probability is the square of the matrix element: for an A atom 
it is proportional to (1— #)?(V, — V,)*?. But the density of A atoms isa. Thus, 
adding effects of A’s and B’s, we get: 


aes x(1 = ax)? ( Ver Ve (i PONTING x)? oC x(1 e Da LEE 


which is a typical formula for the resistivity of a disordered alloy. 

When the alloy becomes ordered this resistance may be lost altogether 
because the electrons are scattered coherently by the regular superlattice of 
A and B atoms, and this only means that the Fermi surface, Brillouin zone, 
energy surface etc., adjust themselves slightly and the alloy behaves as if it 
were a pure perfect crystal. 

Is this sort of adding up of effects of separate atoms, incoherently scattering, 
valid? This is a difficult problem of diffraction theory. The answer seems to 
be that it will be correct so long as the scattering is not too strong. The 
electron mean free path must not be comparable with the lattice spacing or 
the electron wavelength. 

Another form of disordered scattering has recently been studied. This is 
scattering of electrons by the spins of d-electrons in transition metals. The 
conduction electrons may be coupled to the d-electrons by an exchange inter- 
action of the form 


Jò(R, — R,)S, “S, 
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(where the 6 function is put in to avoid deciding exactly the amount of loca- 
lization of interaction). The interest of this scattering is that it will depend 
upon the degree of disorder in the spin system. Thus, high above the Curie 
or Néel temperature in a ferromagnet or antiferromagnet, the spin system is 
disordered, and the scattering is incoherent, and a large resistivity is possible. 
As the temperature falls, we may get alignement of the d-spins, and hence 
the scattering becomes coherent, and ceases to create resistance. Near the 
Curie point itself there may be a certain amount of local ordering, i.e. correlation 
of spins on neighbouring atoms, and this may even in principle enhance the 
scattering if it coincides with the electron wavelength. 

This mechanism seems to explain resistance anomalies in the rare earth 
metals. However, it is not so easy to distinguish it experimentally from 
another effect, the s-d scattering in the transition metals. Here it is supposed 
that a large part of the electrical resistance is due 
to the electrons being scattered from the s-band @ SS 
(where they are good carriers of current, with a large = 
Fermi surface area) into the d-band which has a 
high density of states ready to receive them. In this 
transition, electron spin is not altered. But then, | ZA A 
if the d-band is aligned, so that all the spins point i; 2 
the same way, there will be no room for electrons Fig. 11. — Spin-disorder 
of that spin to be scattered there from the s-band. resistance. 
Thus, roughly speaking, half the electrons will not 
suffer any s-d scattering, and will carry a lot more current. The electrical 
resistivity will then drop, in a manner similar to the figure for spin disor- 
dered scattering, at the Curie point. 

In principle, one could distinguish between these two mechanisms by the 
effect of adding impurities. Their contribution to resistivity above 7, for the 
s-d mechanism will double its low temperature value, whereas spin disordered 
resistance would show no change. 


3. — Electron-phonon interaction. 


We have treated electrons and phonons as if they were independent carriers 
of heat or electricity, and calculated their scattering by other objects in the 
crystal. In fact, they interact strongly with one another, and where both 
are present as in a metal this interaction is the dominant effect. For example, 
at low temperatures the conduction of heat by phonons is almost suppressed 
by the scattering of lattice waves by free electrons, so that the thermal re- 
sistivity of a metal is mainly due to conduction electrons. Conversely, the 
electrical resistivity of a pure metal, except at very low temperatures, is due 
mainly to scattering of electrons by the ordinary thermal lattice waves. 
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The theory of this scattering is complicated in detail, and still not fully 
known. The basic argument is that the displacement of the lattice, by an 
amount y, say, changes the local electron potential by some amount dV, e.g. 


OV == ya UÈ 


where U is a quantity like VV. An electron will then be scattered with a 
matrix element like 


[ve dV y,.dr , 


from the state k to the state k’. But if the displacement y is due to the pre- 
sence of a lattice wave, e.g. if y=b, exp[iq-r] and if y, ete., is of the Bloch 
form, we get a matrix element like 


@ exp [—ik’- r] exp [iq-r] U(r) exp [ik-r]u,(r) uz(r) dr) È 
where the symbols <> mean « calculate the matrix element between phonon 
states ». Now in here the integral repeats itself from cell to cell, except for 
a factor like 


I exp [ik +k-+g)-r]dr. 
which vanishes unless 
k+q=k'. 


Also, the amplitude b, of a harmonic oscillator has zero matrix element unless 
it is measured between two states differing by one quantum. Thus, the number 
of phonons in the system must change by unity. Again, we use time-dependent 
perturbation theory, which insists that the energy of the system is conserved 
in the process. 

These conditions can all be reconciled if we think of our scattering process 
being described in particle terms as the collision of an electron (wave vector k) 
with a phonon (wave vector q) in which the latter is annihilated, and the 
electron scattered into a state k’. In addition to the wave vector conservation 
condition, we have the condition 


&, + hy, = ey 


for the conservation of energy. 


The classical significance of these conditions is interesting. Suppose that 
q is small. Using the first condition we have 


+ My = Cig ~ + IVE LO. iy, = q hv, 
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where v, is the group velocity of an electron in the state k. Dividing by h, 
and remembering that y,/q is the velocity of sound, s, we say that the electron 
is scattered if s =v, così. 

That is, the component of the electron velocity in the direction of motion 
of the wave equals the velocity of sound. An electron in a favourable position 
in the phonon field (in a « trough ») 
moves so as just to keep in phase 
with the wave. Thus, it keeps on 
drawing energy from the wave, and 
is scattered by it. This is the 
« surf-riding resonance ». 

But there are also non-classical 
effects to consider. For example, k 
and k’ are always arbitrary, to the Fig. 
addition of a reciprocal lattice 
vector g. The «momentum conservation condition » would then be perhaps. 


12. — The surf-riding resonance. 


k--qie= ki g. 


We have electron-phonon Umklapp processes. These are very important. 
Think of a half full zone. The maximum value of q would be, say, the diagonal 
of this zone. This would be less than 
the diameter of the Fermi surface, so that 
k' would be unacessible to ordinary N-pro- 
cesses. But we can add on g (for example 
by repeating the whole zone as shown), 
and this can bring k’ to easy reach of 
k, so that scattering is possible. 

This scattering would be very impor- 
tant in electrical resistivity because it 
means an about-turn of the electron ve- 
locity. We still have to work out the cross-section of the scattering. This 
is a complicated and difficult problem, which has not been solved exactly. 

The main results are as follows: 


Fig. 13. — An electron-phonon 
U-process. 


a) The interaction depends on the polarization of the lattice waves. 
Longitudinal phonons give the main scattering. It used to be thought that 
transverse phonons would not scatter electrons at all, but this is probably 
false. The polarization effect usually occurs as a factor (k — k')-r,, where r, 
is the polarization vector of the phonon. For N-processes, where k — k'= q, 
this vanishes for transverse modes. For U-processes, however, this is not so. 

One ean also derive an interaction by considering the effect of shear st ‘ains 
on an electron. We saw that these could give rise to a deformation potential 
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in the scattering by screw dislocation. For the electron-phonon case, one 
only needs the Fermi surface not to be spherical to get N-processes by this 


mechanism. 


b) The dominant factor in the interaction is an energy, often written © 
in the books. This derives mainly from the deformation potential due to the 
charge shift where the lattice is dilated by a longitudinal phonon. We saw 
for the case of dislocation scattering that this might have the value #e,, although 
there is some further correction if the phonon wavelength is short. 


c) The cross-section varies strongly with angle of scatter. For N-processes 
it is more or less constant but it falls to small values at large scattering angles. 
This variation arises from integrals which 
=—--—--- depend on the form of U(r) inside an atomic 
cell. Thus, it is important to know wheth- 
er the ionic potential moves rigidly with 
be the ion, or is deformed and smoothed as 
we go into the interstices of the lattice. 
The differential cross-section is rather sen- 
sitive to this and none of the formulae 
are exact. The smooth function given by 
BARDEEN [12] is probably the best bet, 
Fig. 14. — The electron-phonon but there is no rigorous proof that some 
scattering formula. function looking more like the original 
BLocH [13] formula, constant for N-pro- 

cesses and zero for U-processes, may not be more correct. 
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Transport properties. It is still a major calculation to derive formulae for 
the electrical and thermal conductivity. The usual method is to study the 
Boltzmann transport equation for the electrons, subject to collision with 
phonons. A good deal of work has gone into this and formally exact solutions 
can be developed (see, e.g. WILSON [14]). The general picture is as follows. 
For electrical conduction we only have to calculate a scattering relaxation 
time or mean free path, according to the formula 


: 2 feu — cos 6) dQ. 


At high temperature, all the phonon modes are excited, so that Q(0) will, 
for all 6, be proportional to the « density of lattice waves », i.e. by simple sta- 
tistical mechanics, to kT. The integral over angle 9 comes out as a constant. 
It is obvious that this nearly weights scattering through large angles. Thus, 
even though the scattering cross-section is small for U-processes, their net 
effect on the electrical resistance, is actually larger than for N-processes. 
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proce" 


in this range. 

At low temperatures many of the phonon modes are frozen into the ground 
state. Only those with small values of q are available to scatter electrons. 
Crudely speaking, only the «dominant phonons » those with hy, = kT need 
be considered. In each of these modes with q=g, say, there will be a den- 
sity of phonons proportional to 7. But only a fraction of these, the ones cor- 
rectly oriented to scatter the electron k and satisfying the conservation rules. 
will be used. This fraction will depend on 7° which is proportional to 7”. 

Again, for small angles of scatter, (1 — cos 0) ~ 30° which is also propor- 
tional to ¢. Thus 


il 
UE 
T 


The resistivity should thus be proportional to T’. One can see that the 
resistivities here must depend strongly on the Debye temperature (as (7/0)). 
If only longitudinal phonons scatter electrons this should be the value of © 
for transverse modes. The experimental results suggest that there is some 
admixture from the transverse modes, lowering the observed value of 0. For 
N-processes, since only small scattering angles occur, the form factor of the 
scattering cross-section will not be important. The resistance will then depend 
on the limiting value at 0=0. From their geometry, there is a lower limit 
Gm to the value of q which may occur in U-processes. This is the shortest 
distance between the Fermi surface and its image in the repeated zone (see 
Fig. 13). 

In principle, the resistance due to the U-processes should be frozen out at 
some low temperature, with perhaps an exponential factor exp [— (hy, /kT)]. 
In practice this is not observed. q,, happens to be a direction of low velocity 
transverse phonons (BROOKS, private communication), so that hy, is a rather 
small fraction of 40. Also the exponential factor is blurred by the variation 
of cross-section with angle and other geometrical rules. The effect is masked 
from observation by the residual resistance due to impurities at very low 
temperatures. A formula of the type 


O17 


*(n)=(6) feno 


0 


describes the resistivity quite accurately, but this is only an empirical fit and 


not an exact consequence of the theory. 
Thermal conduction shows a different behaviour. At high temperatures, it 
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is true, we can use the Wiedemann-Franz law, asserting the constancy of the 
ratio K/oT. This makes A come independent of 7. 
We can see this in another way by using the kinetic formula 


K=10,.vA, 


and taking for C the electronic specific heat, proportional to 7, but using the 
m.f.p. A, proportional to 1/7 for scattering by phonons. 

At low temperatures this simple relation no longer holds. This is because 
the electrons can lose energy in scattering by phonons. Remember that a 
thermal conductivity is measured under conditions where there is no net 
electric current. Thus, we must have an excess of « hot » electrons travelling 
one way and an equal number of « cold » electrons travelling the other. To 
reduce the heat current one does not need to turn a hot electron round in the 
inverse direction, it has only to lose its heat, whilst still travelling in the 
same direction. But the excess of heat is about k7, and this can be lost by 
just one collision with a typical phonon. Thus in the scattering cross-section 
the factor (1 — cos 0) is dropped. The effective relaxation time is just «7-%. 
Combining this with the specific heat (oc 7) we get 


Mie IL-3, 


The thermal conductivity rises much less steeply than the electrical con- 
ductivity. The exact form depends on the form of the scattering cross-section, 
on the geometry of the zone, etc. An important point is that U-processes 
contribute in a rather different way from N-processes. In the original Bloch 
formula it appears that there should be a minimum in the thermal conductivity. 
This is not observed. When we allow in the theory for the variation of cross- 
section, and also for the properties of U-processes, this minimum almost va- 
nishes (ZIMAN [15]). This is, at present, the best evidence we have that U-pro- 
cesses really are important in electronic conduction. Notice that in principle 
the Wiedemann-Franz law breaks down 
entirely at low temperatures although in 
practice it is restored by the impurity 
scattering for which it is always obeyed. 


Li 
Ls Impurity 
scattering 
Lattice 
\ scattering 
N= —S Bloch formula 
e 1 
Fig. 15. — Thermal conduct- Fig. 16. — Wiedemann-Franz 


ivity of a monovalent metal. ratio (Lorenz number). 
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Thermoelectric effect. This really requires a lecture to itself. The only 
point to be made here is that if there is a thermal gradient there will be a 
current of phonons through the solid, as well as any electronic currents carrying 
heat. The phonon current can, so to speak, sweep electrons with it, and hence 
enhances the Seebeck potential required to restrain the electrons. At low 
temperatures this can greatly increase the thermoelectric power in alkali metals 
and, as mentioned by Professor FAN, in semiconductors. 

It is very important not to assume crudely that the phonon distribution 
is in equilibrium when calculating the scattering of electron in such a case. 
It is not certain whether there is observable an inverse effect whereby the 
phonons are dragged by the electrons in electrical conduction, and hence fail 
to scatter quite so efficiently. 


Lattice conduction. The electrons scatter phonons. Roughly speaking, the 
probability of scattering is just proportional to the number of electrons that 
are available for scattering; that is the number in the thermal layer on the 
Fermi surface. This is proportional to 7, so that the phonon m.f.p. is oc 1/7, 
and the lattice component of thermal conductivity is then proportional to 7? 
at low temperatures. This can be observed by adding impurities to the metal 
until the electron m.f.p. is so small that the electronic heat conduction does 
not outweight the lattice conduction. 

There is an important additional effect. Suppose we add so many impu- 
rities that 1, is much less than the wavelength of a typical phonon, i.e. gA, < 1. 
The model of independent excitations interacting with a certain matrix element 


( [xt {ba u(r) exp [iq . r]}wx dr) ; 


must then be false, since the wave functions y, ete., do not cohere over even 
one wave length of the lattice wave. Quantum mechanically, we scarcely know 
what to do. 

But now a macroscopic kinetic description is possible. Squeezing or di- 
storting the lattice upsets the electron gas, which then buzzes around, is 
scattered by impurities etc., until it is brought into equilibrium. 

The electron distribution will always lag a bit behind the lattice distortion, 
so that energy will be fed into it and degraded into heat. That is, the lattice 
wave is absorbed. If it is an ultrasonic wave, this absorption can be directly 
measured. 

The interesting thing is to try to come back from this description towards 
shorter phonon wavelengths. This has been done in an ingenious paper by 
PrppArp [16]. Using the same kinetic arguments, he has derived a formula 
for the m.f.p. of a phonon in a metal, which gives exactly the quantum mechan- 
ical answer in the limit gd, >>1. It turns out that this formula is a function 
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chiefly of gA,. When gA4,> 1 the quantum formula holds. When gA4,<1 
the macroscopic formula is correct. 

The calculation of the resistance to lattice conduction because of the scat- 
tering of phonons by electrons must be adjusted for this phenomenon. The 
correction is possibly observable. 

This seems to answer an old difficult question; when can we use pertur- 
bation theory and the adiabatic approximation? According to PEIERLS [2] 
these might break down unless »,t = 1, i.e. when an electron state does not 
live as long as one period of the lattice. A much less stringent criterion was 
proposed by LANDAU, which amounts in effect to kA, > 1 and this is nearly 
always satisfied. Now we have seen an actual calculation where a change 
of formula occurs when q/4,— 1. As suggested, this is the proper criterion 
for the adiabatic approximation. The point is that an electron does not 
stand still. It actually moves through the lattice with high velocity. Thus, 
it can adapt itself adiabatically to conditions in the wave, as it moves, and 
does not have to wait for the wave to pass it by. 

Except for those few electrons which can «surf-ride », all different phases 
of the lattice wave, will be sampled many times in a m.p.f. and local conditions 
adjusted accordingly. The insistence that an electron should travel far enough 
ro see at least a whole wave is thus much more plausible than that it must 
last long enough for a whole wave to pass it by. 
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I would like to describe some recent work on the theory of superconductivity 
which Dr. J. BARDEEN, Dr. L. N. CooPER and I have carried on at the Uni- 
versity of Illinois [1]. 

The main facts which a theory of superconductivity must explain are: 


1) a second order phase transition at the critical temperature 7,; 


2) an electronic specific heat varying as exp[— T,/T] near T=0 °K 
and other evidence for an energy gap for individual particle-like 
excitations; 


3) the dependence of 7, and H,, the critical magnetic field for destroying 
superconductivity, on isotopic mass: H,~ T,~ 1/VM 3 


4) the Meissner-Ochsenfeld effect (B= 0) and effects associated with in- 
finite conductivity (E= 0). 


There are several laws of similarity which most superconductors obey, 
e.g. yT°|Hî= const., where y7' is the electronic specific heat in the normal 
state and H, is the critical field at T=0 °K. Such laws indicate that a uni- 
versal theory should give an accurate description of these materials and only 
the gross features of the vibrational and electronic structure are of impor- 
tance in accounting for the above facts. 

The Sommerfeld-Bloch individual particle model, in which each electron 
is assumed to move independently in a self consistent field due to the other 
electrons and the ions gives a fairly good description of the normal state but 
fails to account for superconductivity. There is a large energy associated with 
correlation effects, however most of this energy occurs in both the normal 
and superconducting phases and cancels in the energy difference. 
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A major problem in constructing a satisfactory theory has been to isolate 
that part of the interaction which is responsible for the transition. The dis- 
covery of the isotope effect indicates, as had been independently suggested 
by FROHLICH [2], that the phonon electron interactions are primarily responsible 
for superconductivity. Early theories of Frohlich [2] and Bardeen [3] based 
on the self energy of the electrons in the phonon field give the isotope effect 
correctly but do not yield a phase with superconducting properties and further- 
more, the calculated condensation energy is far too large. 

The superconducting phase presumably comes about by a resolution of the near 
degeneracy associated with small electronic excitations from the Fermi surface. 
This resolution is induced by some portion of the phonon-electron interaction 
and the screened Coulomb repulsion. The states which are pushed down by 
the interaction are qualitatively different from those observed in the normal 
phase in that a large number of electrons act coherently to give rise to the 
remarkable properties associated with the superconducting phase. It is this 
coherency which forms an energy gap for single particle-like excitations from 
the ground state. Such coherent states can not be treated by perturbation 
theory starting from the Bloch scheme and thus it is necessary to isolate that 
portion of the Hamiltonian which resolves the near degeneracy and treat this 
«reduced » Hamiltonian in an exact manner. The rest of the Hamiltonian 
will contribute essentially the same energy to both the «coherent » and the 
«normal » states and thus will not contribute to the condensation energy, nor, 
as it turns out, to other properties of interest in the superconducting phase. 

Our theory is based on a collective ion-electron treatment given by BARDEEN 
and PINES [4], in which a true interaction between electrons due to virtual 
exchange of phonons, H,, is derived in addition to the usual screened Coulomb 
repulsion, H,,,,,. In their treatment, the diagonal terms of H, renormalize 
the single electron energies while the other terms in the Hamiltonian renor- 
malize the phonon energies and describe the plasma modes. The interaction 
H,, which we will call the phonon interaction, has matrix elements of the form 


2|M,|?how 


I kat . 
@) (Fay Fi (ex — Ex)? — (ho)? 


ANTIMEST ak. 
where M, is the matrix element for phonon-electron interaction calculated 
for zero-point amplitude of lattice vibrations, Am is the average phonon energy 
~kO, and e, is the Block energy measured relative to the Fermi energy. 
For |ex— & |< ho, H, gives an attractive interaction and it is this attraction 
which we believe to give rise to the condensed or superconducting phase (*). 


(*) Note added in proof. — A new expression for the phonon interaction, which is 
free from singularities, has been derived by a variational method on the Hamiltonian 
including phonon variables. The interaction gives support to cutting off H, for |e | > 
and is in agreement with the work of N. N. BoGoLJuBOv (to be published). 
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In our theory, only those terms in the Hamiltonian are kept which we 
believe to be responsible for the transition. The single particle energies and 
phonon frequencies are assumed to be temperature independent as are effects 
coming from transitions outside the region |e, 


<hw. While these assumptions 
have not been completely justified at the present time, the success of the theory 
indicates they are valid, although such effects could be included in the pre- 
sent formalism. The ground state is given by a superposition of many occu- 
pation number configurations (Slater determinants) which have the property 
that single electron states of opposite momentum and spin are occupied in 
pairs. It is this pairing that ensures that matrix elements of the interaction 
are of a fixed sign for those transitions of importance in the ground state, 
|ex— | KT.«<ho and allows for coherent mixing of configurations. 
The theory gives a criterion for superconductivity to exist which may be 


expressed as 
; 2|M,{ 
(2) sr J = (— a ni = Ho) x 0 9 


av. 


where the average is taken over transitions of importance mentioned above. 
PINES [5] has been able to essentially reproduce Matthias’ rules from (2) using 
a simple model with Thomas-Fermi screening. Physically, the superconducting 
phase will occur whenever the attractive phonon interaction dominates the 
screened Coulomb repulsion for those transitions for which |e,— e, |<ho. 
In order to motivate our choice for the ground state function we observe 
that if a Hamiltonian has off-diagonal elements of predominantly negative 
sign, then a low energy state can be formed by a linear combination of the 
basis functions with expansion coefficients of predominantly one sign. In the 
actual problem, however, matrix elements of the interaction Hamiltonian 
generally alternate in sign due to the Fermi-Dirac statistics and a low coherent 
state is most readily formed by restricting the set of configurations to those 
giving matrix elements of one sign. Such a set is formed by those configu- 
rations in which states are occupied in pairs, that is if a state labeled by wave 
vector k, and spin o, is occupied, so is its mate k,, o,. For the ground state 
the best choice is (Xi, — #y) since this pairing gives the maximum amount 
of phase space for transitions and the antiparallel spin state gives a larger 
interaction energy than the parallel spin state due to absence of exchange. 
A state with net current flow can be constructed from pairs (ki, — kK+94). 
We start then by considering a problem in which states are occupied in 
pairs (ki, — kj). It is convenient to work in a second quantized formalism 
with creation and annihilation operators for electrons which are based on the 
renormalized Bloch states and satisfy the usual Fermi anticommutation relations : 


(3) [Cra Cpa ]+ FE OO go! ’ 


(4) [Gor Cpol+ = 0. 
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We define creation and annihilation operators for electron pairs as 
B * * 4 
(5) Da Cx4l_xf3 by = Cx | Cit 9 


with the wave vector of the spin up member labeling the pair. 
The «reduced » Hamiltonian which is essentially responsible for the super- 
‘conducting state is 


(6) H,ea = > EM + >; lean x Vig by ) 


(k>kp, 0) (k< ky, 0) (kk') 


where the first two terms give the Bloch energy of the electrons and holes and 
the interaction is defined by 


(1) — Vig = (— Bh, BF | He +H oun |— BY, bt) + (4, — 4 | He + Hoeou| kt, — ky). 


We use a variational approach to determine the ground state energy of H,.; 
with the trial function chosen to be 


(8) VY, = T] (Vi—h, + Vhi,bE)®, , 


where ©, is the vacuum, b* creates a pair in state % and h, is the distribution 
function for these « virtual » pairs. The function ¥, does not describe a system 
of fixed number of particles, however the fluctuations are extremely small 
and lead to no difficulty. It is easily seen that the probability for a configu- 
ration having pair states k,,...,k, occupied and %,,...,k, empty in % is 
simply [I] [] (1 —,.) which resembles the intermediate coupling approx- 
k k' 

imation. 

The ground state energy relative to the energy of the renormalized Fermi 
sea is given by combining (8) and (6) and using the commulation relations (3) 
and (4). 


(9) Wy = (Yo, reat’) = 2 > exh, + 2 > |ex| (1 — hy) — 


k>hp k<hp 


= > Ver Vie he ee 


k,k’ 


The first two terms give the Bloch energy of the electrons and holes with 
the factor of two accounting for two electrons in the pair. It is instructive 
to derive the last term from a probabilistic interpretation of Y%. 
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Fig. 1 shows a typical transition in which a 
pair in k goes to k’. This transition is possible 
only if k is occupied and k’ unoccupied in the initial 
state and the reverse is true for the final state, 
all other pairs remaining fixed. The probability 
for this to be true is [h,(1 — hz) h,(1 — h,.)]. Since 
it is probability amplitudes rather than probabilities 
which enter in matrix elements, the interaction 
energy is given by summing the matrix element 
weighted by the square root of this factor over all 
possible transitions. 

The distribution function for virtual pairs is determined by minimizing 
W, with respect to A, and one finds 


ee VN halen) 


Sa ASS 6 2e, 


(10) 


The integral equation is easily solved if V,,. is replaced by a constant aver- 
age matrix element V for those transitions with |¢,| and |e,.|<#© and by zero 
outside this region. The average is primarily one over directions in k-space since 
V,, is relatively insensitive to energy in the region of importance. If the 
average matrix element approximation is used, we find: 


fi al | 

IE | ee Ex|<ho 
(11) hy = 2 fi RA 

| 0 |e,|> ho , 
where 
(12) E, = sn VISIERE 
and 

vs vii zh) ie 

(13) Ey = 22 x1 — Mie) = sinh [1/N(0)V]’ 


N(0) being the density of renormalized Bloch states of one spin at the Fermi 
surface. As we shall see the energy gap for single particle excitations is 2é, 
and H, is the energy for electrons in what corresponds to the « normal » com- 
ponent of the two fluid model. If we combine (8), (11), (12) and (13), we find 
the condensation energy is given by 


— 2N(0) (hw)? EH? 


(15) de nori | Br’ 
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which agrees with the isotopic effect since N(0) and V are independent of 
isotopic mass and H? ~ (fw)? ~1/M,,,. The criterion (2) follows because the 
condensed state does not exist for V >0. Empirically, W ~— 2N(0)(kT.)? 
and therefore 


kT.)? 1 i 
i exp [2/N(0)V]—1’ 


(15) 


however kT.<how in general and thus N(0)V <1, or the weak coupling case 
holds. Therefore, 7, is much smaller than the Debye temperature because 
of the cancellation of the phonon and Coulomb interactions between the 
electrons. It should be noted that W, could not have been obtained from a 
perturbation expansion. 

The effects of neglected terms in the Hamiltonian, such as interactions 
which lead away from (ki, —k{) configurations, have been estimated and 
it appears that their contribution to W, is quite small. 


Excited states. 


The simplest excited state is formed by breaking up a pair in state k’, the 
spin up member going to k’t. By making an argument identical to that used 
in calculating the interaction energy for W,, we see that the number of transi- 
tions is reduced by about 2N(0)g, since transitions can be made to neither 
k' nor k" by pairs in other states. Since each transition contributes an energy 
~V, we find the energy required to form a single particle-like excitation is 
> 28N(0)V= 2a, which we shall see is of the order of 3.5k7,. It is the high 
coherency of the ground state wave function which results in the condensation 
energy being proportional to the square of the number of virtual pairs and 
gives the energy gap. Detailed calculation gives the excitation energy as 
E, + Ex for this excitation. 

The complete set of excited states is given by specifying those pair states. 
which are occupied by single particles (either kt or —%y occupied, but not 
both) and those occupied by real pairs. By a real pair function we mean a 
function which is orthogonal to the virtual pair function for that state. Real 
pairs are represented by the operator 


(16) ei a) 
as opposed to the virtual pair operator 


(17) (VI— RL + Vi bt). 
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A typical excited state can be represented by 


(18) ey ee iva) TT e852, 


kJ) k'(P) k",8) 


where (4°) means either k”} or —k"|, is included in the product and S and P 
specify the states occupied by singles and reals with the rest of the states in 
the region |ex|<#©,J being occupied by virtuals. To determine the distri- 
bution of the excited particles at any temperature, the free energy is mini- 
mized with respect to the distribution as well as to h,. After some calculation 
one finds that the distribution of single particles S, and real pairs P, is 
given by 


(19) Sy = 2f(1 — fr), 
(20) STAR 

where 

(21) o > 


~ exp[Ex/kT] +1" 
The energy gap is determined by 


hw 


(22) sso pae ok (e) 
N(0)V Ver + e? 2kT 
0 


and is plotted as a function of temperature in Fig. 2. From the form of (19), 
(20) and (21), it follows that the single particles and real pairs together describe 


a= il 
0 0.4 0. 


Fig. 2. Fig. 3. 


E 
6 0.8 1.0 


a set of non-interacting fermions with the dispersion law (12). These excited 
electrons (and the corresponding holes below the Fermi surface) are to be 
identified with the normal component of the two-fluid model. The modified 
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energy spectrum is shown in 
Fig. 3 where an energy gap 
of width 2£, appears centered 
about the Fermi surface. 
At the transition tempera- 
ture the gap vanishes and 
from (22) we have 


il 
1 9/100) EXP DITA 
(23008 
20 
2:31) 
kT, 35.0 


which is in agreement with 
the isotope effect. 


Above the transition temperature, our theory goes over to the usual single 
particle Bloch scheme for the normal state. Thus our treatment is an extention 
of the Bloch scheme to the superconducting phase since the single particles 
are treated in the single particle approximation at all temperatures. 

The critical field curve predicted by our theory is shown in Fig. 4 and 
shows the observed deviation from the two-fluid model (I —?#) law. The 


electronic specific heat at low 
temperatures is of the form 


Cos 


(24) yT, 


= 8.5 exp 


and the theory explicitly gives 
a second order phase transition 
with a jump in specific heat 
given by 


both of which are in reasonable 
agreement with experiment. 


0.6 


0.4 


2 E} 
A=(0) da ET) han E9(7) 
Aso(T)] | €,(0) 2kT 


tet] 
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The non-local relation between the current density and the electromag- 
netic vector potential is essentially of the form suggested by PiPPARD [6] on 
empirical grounds and the penetration depth is plotted as a function of tem- 


perature in Fig. 5. 
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Boundary effects and several transport properties are still be to treated 


at present and it would be desirable to have an improved general formulation 
of the theory (*). 


(*) A set of variables which is convenient for generating the excited states described 


above has been introduced by J. VALITIN (to be published) and N. N. BocoLJuUBOVv 
(to be published). It has been possible to obtain an improved general formulation 
of the theory, including the variation of the free energy, the energy gap, etc. with 
temperature, in terms of these variables. Details of this work will be published elsewhere. 
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1. — Introduction. 


The main aim of these lectures is to introduce most of the main concepts of 
dislocation theory, picking on particular examples to illustrate them, with no 
attempt at completeness. 

Before direct observations could be made on dislocations there were four 
main classes of experimental evidence pointing to the existence of a class of 
crystal imperfections, which we now analyse in terms of the dislocation concept. 
The earliest body of evidence was that from X-ray diffraction: within a year 
or two of the discovery of this phenomenon by LAUE, FRIEDRICH and KNIPPING 
in 1912, it became evident that the diffraction intensities from most real 
crystals were very different from those one would calculate on the assumption 
of ideal crystal structures. A rather ill-defined concept of « mosaic structure » 
was employed for a generation to account in general terms for these discrepancies. 
It is only within the last few years that we have achieved a well-defined picture, 
for some cases, of what this mosaic structure really is: we are able to describe 
it now in some detail, in terms of dislocations. The next body of evidence 
was concerned with the mechanical properties of solids, which, to put it briefly, 
are a thousand times weaker than ideal crystals. The fact became increasingly 
evident as people acquired confidence in the Born type of model for the ideal 
crystal, which accounts very well for the elastic or thermal properties, but 
indicates plastic strengths vastly in excess of those of technical materials. 
It was to explain these discrepancies that TAYLOR and OROWAN independently 
put forward the concept of crystal dislocations in 1934. Related ideas had 
been employed by PRANDTL, DEHLINGER, POLANYI, and SMEKAL at earlier 
dates, but the modern development starts very clearly from these two papers 
in 1934. It was followed by 15 years or so of theoretical development, with 
no direct experimental observation of dislocations, leading to a cleavage between 
metal physicists who employed the dislocation concept and many metallurgists, 
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who regarded it as a complex fiction introduced to rescue an unsuccessful 
theory. A third body of evidence was latent in the literature—a very large 
discrepancy between observed rates of crystal growth and rates calculated on 
the assumption that crystals were ideal. The very large quantitative discre- 
pancy was obscured by a qualitative similarity between observed and cal- 
culated laws of dependence of growth rate on supersaturation. Once recognized 
it became another experimental fact attributable to the presence of dislocations 
in real crystals and very soon led to the clearest visual evidence that they were 
present. By this time, the study of point defects had also given compelling 
evidence that the crystal surface was not the only place at which the number 
of crystal lattice sites could alter—for example, the rate of formation of F- 
centres in alkali halides under irradiation was too great to suppose that va- 
cancies could only form at the surface. This field, the interrelationship of 
dislocations with point defects, is of course the field in closest relationship 
with other contributions to this Summer School; it is also the field which has 
provided in very recent years the most detailed observational evidence that 
we have about the actual arrangements of dislocations in real crystals. 

Dislocation theory falls into parts of various status. There are some con- 
clusions which are exact, because they are purely geometrical or topological. 
There are some parts which though approximate are nevertheless very reliable 
(for example, the conclusion that dislocations should be absent from a crystal 
in thermodynamic equilibrium — thermodynamic properties of dislocations 
have only been roughly estimated, but nevertheless the error could not be 
large enough to reverse the conclusion). And then, naturally, many of the 
questions of current interest are those for which one cannot be sure of the 
reliability of approximations made, and must draw on all the resources of 
theory, observation, and guesswork in the attempt to make further progress. 
Above all, as I see it, the theory of the work hardening of metals, the subject 
in which the intensive study of crystal dislocations began, remains very de- 
finitely in this uncertain stage. 

The most familiar picture of a dislocation is Taylor’s 
picture of the edge dislocation (Fig. 1). This picture has to 
be completed three-dimensionally, the dislocation line being 
perpendicular to the plane of the drawing, at the edge of 
Fig. 1. — Edge the incomplete lattice plane. Though easiest 

Gilocation: to draw, the edge dislocation is not the 

simplest one, which is rather the screw 

dislocation, the significance of which was first pointed out 

by BuRrGERS in 1939. To describe the state of strain at 

a screw dislocation, we picture (Fig. 2) a hollow cylinder, 

cut along a radial surface, at which the two cut faces are pig, 2. — Screw 
given an axial relative displacement of amount b. Then dislocation. 
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every element of a cylindrical shell of thickness dr at radius r in this 
cylinder has a shear strain 


The cylindrical surfaces of such a shell are free from stress, so that each shell 
is in equilibrium within itself, provided the stresses are matched by suitable 
stresses at the end surfaces: we assume for the moment that these are present. 
The shear involves an energy density 


tuy® = 3ub*/4n2r?, 


where yw is the shear modulus. Hence the elastic energy per unit length in a 
cylinder of internal radius 7, and external radius È is 


R 
1 be OR 
E =- fara) 2ar dr = A UE 


To 


In application to crystals, we take b to be an interatomic spacing and the 
inner radius 7, to be a distance of the same order. This condition is not per- 
fectly in equilibrium, without applied tractions at the ends. These have the 
magnitude 


T = by = pb/2mr, 
producing a torque which is found by integration to be 
$ub(R? — r°) ~dudbR? . 


If these tractions are absent, there will be additional displacements produced 
by negative tractions of the same magnitude. Except within a few diameters 
of the ends these displacements are to be described as a simple torsion pro- 
duced by the given torque. This amounts to 


This torsion is not of much importance when R is large, but in the case of 
a thin metal « whisker» which may have a screw dislocation along its axis 
it becomes a large, easily observed quantity (e.g., about 40° per em if 
b= 2.5-10-* em and R=10-*cm). It has been shown by EsHELBY that 
(rather surprisingly) the screw dislocation will be stable in this position. This 
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torsion has been looked for in the Bell Laboratories by X-ray diffraction, but 
thus far only in tin whiskers for which the mode of formation would not lead 
me to expect an axial screw dislocation to be present. 


2. — One-dimensional models. 


The first purpose of introducing the idea of crystal dislocations was to 
explain plastic deformation. Simple consideration of Fig. 1 indicates that 
the dislocation ought to be relatively easily displaced through the crystal, 
producing a plastic deformation. The model of continuum elasticity with 
which we have discussed the screw dislocation is of little value, directly, for 
discussing dislocation mobility. 

We study now some one-dimensional models having properties related to 
those of dislocations. 

1) A heavy rope lying on corrugated iron. 
2) A sinusoidal surface on which a series of weights is put, the weights 
being connected by springs (a model considered by FRENKEL and KONTOROVA). 

If « is either the tension in the rope or the modulus of the springs then we 
have for the displacement « from an equilibrium 


position (the substrate period in « being 2z) the 
following equations er 


> 
d2u È , Li 
ao: pine Psinw (x, co-ordinate along the rope), PA 
(2) &(Umiy — Um) — (Wm — Um—1) = PB Sin u ; 
His. 3. 


the second difference may be approximated by 
d2u/da?, in which case both equations are identical. These equations are of 
the form 


ai sinw. y= Bla. 


The general solution is expressed by elliptic integrals (representing sequences 
of «dislocations ») but we may be content with the solution representing a 
single dislocation: 


tg 7 = exp[— ya]. 


The effective length of the dislocation may be defined as 
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If we use this model to represent a monolayer of atoms on a crystal surface 
(Fig. 5), and choose the constants of the equations to agree with interatomic 
forces of the form — ar-? + br-13, we find that J, is about 7 interatomic 


Fig. 4. Fig. 5. 
spacings. Hither version of our model, corresponding to Fig. 4 or 5 (or alter- 


native equivalent models) readily exhibit the mobility of dislocations. To 
include the possibility of moving, the foregoing equation is to be replaced by 


02 024 bie 
x — Bsinu 
da © OF ; 
which becomes 
0% 1 02% si 
a 2 SII 
Ox? e? OF? . 


with c= («/o) the velocity of sound in the rope, or chain of springs and 
masses, in the absence of the periodic substrate. For the case of steady motion 
we may solve this equation by introducing a new variable 


Da x — vt 
DI i = = SZ 
VI1 — v?/e? 


‘This reduces the equation to the same form as we had for the static case, the 


effective length being reduced by a « Lorentz contraction » factor V1 — ee 
with /=v/e. One can also calculate the energy 


pain,! 1a! Se | eae (6-2). 

ZAR (VI BV RAV pe (MA ee ¢ 
consisting of three parts, the first two being the potential energy of the weights 
or the rope brought out of their equilibrium position at the bottom of groove 
or well and the work done against tension in rope or springs, and the third 
part the proper kinetic energy. We have a contracted strain field and an 
increased energy when the dislocation moves. 

It can be shown that the same formulae apply for three-dimensional dis- 
locations—accurately for screw dislocations, in an isotropic medium, and 
qualitatively in general, when we have the complication that more than one 
speed of sound is involved. As the dislocation approaches the speed of sound 
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its energy approaches infinity. It is believed that in ordinary slip processes 
dislocations do not move faster than ¢/10, but they may move considerably 
faster in some processes of twinning or martensitic transformation, so that a 
fully developed theory of these processes may need to take this «relativistic » 
increase of energy into account. For low velocity processes we may usefully 
derive the result that the effective mass of a dislocation line is equal to its 
rest energy divided by c?. 


3. — Peierls-Nabarro model. 


In the first lecture, we used the linear theory of elasticity to describe the 
state of strain of a hollow cylinder. The shear strain y= b/2zr will amount 
to afew % if the radial distance r is about two or three times b. Crystals will 
take linearly strains of the order of 2 or 3%. To take non-linearity into account, 
one can adopt the model proposed by PEteRLS and further developed by 
NABARRO, LEIBFRIED and DIETZE, ESHELBY, and VAN DER MERWE. We cut 
the crystal into two pieces, in which we assume 
linear elasticity theory to be valid, and assume a 
special type of connection between the two surfaces. 
If uw, and uw, are the displacements of corresponding 


points on the two surfaces, the tangential forces are Be 
of the form A sin (u,— ;), the constant A being 


chosen so that the maximum slope of the graph of Fig. 6. — The Peierls- 
the restoring force corresponds to the rigidity modulus Nabarro model. 
of the material acting in the gap of width a. 

LEIBFRIED showed that if the gap a between the two surfaces is equal to 
the distance b between atoms along the slip direction, the strain-stress systems 
are identical with the strain-stress systems given by the continuous model. 
The same type of model may be used both for edge dislocations and for screw 
dislocations, differing only in the direction of the displacements relative to 
the dislocation line. The energy per unit length of the dislocation is 


Pi 


eee b? Kr 
LO NEST ae rat 

where x is the rigidity modulus, K =1 for screw dislocations and K=1—» 
for edge dislocations (vy, Poisson’s ratio). Thus A is between 1 and 4, or 
between 1 and 0.7 for most materials. 

An important question for the mobility of dislocations is how much the 
energy fluctuates as the dislocation moves. During its motion, an edge dis- 
location passes from the symmetrical configuration 1 to the different sym- 
metrical configuration 2. The Peierls model gives the result that the energy 


392 F. C. FRANK 


in the first configuration and the energy in the second configuration are iden- 
tical, and that as the dislocation moves the energy fluctuation has a maximum 
between the two symmetrical configurations. This is a consequence of the 
simple sinusoidal form assumed for the non-linear 
interaction. HUNTINGTON has discussed this point, and 
proposed some refinements. Personally, I have no 
great faith in any quantitative calculation of the Peierls 
5 stress, the stress needed to make the dislocation move, 
Fig. 7.- Two symmet- : ì : 
rical positions of an but consider that the value of the COME EE is to 
edge dislocation. exhibit in principle the great reduction in yield stress 
due to the presence of dislocation. According to the 
simple theory the amplitude of the energy fluctuation is 


b? 270 
ira AA ened” 
and the corresponding critical shear stress is 
9» 9 
rg 
dr al 


For some crystallographic planes in the f.c.c. lattice one has (taking a to be 
the interplanar spacing) 


Plane a/b Gaz (639) 

(111) vV2/3 or v2 (+) 3-10-* um or 10-5 um 
(100) 122 6-10-* um 

(110) 1/2 3-10-2 um 


These are not unreasonable figures. 

For well annealed single crystals of f.c.c. metals, there is some degree of 
plastic yield at o — 10-5 um. The slip is on the (111) plane. At higher stresses, 
slip occurs also in the cube planes. Without dislocations critical stresses of 
the order 10-* um would be expected. 


4. — Edge dislocation in a cylinder. 


We assume that the displacements are in a plane. We may then make 
use of Airy functions. Any function (x, y) satisfying the equations VASO 
represents a state of equilibrium in plane strain, for isotropic elasticity, ac- 


(*) J. FRIEDEL reports, in his book Les dislocations, values which are a thousand 
times lower than those reported here. 


(+) The value 4/2 refers to the splitting of dislocations, to be defined later. 
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cording to the prescription: 


With the assumption y= R(r):0(0), and adopting as a trial solution O(6) = 
= sin 0, one has 


where A, r, and R are constants chosen to give zero stresses on these inner 
and outer cylindrical surfaces. The essential term describing the dislocation 
is the logarithmic term. As a result, one has a compression in the half crystal 
which contains the extra half plane of the dislocation and a dilatation in the 
other half crystal, the two half crystals being separated by the slip plane of 
the dislocation. Calculations made with anisotropic elasticity have not so 
far shown that any practically important conclusion is qualitatively altered. 
There is probably not much point in introducing 
this complication without at the same time taking 
account of the discreteness of the crystal and the 
details of structure at the core of the dislocation. 

Consideration of the stresses at the ends 
shows that an edge dislocation along the axis 
should not produce any bending of the cylinder, 
analogous to the torsion which occurs with screw Fig. 8. 


dislocations. 
The resulting stress field (omitting the surface terms) is most simply de- 


seribed in polar co-ordinates: 


— pb sin 0 

O,r = 9099 = Qn(1 =F) xe 
die Aine C08 È 
Oe (Ue an) rules 
tin, sheng, 
loi Bich bay Sao 


fior 2r(1 — 7) r 


However, the most important stress is the shear stress, o,,, on planes par- 
allel to the glide plane, 9=0. This is expressed by 


ub cos 0 cos 20 


da On(1 — 9) r 


? 


394 F. C. FRANK 


illustrated in Fig. 8. Of especial importance is the existence of planes of zero 
stress at 45°, 90°, etc., with sectors of reversed stress, leading to a position 
of metastable equilibrium for a second similar dislocation in the direction 


Ot} 2. 
The energy per unit length of the edge dislocation (apart from surface 
terms) is 
pub? R 
3%, = In 
a 4n(1—») È 


The inner hole of radius 7) is, thus far, only a device to eliminate the singu- 
larity. The appropriate value of 7, for the energy formula can be estimated 
in various ways. According to the elastic theory, the energy density varies. 
as 7-2; but Hooke’s law fails when r<-— 5b where the strain is about 3%. 
It fails in such a manner that the energy density increases less rapidly. We 
may call the energy density within this radius the core energy. The Peierls- 
Nabarro model gives us one value for it. BRAGG estimated what should be 
an upper limit by assuming obedience to Hooke’s law till the energy density 
reaches the latent heat of melting, and a constant energy density in the region. 
closer to the centre. For the particular case of NaCl HUNTINGTON has esti- 
mated the core energy by direct consideration of ionic interactions according 
to a Born model of the crystal. Some experimental estimates can be obtained 
from « observed » values of the surface-tension of small-angle intercrystalline 
boundaries, which, as we shall see, are really systems of dislocations. By 
these various methods, we find that the core energy can be absorbed into the 
elastic expression by putting 7, equal to about 1 or 2 times bd. 

Let us now consider the magnitude of R. Our cylinder is a rather artificial 
example, but we may solve the elastic problem for a variety of other external 
geometries, always obtaining a dominant energy term of the same form, with 
K of the order of magnitude of a macroscopic dimension of the situation—for 
example, the nearest distance between the dislocation and a free surface, the 
half-distance between a parallel pair of dislocations of opposite sign, or the 
radius of a dislocation loop. Im these cases the stress field nearer to the dis- 
location than R is closely similar to that of an isolated dislocation in an in- 
finite body, falling to zero at distances large compared with R. As a rule, no. 
great precision is required in estimating R. If we say R lies between 10-4 
and 10-! em, and 7, between 0.5 and 5 A, the range of variation of In (R/7,): 
is about a factor 2. It can often be treated as a constant without serious error. 
Its magnitude approximately cancels the divisor 4. (K lying between about 
0.7 and 1 according as the dislocation is screw or edge). Then we have 
E,> pb?: or the energy per atomic length along the dislocation line is ap- 
proximately ub?. For elementary dislocations in metals this is of the order 
RANE 
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5. — More general dislocation lines. 


Fig. 9 is a picture deriving from J. M. BURGERS (1939), which introduced. 
much more generality and flexibility into our thinking about dislocations. 
One should visualize the black dots as lying in front of the plane of the picture, 
with essentially similar patterns repeated in further planes in front of this,. 
and the open circles lying behind the plane of the picture, with essentially 
ismilar patterns repeated in further planes behind this. Then we have an 
edge dislocation line leading forwards, out of the plane 
of the picture, connecting with a screw dislocation line 
leading to the right, in the plane of the picture. This 
screw dislocation lies in the slip plane of the edge 
dislocation, and the same plane can serve as a slip 
plane for the screw. From this we can proceed to the 
representation of a dislocation line which is of mixed 
edge and screw character, and lies along an arbitrary 

Fig. 9. path in the glide plane—first, as a stepped line of 

edge and screw portions; then, in the limit, as a line of 

arbitrary orientation or continuous curvature. The centre of the disloca- 

tion line can be of more continuous curvature than the discrete lattice 

structure of the crystal because the dislocation is several atoms wide at 
the core. 

To the approximation of isotropic elastic theory, we obtain the stress and 
strain fields of a dislocation in arbitrary orientation by superposing those of 
edge and screw dislocation in appropriate proportions (given by sin y and 
cos y, where y is the angle between slip direction and dislocation line). Such 
Superposition is always permissible when Hooke’s law is obeyed. In the 
present case, since the stresses of edge and screw dislocations are orthogonal, 
we can also add the energies (in proportions sin? y and cos? y). Since, further- 
more, the energies of edge and screw dislocations are not very different (roughly 
in the ratio 4 to 3) we can often disregard the variation of this orientation 
dependent factor as well as the variation of the factor In (R/r,) and proceed 
as though dislocation lines had a constant energy per unit length. This is 
the basis of the method introduced by Morr and 
NABARRO for the approximate calculation of the elastic 
equilibrium of dislocation lines in complex configura- 
tions: in this method we regard them as dislocation 
lines having a constant line tension, equal to their 
energy per unit length. 

An example of a general dislocation line is illu- 
strated in Fig. 10. The dislocation line, which is edge 


disl. line 
X 
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on the surface plane ABCD and screw on the surface plane CDEF trans- 
formed into a helicoid, is continuously changing in character in the interme- 
diate region. 

It is intuitively obvious that an applied shear stress will tend to expand 
the slipped area in all directions. We show later that the effective force per 
unit length on the dislocation in its glide plane is proportional to the magnitude 
of b and to the shear stress in the glide plane resolved in the slip direction. 
That this is true on the average is very simply shown by considering the work 
done when a dislocation moves right across a crystal. 


6. — Flexible nature of dislocations. 


Now let us consider a dislocation line, pinned at two points, e.g. by two 
impurity atoms. The dislocation line between the two points may oscillate 
like a stretched string. The line tension of the 


a dislocation is 


<—-—i——> b? 


Se Ka 


n 
To? 


which in the Nabarro approximation is constant and ~ ub?. The mass per 
unit length of the dislocation is EH,/c?, and the speed of travel of a 
sound pulse along the dislocation line is 


elena 

; | FONTE Pi 
namely this speed is equal to the speed of sound in the crystal, to the 
approximation that the longitudinal and transverse velocities of sound are 
equal, as in the Debye approximation for the specific heats. If h is the 
amplitude of vibration, and / the half wavelength of the fundamental oscil- 
lation, one has 


whence 


i) (asa) (z)~20> (5) 


Thus for a loop one thousand atoms long the oscillations are of about one 
atomic spacing. 
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7. — Entropy of a dislocation line. 


As we have seen, the energy of a dislocation in typical metals is about 
leV per atomic length. CorTRELL discussed the question whether a source 
of entropy can be found to compensate such a large energy. CoTTRELL intro- 
duces the concept of the flexibility of a dislocation line: the dislocation can 
go from a fixed point in a lattice plane to ¢ places in the next plane. If one 
assumes ¢~ 6, and » is the number of the planes through which the dis- 
location passes one had a contribution to the free energy 


AF = TAS ~ nkT In 6 ~ 2nkT . 


As CorTRELL remarks this almost certainly overestimates the flexibility and 
should be regarded as an upper limit. 

FRIEDEL considers alternatively the contribution to the free energy due 
to the oscillations of the dislocation lines. Since the speed of sound along 
the dislocation line is the same as in the crystal, the highest frequency in the 
spectrum of these oscillations is the maximum frequency of the Debye 
spectrum v, = kO/h. 

FRIEDEL superposes this frequency and its harmonics v; = (j/n)y,, on the 
Debye spectrum. This must surely overestimate the contribution to the free 
energy of the crystal from this source since the normal modes of the crystal, 
dislocated or not, are 3N (N, number of atoms in the crystal). I would there- 
fore argue that we must subtract » modes from the Debye spectrum. The 
contribution to the free energy per oscillator is: 

FY = thy; + kT In (1 — exp [— hv;/kT]) 


Loi 


and the total additional free energy due to the oscillations of the dislocation 
line, if we subtract the n modes from the top of the Debye spectrum (taking 
them from anywhere else has less effect) is 


— exp [— jO/nT]\ 
— exp [— 6/T] J” 


AF = 35 (E-1)s0 + erm 


For T>0°K one has 
AF =— were ko, 

that is about — 4+kO per atom along the dislocation. For 7 > © one has 
AF ~— inkO—kO. 


26 - Supplemento al Nuovo Cimento. 
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As a result of these considerations one has that the free energy associated 
with a dislocation line is positive up to the melting point, except in the case 
of a very large density of dislocations. When dislocations are very close 
together (about 10 A apart) the term log (R,/r) becomes small and the free 
energy canbe negative at sufficiently high temperatures. In this case the 
free energy may decrease as the number of dislocations is increased at high 
temperatures. This may provide a formal description of melting in terms of 
the dislocation density increasing spontaneously in a co-operative manner. 
It is not very useful however, because the whole concept of dislocations begins 
to lose its meaning when the dislocation density becomes very high, as we 
shall see when we consider the dislocation model of intercrystalline boundaries. 
The main point is that there is never a free energy minimum at a moderate 
concentration of dislocations. There is no moderate concentration corre- 
sponding to thermodynamic equilibrium, as there is in the case of point defects. 


8. — Interaction between dislocations and point defects. 


In analogy with the precipitation of impurities in a plane, occurring e.g. in 
duralumin, NABARRO was led to think of a condensation of vacancies in a 
monoatomie layer, forming a dislocation ring. This situation is pictured in 
Fig. 12, for the case of a sc lattice. 

Vacancies can be added, widening the dislocation ring. The dislocation 
ring can easily glide from one lattice plane to another. However, no metal 
crystallizes in the se structure; for this reason, let us study the situation in 
the fee lattice. The close-packed planes in this lattice are the (111) planes: 
their stacking is of the type AAA as illustrated in Fig. 13. 

The two permissible modes of stacking designated by symbols A and V 
lead to three possible projected positions of the close-packed planes, designated 
by A, B, C. The cyclic order ABC corresponds the to A stacking, cyclic order 
CBA to V stacking. Hexagonal close packing corresponds to AV stacking 
in alternation, or ABAB. Let us suppose vacancies condense in an A plane: 
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the planes above and below this plane will collapse, and we will have a 
plane B above in contact with a plane C below, namely a V stacking inter- 
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posed in the A sequence. This is called a stacking fault. The dislocation 
ring surrounding it is unable to glide. If the dislocation were to glide, 
it would bring the edge of a B plane to the edge of an A plane, and 
since B and A are different planes of atoms they will not fit. This glide would 
create a surface of high energy, of the same order of magnitude as the energy 
of a grain boundary in a typical polycrystalline metal. The stacking fault 
itself is of finite energy, of the order ten times smaller than the grain boundary 
energy, as we infer from the measurable energy of twin boundaries, having 
a closely related configuration, in fee metals. The twin boundary is a place 
where the regular AAA sequence changes over to a regular VVV sequence, 
representing the fcc lattice in another orientation. 

The electron-microscopic film made by HirscH, WHELAN and BoLL- 
MANN shows dislocations in motion in thin foils of aluminium and in 
18—8 stainless steel—both f.c.c. metals. The foils are about 2000 A 
thick, prepared by rolling and electro-polishing. Dislocations are visible 
because of modified diffraction in the strongly strained region of the crystal 
near to the dislocation line—much of the image contrast in these crystalline 
films is attributable to Bragg reflection. The dislocations lie systemati- 
cally in (111) planes, in which they have lowest energy. They are therefore 
usually oblique to the plane of the foil and are seen as short lines in projection. 
The path along which the dislocation has recently travelled in the metal 
is also visible, because, in effect, trailing dislocation lines are trapped against 
the oxide films at the surface. The effect of this pair of trailing disloca- 
tion lines is to change the crystal orientation slightly between them, making 
a visible darker or lighter band. This effect fades, presumably by relaxation 
in the oxide layer. 

The motions seen must not be regarded as completely typical of dislocation 
motions in bulk metal. There is not room in thin foils for the dislocations to 
carry out the complex evolutions which occur in macroscopic specimens. A 
consequence is that metal foils thinner than 1 yum are anomalously strong. 
Likewise metal « whiskers.» with a thickness of the order of 1 um are ano- 
malously strong. This is not necessarily always to be attributed to the absence 
of dislocations in the whiskers: restrictions on their motion preventing the 
dislocations from multiplying may sometimes suffice. 

The phenomena shown in this film were: « shunting » motion of dislocations, 
revealing the repulsive forces between dislocations of like sign in or near the 
same slip plane; « cross-slip » of dislocations, whereby a dislocation prevented 
in some way from continuing to glide in one [111] plane diverts into another: 
a dislocation for the slip direction [110], when it assumes the screw orientation 
is simultaneously parallel to the alternative slip planes (111) and (111); and 
finally, the bowing-out of dislocation loops under stress, ultimately moving 
forward after passing a critical value of curvature. 
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HirscH et al. have also succeeded in showing the forced expansion of dis- 
locations into wide strips of stacking fault. 

The source of the stress under which these dislocations move is not under 
the direct control of the experimenter. In part it is the heating of the spe- 
cimen in the electron beam. Probably it is also in part due to «radiation 
damage » in the oxide film. 


9. — Burgers vector. 


The Burgers vector of a dislocation may be defined in the following way: 
consider a closed circuit enclosing the dislocation line in the real crystal, and 
let us map this circuit on an ideal crystal, going stepwise from one corre- 
sponding lattice point to the next one. This mapping is a locally continuable 
process (by «tetrahedrulation » from atom to atom) if, and only if, the dis- 
tortion of the real crystal is not excessively large. Regions where it is pos- 
sible without ambiguity are called « good » — other regions are called «bad ». 
The circuit made continuously in good crystal may enclose a bad region, and 
then the corresponding circuit in the ideal crystal may not be closed: the 
closure vector is called the Burgers vector b. It is 
necessarily a lattice translation. 

It is easily verified that the Burgers vector so 
defined is independent of the starting point. A 
vector b' defined by mapping b back into the real 
crystal is approximately, but not exactly, invariant. 

The value of b’ at the dislocation is to be defined Fig. 15. 

by a limiting process, as the mean of its value at 

surrounding points. It is sometimes, but not always, an unnecessary subtlety 
to draw this distinction. 

For an edge dislocation the Burgers vector is perpendicular to the dis- 
location line. For a screw dislocation it is parallel to the dislocation line. 
Circuits can be quasi-continuously displaced through good regions, without 
change of closure vector, hence one has the continuity theorem: the dislocation 
line cannot terminate in the interior of the crystal. 

If one has two regions containing dislocations in the crystal, one finds 
easily that the resultant Burgers vector is the sum of the Burgers vectors of 
the individual dislocations (see Fig. 16). From this it follows that junctions 
between dislocation lines are allowed, provided, b;= b,+b,, as is seen by 
considering the two circuits drawn. 
This condition may be written } b=0, 
if one looks along all the dislocations 
from the junction, when choosing the 
Bigs 17. sense in which to take a circuit. 


i 
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Let us consider again the situation in a f.c.c. lattice, where in part of the 
plane a V stacking is interposed in the A sequence. Now it is impossible to 
find a circuit for one of the dislocations passing entirely through good crystal. 
The circuit must start from 
the stacking fault as shown. 
Supposing the distance bet- 
ween the V stacked plane 
to be equal to the ordinary 

Fig. 18. Fig. 19. distance between (111) pla- 

nes, one finds as a Burgers 

vector —3(1,1,1)Z and 4(111) R for the left and right sides of the 

diagram. The values 4 (111) Z and — } (111) R are not allowed, when there is 

only one V fault, but can occur for a double fault, which might be formed 
by an aggregation of interstitial atoms. 


10. — Extended dislocations. 


When part of a dislocation line having Burgers vector 4 [110] lies in a (111) 
plane, that part may dissociate into two glissile half dislocations with Burgers 
vector 1[121] Z and 1[211] R. These dislocations repel each other and, as 
they separate, a sheet of stacking fault is formed in the slip plane between 
them. The energy of this fault prevents them from separating too far. This 
gives a constant attraction, balanced against the repulsion, proportional to 
the scalar product of the Burgers vectors of the two partial dislocations, and 
inversely proportional to the distance between them. Equilibrium widths of 
10 or 15 atomic spacings are estimated for copper, but only about 2 atomic 
spacings for aluminium, which has 
a higher stacking fault energy. 

The difference in width of ex- See OSS) oF 

tended dislocations in various —W, yA CES 
metals gives rise to important di 

differences in some experimen- 
tally observable properties. 

It may be mentioned that 
the technique of HrrscH et al. will permit a more direct estimate of the 
stacking fault energy, whereas until now calculations have been based upon 
the assumption that this energy is comparable with grain boundary energy. 


11. — Adding of dislocations. 


A pair of dislocations will add if the new dislocation has smaller energy 
than the original pair. From this principle, one finds, if the isotropic elasticity 
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theory is applied, if the difference between screw and edge is neglected, and if 
the core energy is neglected, dislocations will add if their Burgers vectors make 
an angle smaller than 90° as shown We (uniting dislocations). 


12. — Cottrell-Lomer barrier. 


Let us consider two extended dislocations +[101] and 3[011] sliding on 
different intersecting planes. The partials 1[2î1] and } [121] will interact at 
the junction to form a partial } [110]. 

This partial, together with the other partials 1 [112] and }[112], repel each 
other. Thus a bent ribbon of extended dislocations has formed; which is unable 
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Fig. 22. Fig. 23. 


to glide in any direction. This situation may result in a pile up of dislocations. 
Such pile ups have been observed by JACQUET using an etching technique. 


13. — Intererystalline boundaries. 


The figure shows the simplest type of tilt boundary in which two crystals 
of simple cubic lattice, slightly misaligned to each other, are joined together. 
Such a boundary involves a large number of parallel edge dislocations. This 
configuration is stable in respect of glide motions, as can be easily seen from 
the distribution of shear stress around an edge dislocation, described in 
Section 4, 

So long as the angle of misalignment « is small, so that the spacing d bet- 
ween the dislocations (given by b/d=«) is large, the 
dislocations are distinct individual dislocations. Their 
presence may be revealed by etching or other techni- 
ques. The dependence of boundary energy on mis- 
alignment may be calculated from the dislocation model, 
in satisfactory agreement with observation; the observed 
values may then be used to estimate the core energy of Fig. 24. 
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the dislocations, as mentioned earlier. The agreement is actually satisfactory 
up to higher dislocation densities than we have a right to expect. 

In the case of « twist boundaries » in which the misalignment is by rotation 
about an axis normal to the boundary plane, the corresponding dislocation 
system is a crossed grid of screw dislocations: or, at surfaces of trigonal sym- 
metry an equivalent hexagonal network made up of screw dislocations of 
three types. 

In the general case of misalignment by a rotation « about an axis defined 
by the unit vector I, the dislocation content of the boundary is such that if r 
is the vector connecting two distant points in the boundary (which is not 
necessarily plane), any line in the boundary connecting these two points crosses 
dislocation lines having the same sum of Burgers vectors > b, and 


Db=rx2lsinga. 


The proof of this formula is easily given by constructing a Burgers circuit 
intersecting the boundary at the two specified points. So long as the mis- 
alignment is small, and the dislocation density accordingly low, this may be 
done in such a way that the circuit passes continuously through « good » crystal. 
This is no longer so when the misalignment is large, and alternative specifi- 
cations of the misalignment and dislocation content then arise. A cubic crystal 
may be rotated into parallelism with another in 24 different ways. If we always 
choose the rotation of smallest angle, the largest value the angle can take is 
about 63° and then there are four alternative equal rotations. As a simple 
extreme example, one may consider the symmetrical tilt boundary about a 
cube axis when the angle « goes to 90°. This 
can either be described as having an atomic 
density of dislocations or no dislocations at all. 

It is this kind of ambiguity which destroys the 
usefulness of describing a liquid as a crystal full of 
dislocations — the very high density of dislocations 
has no unique specification. 

Photographs were projected showing examples of: 


1) Parallel edge dislocations which lie along crystallographic directions, 
2) Hexagonal grids of screw dislocations (Fig. 1), as discussed by FRANK 
in Report of the Bristol Conference on Defects în Orystalline Solids, p. 159 (1955). 
3) Grids of dislocations in silver halides decorated by Mitchell by de- 
position of metallic silver, after short exposure to light. The patterns shown 
demonstrate the cell structure of the crystal, the blocks being of the order 
of 10 pm in size. The surfaces between these blocks are various kinds of grids 
of dislocations, most commonly either parallel lines or hexagonal nets. This 
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was the first real evidence of the mosaic structure, suggested long ago to 
account for X-ray diffraction intensities. The description of real crystals in 
terms of dislocations is a more flexible one than in terms of mosaic walls. 
Sometimes there are crystal blocks separated by walls of dislocations. Some- 
times there is only one dislocation per wall, and it is better then to speak 
of a three-dimensional dislocation network and not to call it a mosaic 
structure. 

4) Parallel arrays of dislocation lines in alkali halides, decorated with 
gold, by heating the alkali halides in the presence of gold halide. 

5) Dislocation grids at the interface between crystals of different lattice 
spacing. These are the moiré patterns of PASHLEY, MENTER and BASSETT 
(Nature, 179, 752 (1957)), obtained in the electron-microscopy of superposed 
films of gold and palladium. There are three equivalent ways of interpreting 
these patterns: 


(a) As a simple superposition pattern such as one sees by looking 
through two layers of silk, or two fences, with bands of light and dark where 
the two fine patterns come in and out of step with each other — having a 
spacing about 10 times that of the fine patterns when the spacings differ by 
10% as is the case with gold and palladium. It may then be shown by trial 
that a dislocation in one of the fine patterns, unless matched by another one 
in the other, makes a corresponding dislocation seen on a larger scale in the 
moiré pattern. 

(b) As the result of successive diffraction by the two layers. Every 
imaging process can be considered in terms of diffraction, and ought to be so 
considered when the resolution is in question. In the present case the 
origin of the simple, undislocated, moiré patterns is readily interpreted in 
this way. The detailed calculation would be more difficult for the case with a 
dislocation in one of the films, but an application of Parseval’s theorem 
reduces the problem to interpretation (a) without requiring calculation in 
detail. 

(c) We may consider that we are seeing by electron-microscopy (apart 
from the unavoidable imperfection of imaging due to working near to the 
resolution limit) the actual grid of dislocations which must exist between 
the two phases. Various whole numbers of moiré bands may correspond 
to one interfacial dislocation. In a commonly occurring case we can 
show that each moiré band represents one partial dislocation at the inter- 
face. In this interpretation the appearance of dislocations in the moiré 
pattern is a consequence of the continuity theorem, since each dislo- 
cation that emerges through one of the foils without passing through 
the other must be drawn from the interfacial grid. This way of interpreting 
the patterns is particularly valuable when the two films are in different orien- 
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tations instead of, or as well as, having different spacing — in these cases the 
orientation of the dislocation seen in the moiré pattern is not the same as 
that in one of the foils. 


14. — Forces on dislocations. 


Consider a dislocation moving in a crystal and passing between two initially 
adjacent atoms, P, Y, so as to enter a Burgers circuit constructed through 
these points. As it does so, the closure vector of the mapped circuit in ideal 
crystal changes by b. But its only alteration is between the map points of 
P and Q. These points have therefore suffered a relative displacement b’. 
The motions we consider in this argument need not be restricted to motions 
in the glide plane. The stress in a body is measured by the stress tensor 
P= P;;, so defined that |da| times the traction on an element of area da 
(i.e. the force required to be applied at the faces of this element of area to 


prevent displacement if a cut is made at it) is Pda= > P,, da,. 
j 
Then the work done by the elastic field when a dislocation line element 


ds sweeps the element of area da is 
(Pda): b’== > > P.da,),— (Rb): dar 


Dividing by |da| gives the force due to the elastic stress field tending to 
move the dislocation line element ds in that direction in which it sweeps the 
area da. The force per unit length may be seen either as the scalar product 
of the traction on the swept area with the Burgers vector, or |b| times the 
scalar product of traction on a plane normal to the Burgers vector with the 
unit vector normal to the swept area. Considering all the planes in which 
the line element ds can move, we see that this corresponds to the existence 
of a force (Pb')xds on each element ds of the dislocation line. 


15. — The force for glide motion. 


The glide motion of a dislocation is one causing no change of volume of 
the crystal. It is motion in the surface which contains both the dislocation 
line and its Burgers vector, which is unique except for a screw dislocation. 
Commonly the glide surface is a plane. The tangential component of traction 
on a plane is called the shear stress on that plane. Then if o is the shear stress 
on the glide plane, we have from the foregoing formula that (o:b’) measures 
the force per unit length on the dislocation line tending to move it in its glide 
plane. This is a uniform force normal to the dislocation line, independent of 
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dislocation orientation. In conjunction with the line-tension approximation, 
it gives us a close analogy, in two dimensions instead of three, between the 
equilibria of dislocations under stress and soap bubbles under one-sided 
pressure. 


16. — Forces for climb motion. 


The force (Pb’) xdo also contains in general a component normal to the 
glide plane of the dislocation. It is readily visualized as the force tending 
to «squeeze out» the inserted half-plane. Such motion, however, involves a 
volume change, which can only be brought about by creation or absorption 
of interstitial atoms or vacancies at the dislocation. Such motions require 
diffusion processes, are relatively slow, and do not occur at low temperature. 
They are called climb motions in distinction from glide. If the concentration 
of point defects is not in equilibrium, this gives another force, the osmotic 
force, on the dislocation, in addition to that due to elastic stresses. The osmotic 
force due to a concentration of vacancies which exceeds the equilibrium con- 
centration by a factor « is 


(b'x ds/v') kT In «, 


where v’ is the lattice volume per atom. 
I must now mention briefly a number of topics which I have no time to 
deal with in detail but are too interesting to leave unmentioned altogether. 


17. — Pile-up equilibrium. 


In a slip-band we have a number of dislocations in the same or nearly the 
same glide-plane, each acted upon by the same force from the applied stress, 
and repelling each other with a force inversely proportional to distance. If 
the leading one is held up by a barrier of some sort, we have the problem of 
finding their equilibrium distribution. This looks like being a very difficult 
problem for a large number of dislocations, but is actually very simple: the 
Solution was given by STIELTJES in 1885 (without reference to dislocations, 
of course). The theory was applied to dislocations by ESHELBY, FRANK and NA- 
BARRO. For a shorter account see FRANK, Pittsburgh Conference 1950, O.N.R. 


18. — The origin of dislocations. 


This is something we do not know enough about. There are probably mech- 
anisms of dislocation production associated with inhomogeneous distribution 
of impurities. For pure materials the principal process preventing us from 
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obtaining large dislocation-free specimens is probably the formation of dis- 
locations by vacancy aggregation, both in the moving temperature gradient 
while the crystal is being grown, and also during the process of cooling down 
after growing or annealing. For reasonable cooling times it is only in very 
thin specimens (especially metal whiskers) that there is time for vacancies to 
diffuse to the free surface. The interesting and difficult problem is to decide 
whether they should then aggregate into dislocation loops or open cavities. 
The problem is difficult because the fate of the aggregate is probably decided 
when it consists of 5 or 6 vacancies — too small a number to be considered 
macroscopically, and a large number to be considered discretely. Some dis- 
cussion of the matter will be found in the report of the 1956 Lake Placid Con- 
ference (shortly to be published) starting with a contribution by J. O. FISHER. 


19. — Kinking theory. 


When a pair of boundaries of opposite sign are close together, 
there must exist a shear stress of the form shown to keep the 
rows of dislocations apart. The region A must be heavily stres- 
sed. The theory of this process, which is important in twinning 
and martensitic transformations, has been discussed by FRANK 


Lote. and Srron (Proc. Phys. Soc., B 65, 811 (1952)). It is further 
Fig. 26. discussed in the book of FRIEDEL. 


20. — Adsorption and precipitation at dislocations. 


The first application of this idea was by CoTTRELL who explained various 
phenomena in mild steel by the adsorption of carbon atoms at dislocations. 
We now have many examples of the precipitation of impurities at dislocations, 
making the dislocations visible. This is attributable to three concurrent effects: 
the adsorption of impurities at dislocations, the enhanced diffusivity along 
dislocation lines and reduced strain energy of nucleation in an already severely 
strained lattice. 


91. — Interaction of electrons with dislocations. 


This is a topic deserving at least a whole lecture to itself, but T shall mention 
only the two basic ideas of the subject. The publications of READ deal spe- 
cifically with dislocations in covalently bonded crystals, in which we suppose 
there are what SHOCKLEY calls « dangling bonds » along the dislocation. These 
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are regarded as essentially equivalent to impurity centres with some important 
distinction arising from their relatively dense distribution along a line. Ka- 
WAMURA has suggested that in a more general class of crystals, e.g. KCl, the 
deformation potential may suffice to give line-bound states for electrons. 


22. — The work-hardening curve. 


This was the subject of TAYLOR’s original paper in 1934, and, together with 
metal creep, has been the subject of more studies in dislocation theory than 
anything else. I have purposely omitted it from this course, partly because I 
wanted to concentrate on points which may connect with wider branches of 
solid state theory, partly because very full discussions of the matter are avail- 
able in published lectures by Mort, in the books of CoTTRELL and FRIEDEL, 
and the Handbuch article by SEEGER, and partly because the full truth of 
this complex matter has yet to be said. 


23. — Jogs in dislocations. 


A place on the dislocation line where it passes from one glide plane to an 
adjacent parallel one is called a jog. If the dislocation is 
non-screw, then we can imagine that it was formed by 
insertion of a layer of atoms into a cut in the crystal. The (SA 
edge of this layer is the dislocation line, and is stepped 
wherever there is a jog in the dislocation. To describe a given 
dislocation, the choice of cut and inserted layer is not Fig. 27. 
unique, except as to the position of its edge. 

For an example let us. consider an ionic crystal with NaCl structure. 
Three equivalent choices for the inserted layer to make a dislocation having 
Burgers vector b = (a/2)[110] are shown in Fig. 28. 

The layers shown, chosen from many other possibi- 
lities, contain two extra (110) planes in A, or one 
extra (100) or (010) plane at B or C. In each case the 
dislocation lies at the edge of the inserted layer, along [001] 
at X in Fig. 28. It is an edge dislocation for the slip 
plane (110). In each case, the faces of the cut must be 
separated along the same direction and by the same amount 
along this direction, b= (a/2)[110]. In each case, the 
contents of the layer have the same projection on to the 
plane normal to b (Fig. 29). Encircled ions in this figure are 
Fig. 28. at an odd, the remainder at an even number of (110) inter- 


DISLOCATION THEORY 4.09 
planar spacings above the projection plane. In this figure the dislocation lies 
along AB. Suppose now that this dislocation is intersected by another dis- 


location whose Burgers vector b, may have any of twelve different orientations 


(110) PROJECTION 


i. sul) 
Ye OD Sep 0 F ff 
Le 
ZA 
AR S a 
+ ce, oe = Fs _ ___ Neutral Jog VOI 
dh 
A Es ile SN 
A, 
+ + = 
charged we 
a) b) jog ZANE È 
4 oo SS 
# 
A 
8 di + — + - + 


represented by the ten arrows on Fig. 29, together with two directions per- 
pendicular to the plane of the paper. 

The intersecting dislocation makes a relative displacement b, of the two 
portions of crystal either side of its glide plane. As it does this to the inserted 
layer also, it generally makes a jog in the first dislocation. Except at the edge, 
the place where the glide plane cuts the inserted layer depends on where we 
imagine this to be. It is advantageous to imagine this as one of the single 
planes (100) or (010), so that this is a straight line. 

None of the possibilities for b, is parallel to the line of the first dislocation, 
so that a jog is produced in every case. Numbers (11) and (12), 
with b, parallel to b,, make a « slip-jog », which can disappear 0 
again by glide. Numbers (1) and (2) make neutral jogs, with ee . 
both a positive and a negative ion at the step (Fig. 30). The R 

si 


remaining eight cases, numbers (4) to (10), make a charged jog, uo 
Ne 

together with a jog component which can glide out again. The SN 

charged jog carries an effective charge of + te or — 3e accord- Fig. 30. 


ing as the ion at the step is positive or negative. 

Our conclusion here differs from a widely quoted statement by SEEGER, that 
it is not geometrically possible to form any but neutral jogs by intersection, 
and that formation of charged jogs requires an additional diffusion process. 

Experimental evidence bearing on the presence of charged jogs may be 
found in experiments by STEPANOW and by Nowick, showing charge transfers 
accompanying plastic deformation in NaCl, in addition to the temporarily 
enhanced conductivity discovered by GYULAI. 
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24. — Intersecting screw dislocations. 


Consider a closed circuit into which a right-handed screw dislocation is 
moved. The circuit is then opened as shown: thus a clockwise simple shear 
is produced. 

Consider now the intersection of two screw dislocations. Two intersecting 
right screws produce overlapping material (a line of interstitials). The same 
applies for two left screws — a mirror 
image of the previous case. If one 

R screw is right and the other left a 

line of vacancies is formed. COTTRELL 

=} has pointed out that if the inter- 
secting dislocations are activated by 
the same stress there is a greater 
probability of the interstitial-forming 
mechanism occurring. One must, 
Ii however, enquire whether these pro- 

cesses occur at all. 

Consider an expanding dislocation loop acquiring jogs by intersection with 
other dislocations. The jog is a little piece of dislocation which can glide in 
the directions shown. FRIEDEL suggests that there is only a narrow range of 
orientation of the dislocation from which the jog does not glide away to the 
edge position, where it can move with the rest of the dislocation without making 
any vacancies or interstitials; namely, that range of orientation in which the 
jog would need to move faster than sound in order to do (this. I doubt this 


Fig. 32. Fig. 33. — Glide force on a jog. 


conclusion. Let us consider the force which makes the jog glide. Apart from 
a component directly due to the applied stress acting on the jog, which is 
equally likely to assist or oppose its motion, this must come from the line 
tension of the two portions of dislocation line to right and left of it, making 
an angle with each other. 

Now, I enquire if there is any stationary shape in which the dislocation 
line can move, drawing the jog along with it. I think there cannot be, because 
this requires the dislocation line to be moving faster at a place where it has 
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convex curvature, faster than at a place where it is relatively straight. This 
must be wrong, and I believe that when the main part of the dislocation line 
continues for a while in steady motion, its jog must hang back more and more 
(Fig. 35). This produces a pair of edge dislocations, of opposite sign, attracting 
each other, in glide planes one atomic layer apart. This is just equivalent 
to a line of vacancies (Fig. 36) or a line of interstitial atoms for a jog of op- 
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Fig. 34. Fig. 35. Fig. 36. 


posite sign. If the temperature is not too low, such a line will be expected 
to evaporate into independent point defects. 

Other suggestions which have been made to account for the Gyulai effect 
depend on producing the corresponding configuration by accidental meeting 
of a pair of edge dislocations of independent origin, one (or perhaps two or 
three) atom planes apart: or, alternatively, depend on the localized energy 
release when such a pair meet in the same plane and annihilate each other. 


25. — Spiral processes. 


Under this term I will group together several different processes which are 
geometrically related to each other. The first is crystal growth. The Volmer 
theory of crystal growth, which is the right theory for undislocated crystals, 
does not fit the experimental facts. It assumes independent nucleation of new 
monolayers on the crystal surface, and spreading of these layers by addition 
of atoms along the step which is the edge of the layer. It leads to a nucleation 
rate which is very sensitive to supersaturation. In any crystal growing from 
a solution, the supersaturation is highest at the corners, because of diffusion. 
New layers ought therefore to nucleate at the corners before there is time for 
them to spread across the face. Crystals growing by this mechanism will there- 
fore always be dendritic. The supersaturation required for this mechanism is 
also much higher than is observed to be necessary. The reason is that crystals 
containing screw dislocations have permanent steps in the surface. They do 
not require nucleation of new layers, because the crystal consists of one heli- 
coidal layer only. Atoms continuously add themselves to the step, making 
it rotate around its fixed point, the end of the dislocation. In doing so it does 
not remain straight, like the hand of a clock, because there is no reason why 
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its speed should increase proportionally to its distance from the centre. Its 
speed is much more nearly constant along its length, and it therefore winds 
itself up into a spiral. Near the centre of the spiral it acquires the same cur- 
vature as the critical nucleus of Volmer’s theory, which is in unstable equi- 
librium with the supersaturation. 

Suppose now we have a right and left screw emerging close together at 
the surface. If they are too close together for the equilibrium curvature (so 
that the Volmer critical nucleus could not pass between them) no growth occurs. 
The curved step is in stable equilibrium with the supersaturation. Increased 
supersaturation increases the curvature, and beyond a critical value growth 
proceeds. Spirals commence to form around both dislocations ends, but two 
steps meeting face to face form a level surface. Then we have a closed step 
ring around the dislocation pair, and a short length of step connecting them, 
which can repeat the process. This provides the basis of a successful quanti- 
tative theory of crystal growth rates. The corresponding surface configurations 
have now been observed on a great variety of crystals. 
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Exactly the same geometry applies to certain kinds of dislocation motion 
in the interior of crystals. Under shear stress, a dislocation line held at two 
points bows out in its glide plane like a two-dimensional soap-bubble. In- 
creased stress brings it to a maximum curvature after which it can expand 
continuously with decreasing curvature, repeating the configuration of Fig. 39. 
This (the so-called Frank-Read source mechanism) is believed to be one of 
the most important processes by which dislocations are multiplied in plastic 
deformation. The first unambiguous observation of it was made by W. DASH 
in silicon last year. 

A dislocation line can similarly be bowed out by the osmotic force in its 
climb plane, and perform the evolutions of Fig. 39 in this plane, as first sug- 
gested by BARDEEN and HERRING. However, this case has an interesting 
variant, the idea of which is due to DEKEYSER, AMELINCKX, BoNTINCK and 
Seitz. A dislocation intermediate between edge and screw should undergo 
these evolutions, as seen in projecton along the Burgers vector, except that 
where they meet and cancel each other in the other cases, they are now actually 
far apart, and pass each other by. The process can then develop a helix of 
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many turns. This is one way in which the helical dislocations found by the 
GHENT workers can be explained. I think there is perhaps another explanation, 
chiefly because their helices, first observed in CaF,, with evaporated silver on 
the surface, heated in hydrogen, are so accurately oriented along screw dis- 
location directions. 

A pure screw dis.vcation is not able to climb, but if on account of thermal 
oscillations a segment deviates from the straight dislocation line, edge com- 
ponents £ appear and climb can occur. They are of opposite sign and will 

climb in opposite directions. Thus the straight screw 


dislocation can be transformed into a helix. A related 
\ee ae process has been osserved by MITCHELL in NaCl = 
I decorated with gold. Microscopic cavities in the ° 
i WP crystal are seen to be accompanied by a series of © 
a dislocation rings in opposite [110] directions. It is © 
thought that decomposition of gold chloride simul- Ge 
Fig. 40. taneously produces shear stresses by liberating chlo- Fig. 41. 


rine gas at high pressure in the cavity, so initiating 
slip, and also makes a non-equilibrium concentration of point defects to cause 
climb making dislocation loops in the manner envisaged by BARDEEN and 
HERRING except that they do not remain in the same plane but are driven 
away by the inhomogeneous shear stresses. 
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General defects. 


The notion of a perfect crystal is an idealization; what we actually have 
at best at the present time are crystals with a small, controlled number of 
imperfections. The following classification of the principal crystal imper- 
fections was given by the author a number of years ago, and will be used in 
the discussion: 


— 


) Phonons, 


bo 


) Free electrons and holes, 


DI 


Excitons, 


TN 


Vacancies and interstitials, 


) 
) 

5) Foreign atoms, 
) 


DI 


Dislocations. 


There are two important remarks to be made: 


a) There is only a finite number of imperfections. Each one has been 
introduced initially to explain particular phenomena. 


b) Imperfections interact. A large number of effects arise through their 


interactions. 


We will now consider the main properties of these imperfections. 


(*) The text is based on Lecture Notes collected by a group of students (W. GrB- 
HARDT, E. GERMAGNOLI and R. Howarp) and revised by the author. 
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1. — Phonons. 


A phonon is associated with unit quantum excitation of one of the normal 
modes of vibration of an ideal crystal. One characterizes these vibrations by 
a wave vector k, by a polarization vector f, and by the frequency w,(k), where 
the index « denotes the direction of polarization. In the simplest case the 
modes of vibration correspond to two transverse and one longitudinal mode 
but in general one does not have this breakdown. The allowed energy levels 
of a vibrating crystal correspond to having 0, 1, 2, ... quanta of energy hw,(k) 
in each vibration of wave vector k,. One can speak in this way of 0, 1, 
2,... phonons in the state k,. 

The simplest way to introduce phonons of a given frequency into a crystal 
is to link the specimen with a piezo-oscillator. One is restricted in this way to 
oscillations in the range from sonic modes to about 100 MHz while the range 
of actual interest extends to 10! Hz. If one connects the crystal to a 
thermostat, one gets an equilibrium distribution of phonons corresponding 
to the temperature of the thermostat. If 7 > 0, the Debye temperature, all 
the modes will be stimulated. 


2. — Free electrons and holes. I 


At low temperatures, an insulating crystal does not display appreciable 
ohmic conductivity. If however one excites electrons thermally, or otherwise, 
the crystal will behave like an ohmic electronic conductor. To explain this, 
one can use the following model. One excites an electron from the filled valence 
band to the empty conduction band, leaving behind a hole. In general an 
electron at the top of the valence band behaves like a positively charged 
particle while an electron at the bottom of the conduction band behaves as though 
it were negatively charged. More precisely the sign of the effective mass of the 
electron is determined by the sign of the curvature of the energy surface in the 
neighborhood of the electron. 

The effective mass will be 


ops . . E CK) 
positive or negative according 


Fig. 2. — Schematic 
representation of 


eee Fig..1. — The va- the energy versus 


lence and conduc- wave number curve 
| ] ] ] Mm tion bands of an for electrons in a 
insulator. K band. 


to whether the curvature is positive or negative. A hole behaves electrody- 


namically like the electron which is missing from the band. 
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3. — Excitons. 


The nature of free electrons and free holes is quite clear in a typical in- 
sulator. One can often produce a controlled number of each defect (n- and 
p-type semiconductors). One also expects, however, the existence of non- 
conducting states in which electrons and holes are bound together and behave 
like a neutral particle. These are commonly designated exciton states. 

In crystals having a large index of refraction ( > 3) one expects to de- 
scribe the excitons with the use of the band approximation, the exciton states 
corresponding to hydrogen-like states of electrons and holes. 

In 1931 FRENKEL introduced excitons from another approach. Consider 
an array of atoms, some of which are excited; FRENKEL considered the quantum 
mechanical description of the system in the tight binding approximation. 
One finds a solution corresponding to the wave-like propagation of the excitation 
and can characterize the solution by a wave number and a polarization vector. 

The best experimental evidence supporting this model comes from the 
properties associated with the absorption peaks of the alkali halides at the 

beginning of the absorbing ultraviolet region. If 
one radiates in the first peak one gets no photo- 
conductivity when the crystals are free of color 
centers. This can be explained if one assumes the 
existence of excitons. Recently TAFT and PHILLIPS 
at General Electric Laboratories have observed 
transition beyond the first peaks, associated with 
exciton production, corresponding to the ionizing 
A band to band transitions. 
Hien merThe Gadederesion We have thus two ways of looking at excit- 
shows the portion of the ab- 008, one based on the band theory and the other 
sorption spectrum of a typi- on the tight binding approximation. We should 
cal alkali halide crystal as- expect the band theory approximation to be valid 
sociated with exciton pro- for materials with small energy gaps and large 
duction. 7 : : er : 
indexes of refraction, like silicon and germanium. 
We should expect the tight binding approximation 
to be valid for substances with large energy gaps and small indexes of re- 
fraction. One would not expect a hydrogenlike spectrum in the case of alkali 
halides. 

Surprisingly, Gross has found a hydrogenlike absorption spectrum in Cu,O 
for which n= 2.3. Other evidence of excitons has been given by BALKANSKI 
and BrosER and by DIEMER and HOOGENSTRAATEN who observed the trans- 
mission of energy through large distance in CdS. The crystal is irradiated 


Absorption 


POINT IMPERFECTIONS IN SOLIDS 417 


at A and charges appear at B under circumstances in which neutral units pass 
from A to B. Presumably the excitons dissociate into free electrons and 
holes. The energy is transmitted by means of uncharged particles. Ex- 
periments were performed at liquid nitrogen temperature and the observed 
lifetime of the presumed exciton was about 107? s. 


} 8 hv 
Fig. 4. — The crystal is irradiated at A 


and charges appear at B under circum- 
stances in which neutral units pass from 
position A to B. Presumably the excitons 
dissociate into free electrons and holes. 
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4. — Vacancies and interstitials. 


The key knowledge about vacancies and interstitials has been derived from 
the study of the electrolytic properties of polar crystals. FRENKEL first ob- 
served that the existence of ohmic current in alkali or silver halides required 
the postulate of mobile charged imperfections. He proposed a model which 
still bears his name, according to which a cation jumps from a normal site 
into an interstitial position leaving a vacancy behind. The interstitial ion 
will move as a positively charged particle while the vacancy will move as 
a negatively charged one in this model. 

Later ScHoTTKY and WAGNER pointed out that in the case of the alkali 
halides it is more reasonable to expect both anion and cation vacancies as the 
basic thermally produced imperfections, rather than interstitials and vacancies. 

In recent years it has been found experimentally that the silver halides 
display intrinsic Frenkel disorder while the alkali halides contain anion plus 
cation vacancies (Schottky disorder). 

In the case of metals the nature of disorder was first studied theoretically 
in 1941. A caleulation by Huntrneron and Srirz predicted that the basic 
imperfections in copper should be vacancies and that the energy of formation 
of vacancies must be approximately in the range 1.0+1.5 eV: a recent cal- 
culation by FumI gave a slightly lower value but the two calculations agree 
within their expected accuracy. The energy to produce interstitials was cal- 
culated by Huntineton and Seirz to be much larger. A large advance was 
made in recent years when J. S. KoEHLER and co-workers investigated the 
effects of quenching upon the resistivity of gold wires. Wires were cooled 
quickly in order to freeze in as many as possible of the vacancies which are 
in thermal equilibrium at high temperature. Using Bauerle’s technique it 
was found possible to effect such a quench in the range of temperature 
between 450°C and 950 °C. The concentration of vacancies changed by 
about three decades in this range. For the concentr: tion of vacancies within 
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a metal we have: 


CG, =A exp 


€ 
x ial 
From the quenching experiments on gold the activation energy e was found 
equal to (0.96 +2%) eV. 

General considerations leave very little doubt that vacancies are the im- 
perfections which appear in such experiments. Generally speaking, vacancies 
disappear at dislocations or cluster when the metal is annealed near room 
temperature. 

Interstitial atoms can be produced in metals by other methods. Most 


important are Frenkel defects produced when metals are irradiated with ener- 
getic particles. 


5. — Foreign atoms. 


The introduction of foreign atoms can be responsible for very important 
changes in the properties of some materials; for instance the addition of im- 
purity atoms can transform inswators into semiconductors. Many other 
examples are possible. 


6. — Dislocations. 


The concept of the dislocation was introduced to explain the mechanical 
properties of solids, particularly their high ductility. 

In 1929 PRANDTL first introduced dislocations to explain internal friction 
of plastic origin. If dislocations are present, a crystal can dissipate energy 
when subjected to cyclic oscillations. 

The work of TAYLOR and OROWAN in the next five years formed much 
of the basis of modern dislocation theory. We will deal with applications of 
this theory in connection with particular substances. The theory will be de- 
veloped in some detail by Professor FRANK in his lectures. 


IUS 


Alka'i halides electrolysis. 


Let us consider the electrolytic conductivity o observed in an alkali halide 
crystal. The key experimental observation is that the logo vs. 1/7 curves 
are composed of two distinct, linear parts. There is a straight line portion at 
high temperatures which deviates as one goes to lower temperature (Fig. 5). 
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A number of measurements of this effect have been 
made: the most celebrated being that by LEHFELDT 
in 1932. The transition between the two portions 
of the curve occurs at lower temperatures, for purer 
crystals. Conversely, if one prepares specimens with 
higher and higher concentrations of impurities, the 
deviations occur at increasingly higher temperatures. 

Another important fact should be mentioned. In 
the impurity range, i.e. for large impurity concent- 
RIA rations, the positive ions in the alkali halides 
lytie conductivity of an ©AITY almost all the current. In the intrinsic range, 
alkali halide. The dashed especially at high temperatures, both positive and 
curves correspond to crys- negative ions conduct. For KCl, for example, about 
tals containing additions 30% of the conductivity is due to negative ions at 

of divalent halide. : i, 

temperatures near the melting point. 


Fig. 5. — Typical Boltz- 


1. — The Schottky-Wagner model. 


This was proposed in the early 1930’s to account 
for the conductivity of the alkali halides and has 
been verified by subsequent experimental work. The © ce) Drama e 
model assumes that in the alkali halides an equal num- db dallo i MA ry 
ber of positive and negative ion vacancies are present 
in the pure crystal. Ions move by jumping into vacan- 
cies, which are able to wander for large distances. Fig. 6. 


9. — Addition of divalent ions. 


Divalent ions dissolve substitutionally in the crystal. Because of the extra 
charge on the ion, this will be associated with a vacancy at low temperature. 
At higher temperature the vacancy becomes free and, to a first approximation, 
can be considered to be independent of the divalent ion. A proof of the model 
was given by the experiments of Pick and WEBER who added CaCl, to KCl. 
It was observed that the density of the crystal decreased upon the addition 
of divalent ions in just the way that would be expected if the divalent ion 
were added substitutionally and a vacancy were created. 

In the diagram (Fig. 7) the top line is what would be expected if densities 
were additive. The bottom line corresponds to the case in which one Ca" 
ion replaces two K* ions without causing a change in the lattice parameter, 
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The dotted line is what is observed experimentally. 
The discrepancy between the observed line and the 
bottom line is presumably a result of shrinking of the 
lattice parameter as a result of the addition of impu- 
rities. This shrinkage is too small to be observed di- 
rectly in the alkali halides. It can however be ob- 
served in other salts, for example those having a CaF, 
type lattice. Trivalent ions like Y*** are highly so- 
Picea luble in these salts. The impurity concentration can 
be made sufficiently high to produce a change in 
lattice parameter which can be observed directly. (Divalent ions are soluble 
in the alkali halides to only about 1 part in 1000). A few years ago MAURER, 
ErzeL and MAPOTHER studied the effects of adding CdCl, on the ionic con- 
ductivity of NaCl. This type of experiment has ie 
been extended considerably since. They found that T const 
the isothermal plot of Ao, the increase in o above its 
value for the pure crystals, when plotted against the 
concentration of added impurity, looks as follows: c 
LA low e be DOANE, the ee is Fig 605 Adainonal som 
linear, while for high impurity concentrations ductivity Ac as a func- 
there is an observed deviation from linearity. tion of divalent addition. 
It was proposed by MAURER and co-workers 
that this effect is a consequence of the association between impurity ions and 
vacancies. One expects such association since one has a Coulomb attraction 
between divalent ion and vacancy. MAURER found that the deviation in the 
conductivity curves could be explained if one assumed an association 
energy e, 0.3 eV. BEAN performed similar experiments with Ca++ additions. 
The conductivity curves for this case showed much more linearity than the 
corresponding ones for Cd*+. This implied an association energy of < 0.1 eV 
for Ca**. The difference between Cd and Ca is surprising since the two ions 
are nearly identical, having nearly the same radius and polarizability. 


C (Cat *)~10-%mole. % 


3. — Theoretical study of association. 


The most thorough theoretical investigation was carried out by BASSANI 
and Fumi. They calculated the following association energies: 


Cd Ca Sr 


NaCl 0.38 eV 0.38 0.45 
KCl 0.32 eV 0.32 | 0.39 
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The agreement with the experiments of MAURER and co-workers discussed 
above is good for Cd++ but not for Catt. However the difference in behavior 
of Cat+ and Cd++ impurities is a matter of some controversy, and viewpoints 
favoring the presence of appreciable association also for Cat+ have been ex- 
pressed by Lrprarp and by HAVEN (see remark 3 at the end of Part II). 

MAURER assumed that a vacancy was bound only if it was at a nearest 
neighbor position to an impurity. If the vacancy was further away it was 
considered as free i.e. it was considered to be independent of the divalent ion. 
An extension of the theory was developed by LIDIARD. He made an ele- 
gant application of the Debye-Hiickel theory of strong electrolytes to take 
into account impurity-vacancy interactions at distances larger than the nearest 
neighbor distance. A result of Lidiard’s theory is that one gets a higher con- 
ductivity than one would predict on the simple theory of MAURER at high tem- 
perature and for a given association energy. 


4. — Mobility of defects. 


One can obtain estimates of the mobility of defects from conductivity 
experiments on doped crystals. Provided one knows how many free vacancies 
there are, one can obtain the contribution to the conductivity per vacancy. 
In order to know the number of free vacancies, one must know the degree 
of dissociation of the vacancies from the divalent ions. 

It is presumably a good approximation to assume that vacancies are free 
at elevated temperature. Actually one should apply a correction, the cor- 
rection depending on the model of association one uses. However, when one 
goes to high temperatures one favors dissociation and the high temperature 
results are fairly independent of the model one chooses to describe association. 
Excellent values have been obtained for the mobilities of positive and nega- 
tive vacancies in NaCl and KCl. Similar measurements could be made for 
other salts following this approach. 

ErzEL and MAURER have found the following 


Mi = eee x | a em?/V 8, 

with ¢-=0.8eV, At room temperature this would give a jump frequency of 
about 1 per s. There is an unresolved point which may be mentioned here. 
The logo vs 1/7 plots display a change in slope at low temperature. There 
is evidence that the impurities may cluster or precipitate out but as yet there 
is no strictly quantitative treatment of this effect. HAVEN has shown that 
such condensation is probably very important near 100 °C. 
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A large amount of additional work of this type has been carried out by 
ASCHNER and MAURER in recent years and will be published soon. 


5. — Dielectric relaxation measurements. 


It was noted by BRECKENRIDGE that one should be able to detect impurity- 
vacancy pairs through dielectric relaxation measurements. If a crystal con- 
taining such pairs is placed in an external field having the same frequency as 
the jump of a vacancy round an impurity ion, dielectric loss should be ob- 
served. Breckenridge’s experiments were not conclusive, however HAVEN has 
observed this effect unambiguously. The technique is now regarded as 
«standard ». One can obtain the activation energy of a vacancy in the neigh- 
borhood of a divalent cation by such measurements. 


6. — Concentration of intrinsic defects. 


Given the mobility of defects and their transport number in the intrinsic 
range, one can determine the number of defects in the pure crystal from the 
conductivity isotherms. 

The first extensive investigations were carried out by MAURER and co- 
workers and by the group working at Géòttingen with PoHL. Other meas- 
urements have since substantiated their work but there is still much to be done 
along these lines. 

The following results were found for the densities of intrinsic defects: if 
f is the mole fraction of Schottky defects for NaCl 


= VÀ "€ ei ek 
A. exp| a ; 
with e,= 2.02 eV. 
For KCl, KELTING and WITT obtain 
Sil gee A MANI 
f = 42 exp ok nl È 


with ¢, = 2.48 eV. 

At the melting point these results give a concentration of Schottky defects 
of about 1/100 mole %. 

Theoretical calculations of the energies of formation of Schottky defects in 
NaCl and KCI have recently been performed by Fumi and Tost, and give 
results in good agreement with experiment. 
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7. — Diffusion. 


Another important way of investigating defects in alkali halides is through 
measurements of the diffusion of radioactive tracers in the crystal. So far the 
tracer ions used have been radioactive isotopes of the base atom. However 
it would be useful to study tracer diffusion of impurity ions in doped crystals. 
There are difficulties in doing this because sufficiently strong sources of radio- 
active divalent ions are not available readily. 

Using appropriate theory one can infer the conductivity of the crystal 
from the value of the diffusion coefficient of the tracer. One makes use of the 
Nernst-Einstein relation 


D,ce?* 
Sir Too 
where e is the concentration of vacancies and D, the diffusion coefficient of 
a vacancy. In relating the diffusion coefficient of the tracer ions to that of 
the vacancy one must take into account the relation between successive 
jumps of the vacancies. 

The need for this correction was first pointed out by BARDEEN and HERRING. 
The correlation effects are outside present observational accuracy of tracer 
diffusion measurements in alkali halides; however we shall see that very large 
correlation effects are observed in the silver halides. 

We will conclude with the following brief remarks: 


1) An impurity ion should diffuse very rapidly because it has a vacancy 
attached to it much of the time. The work of ErzeL, MAURER and CHEMLA 
has borne this out. CHEMLA finds that Zn, Sr and Fe diffuse 1000 times more 
rapidly than the base ion in NaCl. 


2) There has been some work done on the self-diffusion of negative ions 
in the bromides. KATZ and ScHAMP measured the diffusion coefficient of radio- 
active Br in NaBr. 


3) HAVEN has recently investigated the association of vacancies with Cd 
and Ca ions with dielectric techniques. It appears from his work that the 
energy of association of the ions is probably the cause of the discrepancy ob- 


served formerly. 


4) Experiments have been performed deforming plastically the alkali 
halide. The conductivity rises when the crystal is deformed and then levels 
off in time. One concludes that moving dislocations produce vacancies. The 
effect was first observed by GYULAI and most recently has been investigated 
by NOWICK. 
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Alka‘i ha ides-color centers. 


While in the years before the war the study of color centers in the alkali 
halides was in the main carried out by Pout and his school at Gottingen and 
by PRZIBRAM in Wien, research on this subject seems now to be of broad in- 
ternational interest. 


1. — Electron ceiters. 


Alkali halides may be colored either by heating in the vapour of alkali 
metals producing thereby an excess of alkali ions, or by the use of ionizing 
radiation, such as X-rays. With the use of these procedures one finds a bell 
shaped absorption band (#-band) in the visible spectrum. The intensity is 
about 10-4~10-* times lower than the fundamental absorption of the crystal 
in the ultraviolet region. By using thin coevaporated 
films of alkali halides of the type developed by HILSCH, 
it has also been possible to obtain high # center 
concentrations, up to 102°/em*. The oscillator strength 
of the #£ band given by several observers has 
values in the range from 0.7—0.8. a 

The plot of log of the concentration of the RR 
F centers against log of the vapour pressure of the positions of the funda- 
alkali metal is a straight line with unit slope. This mental and F bands. 
implies the monomolecular process Na Naga 
The energy needed to dissolve the metal in the solid from the vapor is 
about 0.1 eV. 

The qualitative experimental facts concerning /-centers can be explained 
by de Boer’s model of the #-center, which is supported by a great amount 
of experimental evidence. In this model a negative halogen ion is replaced 
by an electron. It is interesting to note that MoLLwo studied CaF, to which 
metallic Ca had been added and showed that the substance colored additively, 
the coloring process producing absorption peaks similar to the Y-centers 
in the monovalent salts. Density measurements suggest a reaction in which 
the calcium ions enter substitutionally and the electrons replace fluorine. 

The alkali halides containing F-centers possess spin resonance absorption 
lines, which can be associated with the unpaired electrons in the F centers. 
HUTCHINSON and Kip and KIrTEL observed a broad resonance spectrum. 
This demonstrates the presence of an interaction of the F electrons with the 
magnetic moment of the nuclei of the surrounding ions. 

PEKAR pointed out from theoretical arguments that colored crystals should 


Absorption 


vapor 
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emit fluorescence lines in the near infrared when irradiated in the Y band at 
low temperatures. Although KLIok and his colleagues found very minute 
fluorescence experimentally, Prick and his co-workers, and DoorN and HAVEN 
recently obtained luminescent radiation with a quantum efficiency of at 
least 50%. 

Photoconductivity measurements on additively coloured crystals by the 
Gottingen group show a decrease of efficiency at low temperatures. Fig. 10 
illustrates a model of the energy levels of the # center, first described by 
GURNEY and Mort, which explains this drop. One obtains photoconductivity 
only when the electron is raised to the continuum. However the photon 
lying in the F-band excites the electron only to the first excited, discrete level. 
The energy difference between the excited state and the continuum is low. 

At room temperature thermal fluctuations cause 

ee further excitation from this level to the ioniza- 
tion states. 

Thus most of the excited electrons contribute 

to the photocurrent at room temperature. On the 

grounder stare contrary the excited electrons do not contribute to 

Fig. 10. the photocurrent at sufficiently low temperatures 

i because the thermal energy is not available. 

The photoconductivity decreases inversely with the concentration of 
centers (0, cc 1/c,) at concentrations in the range from 10%—10" per cm?. 
This result indicates that under suitable conditions a second electron can be 
captured by an F center to form an Ff” center. The 
absorption band is shown in the figure. Irradiating in 
the F-band at appropriate temperature bleaches the 
F-band and a new F’-band appears. The #” center pos- 
sesses no excited state. Thus the /’ center is ionized 
by light absorbed in the F’ band even at very low 
temperatures. 


excited state 


Absorption 


: È 
If one regards the structure of the Y band in detail Hig. Lu The Eh band 
arises from /-centres 


one finds a hump on the tail at the short wavelength ht Rarer edae 
side. This is called the K band. Initially it was thought Eonend elootron. 
that the K band is the result of excitations to the higher 

discrete states of Y centers. Recent work seems to imply however that the 
situation is more complicated. The AK band may 
be due to F centers in the neighborhood of dislo- 


cations. 

While studying the absorption spectrum at 
the fundamental absorption band of KI crystals 
colored both additively and by X-irradiation, 
DELBECQ, PRINGSHEIM and YUSTER discovered 
Fig. 12. two new absorption bands which are termed 


Absorption 
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the « and f bands. It seems fairly safe to assume that the « band arises 
from an electron transition between a neighboring halogen ion and the first 
level of a halogen vacancy. The 8 band is intimately connected with the 
F centers. It is reasonable to assume that an electron on the halogen ion is 


Absorption 


Absorption 


Fig. 14. — Model of the M band. The optical 
absorption spectrum of a typical alkali halide con- 
Fig. 13 taining the M band; other bands are shown as well. 


excited to the second level of the # center. 

When a crystal containing dispersed / centers is irradiated with light in 
the F band at temperatures near room temperature, a peak near 8000 A 
called the M band appears. This absorption is associated with a more complex 
center which can be formed at sufficiently high temperatures because of the 
migration of the ions. A model first proposed by the 
author is shown in the figure. This model was sup- + - + Sa 
ported by observations by UETA in Japan and by - bai + — + ost 
Doorn and HAVEN in the Netherlands. They exam- im enti a 
ined the M centers with polarized light and de-  , _.__ 
monstrated that the center is anisotropic and pos- 
sesses an axis orientated in the 110 direction. It * e] ut RS + 
was also shown that absorption in the F band causes © * ~ * 7 
simultaneously absorption in the M center. Thus 
the M center must be considered to possess an ab- — ~ — + ~ + — + 
sorption spectrum with two peaks which extend over Fig. 15. — Typical centers 
a relatively large region of the spectrum, one com- formed by combining elec- 
ponent lying under the 7 band in KCl. trons and vacancies. 

A more complicated absorption spectrum is 
obtained after sufficiently long irradiation in the # band. It implies the 
existence of even more complex centers. 


te a te 


2. — Hole centers. 


It is possible to introduce centers analogous to those described above but 
involving holes instead of electrons. Such color centers absorb in the ultra- 
violet region of the spectrum and hence have been termed V-centers. In the 
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case of the bromides and iodides some of the centers, lying farthest to the ultra- 
violet, can be formed by additive coloration (MoLLWO, 1934), that is by heating 
the crystals in halogen vapor. Such centers are of bimolecular form and probably 
correspond to the union of one or two holes with a pair of positive-ion vacancies. 

A center which may well be the inverse analogue of the #-center can be 
formed by irradiating with X-rays or electrons at liquid nitrogen temperatures. 
This center is called the V, center and usually lies relatively near the visible. 
Although the experimental evidence is not conclusive, it probably consists of 
a positive-ion vacancy and a hole. It was discovered by DELBECQ, YUSTER 
and PRINGSHEIM and has been subject to extensive study. It bleaches when 
the crystals are warmed appreciably above liquid nitroged temperature. DUTTON 
and MAURER have found that a mobile charge, presumably a hole, is released 
when the absorption band bleaches. Recently, CHIAROTTI and INCHAUSPÉ 
have found that the charge released when the V, band bleaches can be ob- 
served at the corresponding temperature in crystals which have been irradiated 
with light in the tail of the fundamental band at liquid nitrogen temperatures. 
The F-band is barely detectable in such crystals and the V, band has not been 
discerned by other means. The current pulse observed is remarkably large 
and implies that the holes wander until they find electrons and become an- 
nihilated. 

KANZIG has discovered magnetic resonances among the V centers. Thus 
far, however, the V, center has not yielded a detectable resonance, presumably 
because the resonance spectrum is very broad. 


LN 
Silver halides. 


1. — Absorption properties. 


The principal practical interest in the Ag halides lies in their use in photo- 
graphic emulsions. We will say very little about this aspect and focus our 
attention on understanding the fundamental imper- 
fections in the crystal. 

Fig. 16 illustrates the general features of the 
absorption spectrum of a Ag halide. A peak occurs at 
2500 A in AgCl. Unlike the corresponding spectra for 
the alkali halides, the Ag spectra exhibit a broad tail X 
extending into the visible region. The first exper- 2500 A 
iments indicated that the absorption curve was not Fig. 16. 
temperature dependent but investigations since 1950 
by Mirman and those of GILLEO, TUTIHASI, KOESTER and GIVENS, and 
OKAMOTO show that at low temperatures there is a sharpening of the peak. 


Absorption 
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The Ag halides show photoconductivity at all temperatures above about 
40 °K for radiation in the absorption band. It is of great interest that the 
quantum efficiency is less than 1 for these crystals. 

BROWN and DART at Urbana have extended the older work of LEHFELDT. 
They observed the quantum efficiency to be about 50% for irradiation in the 
tail of the band. The efficiency decreases as one irradiates toward the peak 
of the band. 

A possible interpretation of this effect is as follows: the irradiation pro- 
duces an exciton. In some cases the exciton dissociates producing a free hole 
and an electron probably in a collision with an imperfection. In other cases 
the exciton may lose its energy by exciting silver ions. The transition 
(4d)! -> (4d)95s in the Ag ion lies in the near U.V. region. One might expect 
that some of the excitons may lose their energy in this way. In the case of 
the alkali halides the energy gaps are too large to make such transitions 
possible. 

We turn now to consider the lattice defects present in a pure silver halide 
crystal. About 20 years ago Jost proposed that the intrinsic defect in the Ag 
halides is of the Frenkel rather than the Schottky type, i.e. that there are 
pairs of Ag ion interstitials and vacancies in the pure crystal. JOST was guided 


by two considerations. 


1) The electrolytic current is purely cationic. In the case of the alkali 
halides there is, in contrast, some anionic contribution. 


2) Frenkel disorder is favored in the Ag halides because the Ag+ ion 
has a small radius and because of the large Van der Waals energies associated 
with the high polarizability of the silver ions. The Van der Waals energy 
between two ions is attractive and varies as r 6; it therefore lowers the energy 


of interstitials relative to normal ions. 


2. — Test of mechanism. 


Kocg and WAGNER in 1936 developed a method for testing this model. 
Their experimental technique was called in doubt by MITCHELL and experi- 
ments were repeated by TELTOW and EBERT. 

The procedure is as follows: one adds various known amounts of divalent 
impurity to the crystal and then plots the conductivity o against c. For every 
divalent ion added a positive ion vacancy must be formed to preserve electro- 
neutrality. The creation of vacancies will depress the concentration of inter- 
Stitials according to the quasi-chemical reaction 


Agt =| AGIATA 
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If the interstitials are more mobile than the vacancies the conductivity 
should decrease when impurities are added.. What actually was observed was 
that the conductivity first decreased and then in- 
creased. One concludes therefore that the mobility 
of the interstitials is greater than that of the va- 
cancies but that the vacancies do carry some of the 
current. Thus one obtains a rise in the conductivity 
if their concentration is increased sufficiently. 


Cd **addition 


It may be mentioned that the analysis of this Fig) 17: 
type of experiment yields the mobility of the two 
defects and their density in the pure crystal. The density of Frenkel defects 
is about 1% at the melting point. This is to be compared with the correspond- 
ing value of 0.01% for the alkali halides. The mobility and density of defects 
in Ag halides are known to a factor of about 2. An important question which 
has received much attention is the degree to which Schottky defects are pre- 
sent at temperatures near the melting point. The technique outlined above 
loses much of its validity at high temperatures because the mobilities of the 
defects become nearly equal so one must use other approaches. 

Two types of evidence lead one to believe that defects in the Ag halides 
are predominantly of the Frenkel type even at the melting point. 


1) Berry studied the change in cell dimensions at high temperatures 
by X-ray measurements. He compared his results with former density measu- 
rements made by STRELKOW. The fractional change in the volume of the 
crystal and the cell are parallel to within the experimental accuracy of 0.1 VA 
The conclusion is that the defect formed preserves the total number of cells. 
This is true for Frenkel but not for Schottky defects. ZImHTEN has repeated 
the density measurements and has corroborated Strelkow’s results. From 
Berry’s work therefore one can conclude that Schottky defects are present 
to at most 0.1 mole % at the melting point. 


2) The second piece of evidence is provided by the measurements of 
Compron at Urbana. Compron measured the self-diffusion coefficient of Ag* 
in AgCl and the conductivity of the salt in the intrinsic range below the melting 
point. He found that the ratio 


D, 
= ip 0.5 
4To|Ne ® stà 


N is the number of cation sites per unit volume. 


This result can be explained following the model proposed by MCCOMBIE 
and Liprarn and treated in further detail by ComPAAN and HAVEN. One 
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supposes that Frenkel defects are formed below the melting point and that 
the interstitials move by the interstitialey rather than by the direct mechanism 
i.e. that the interstitials move by displacing normal ions. In collinear jumps 
of this sort, the electric charge moves twice the distance the radioactive inter- 
stitial atom moves when the latter jumps. If one assumes that all the inter- 
stitialey jumps are collinear, that all the current is carried by interstitials 
and if one takes into account correlations between successive interstitial jumps, 
one finds from the Nernst-Einstein relation 


a: _ Me 
Die be 


where the subscript 7 refers to interstitials, that 


If we take into account the contribution to the conductivity and to D, due 
to vacaney motion, it is found that 


Ne? 


o 
Ne): = 
p23 eer: 


The experimental coefficient is about 1.7. The theoretical coefficient may be 
reduced if one assumes that a certain fraction of interstitialey jumps are non- 
collinear. 

Some additional experiments of TELTOW might be mentioned at this point. 
He dissolved Ag,S in AgCl and AgBr. It was demonstrated that the S77 ion 
dissolves substitutionally with the formation of a Ag interstitial ion: the con- 
ductivity increased for increasing concentrations of impurity. Because of the 
limited solubility of Ag,S in the salts the experiments were only of semiquanti- 
tative nature but they constitute further evidence that the intrinsic defect 
in Ag halides is the Frenkel type below the melting point. 

Some further points may be mentioned: 


1) HILscH and co-workers coevaporated Ag and AgCl at liquid Nitrogen 
temperatures. The absorption spectrum 
of such a specimen showed what is 
presumably an F band at 3750 A (an 
F band is observed in an alkali halide 
Specimen prepared in the same way). 
When the crystal is heated to room 
Fig. 18. temperature, the band disappears and 


~ 3750 A 


Absorption 
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ts replaced by a colloid band at 5000 A. The process presumably taking place 
involves migration of the F-centers to dislocations when they condense to form 
colloidal particles of silver. Presumably the contribution to the absorption peak 
of the colloidal spectrum arising from a given center depends on the way the 
dislocation to which it is attached runs through the crystal. 


2) It is observed in photoconductivity measurements that electrons have 
a remarkably long life time in the Ag halides, of the order of 10-> s; the time 
in the alkali halides is 10-* times smaller. If one has a specimen whose thick- 
ness is of the order of millimeters, one can make electrons go from one elec- 
trode to the other and by measuring the transit time, one measures the 
mobility of an electron. BRowN and VAN HEYNINGEN at Urbana have made 
such measurements on very pure single crystals. The results will be discussed 
by Dr. Brown. in his seminar. At low temperatures the lifetime and mobility 
drop to values like those in the alkali halides. One must assume that at 
high temperatures electrons are scattered by lattice vibrations while at low 
gemperatures a new scattering or trapping mechanism sets in. This mechanism 
is not well understood at present. 


3) There has been some investigation of the nature of holes in the Ag 
halides. It must be mentioned however that all direct measurements of hole 
conduction reported so far are highly suspect. 


Some of the most important experiments investigating the nature of holes 
in the Ag halides were carried out by Luckry and West at the Kodak Lab- 
oratories in Rochester. They measured the evolution of halogen gas when 
layers of various thicknesses were irradiated with light of varying wave length. 
One of the results of this work is that the distance holes are able to migrate 
is of the order of 1 micron perhaps when bound to positive-ion vacancies. 

Holes have also been studied in Ag halides containing a stoichiometric 
excess of halogen. At Kodak stoichiometric crystals were p'aced in an atmo- 
sphere of the halogen. The specimen then displays electronic conductivity. 
Presumably a silver atom diffuses out to join a halogen at the surface leaving 
a hole and a silver-ion vacancy behind. It would be valuable if the Hall effect 
sere investigated in such specimens to prove that the conductivity is of p-type. 
whe Hall effect may be large enough to be measurable. 


Vie 
Metals. 
The first attempt to discuss lattice defects in metals quantitatively was 


made by Huntineton and Serrz in 1941 and concerned metals with large 
d-shells (noble metals), specifically copper. More extensive calculations on 
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the energy required to form vacancies in monovalent metals have recently been 
carried out by FUMI. 

Metals do not display electrolytic conductivity so that the experimental 
evidence comes to a large extent from diffusion and specialized techniques 
such as those of spin resonance. 

In the one-dimensional case the following diffusion equation is normally 
valid for macroscopic dimensions: 


de 0 


dt. da 


de 
D(c) Si ’ 


where c(x,t) is the concentration of solute and D(c) is the diffusion coefficient. 
This is reduced to a normal differential equation by putting: 7 =a//t, 


de d de 

ee SS EN) (= 
fi dy ral n “| 

Diffusion involves lattice imperfections. Three mechanisms may be con- 


sidered: 


STRA SATA 0 ASG PEAS dA 1) vacancy 
PAV MAS cA An EAN RA 2) interstitial 


Ae FA 1A Ah 


LS 


3) position exchange. 
ren RS i = eg CA TÀ, 


ee ier ATA TUTA It is now generally believed that the 
f Y vacancy mechanism is the basic one. 

i Some years ago ZENER reinvestigated 
Alte TA, AVATI ATE the possibility of direct exchange diffusion 
and pointed out that in copper a ring 
mechanism, whereby many atoms take 
place in an exchange process, may be 
competitive with vacancy diffusion. Also interstitial diffusion may be im- 
portant in some cases, particularly in radiation-damaged materials. 


PIRAS AR E a et OR a bg 
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1. — Diffusion experiments. 


Experiments on diffusion in alloys, salts and pure metals became of in- 
terest from 1925 onward. The most accurate investigations in metals are 
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recent and concern self-diffusion in noble metals. We quote some accurate 
data for Cu, Ag and Au obtained by LAZARUS, SLIFKIN and their co-workers. 


Metal Activation energy | 
Cu | 42140 cal/mole 
Ag | 45 500 | 


Au | 39 250 


The best evidence that diffusion occurs through either vacancy or inter- 
stitial mechanism is given by the Kirkendall effect. A block of a-Brass (70% 
Cu-+30% Zn) is surrounded by Cu and markers are placed at the interface. 
On heating to high temperatures the markers are observed to move inward 
as the diffusion proceeds. This fact cannot be ex- 
plained by interchange mechanism and suggests that 
a defect mechanism must be assumed. Several investi- 
gations of the Kirkendall effect were carried out with 
different couples of metals and alloys and lead to the 
same conclusions (CORREA DA SiLva and MEHL, ALEX- 
ANDER, BALLUFFI and SEIGEL and others). 

DARKEN proposed the following explanation: let us 
assume that each atom has its own diffusion coefficient 
and let D, and D, be the diffusion coefficients of A Fig. 19. 
and B atoms involved in the Kirkendall effect. We 
shall also assume that the intrinsic density has the equilibrium value in each 
small volume in the specimen. The chemical diffusion coefficient is then given 
by D.=faDx+fDa, where fa and f, are concentrations. This quantity should 
be placed into the basic diffusion equation. The velocity of the marker 
shift is given by the expression 


_ L,41, oc, 
ag Dale aa: 


Darken’s result can be derived differently. We assume that there is a current 
of vacancies I, from Cu to brass: 


IN, IN, 
I>- Dig +N kT. 


da 
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The first term is the Fick term and the second arises from the gradient of 
chemical concentration. Darken’s equation may be derived if one assumes 
that the vacancies are in local equilibrium. If the mechanism is an inter- 
change process, D,=D, and no effect would be 
observed. 

Dislocations presumably act as sinks for vacancies 
maintaining local equilibrium, as well as they can. 
They work effectively on a macroscopic scale, but may 
fail on a microscopic one. 

The Kirkendall effect can give additional infor- 
mation about defects: in some couples of metals poro- 
sity has been noticed near the diffusion boundary. 
That means that not all vacancies which have crossed voids 
the boundary disappear at dislocations: some of them Fig. 20. 
condense to form voids. By studying this effect one 
can hope to estimate the number of jumps which a vacancy makes before it 
disappears. 


Dona 


2. — Quenching experiments. 


We remarked in the first part, that changes in resistivity of gold due to 
quenched in vacancies were measured by KAUFFMANN and KOEHLER in 1953. 
Experiments were carried out later by other investigators with several metals. 

Results obtained by BAUERLE using brine quenching with gold wires show 
unusual consistency and clarity. For practical purposes the wires could be 

considered to be single crystals because the size 
of grains was of the same order as the diameters 
of wires. Quenching was performed in the range 
from 450 °C to 900 °C. It was found that log Ao 
depended linearly upon 1/7 and the activation 
energy e, was found to be (0.96 + 2%) eV. Using 
Okkerse’s result for the activation energy e, 
for self-diffusion, we find that the migration 
08 107/48 energy of single vacancies should be 
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Annealing experiments show a linear relationship between the log of re- 
sidual resistivity and time for quenching temperatures lower than 700 °C. 
This shows that vacancies probably disappear by jumping into dislocations: 
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the number © of jumps they make before dying is ~ 107 according to an- 
nealing data. The small deviation from linearity near t= 0 is presumably due 
to depletion of vacancies near dislocations. 

The volume of specimens diminishes during annealing in the same manner 
as resistivity. It was found that Ag/(Av/v) ~ 3.3-10-* Qcm, Therefore one 
finds that the resistivity change due to 1% vacancies is about 3.3 pQcm, if 
one assumes the lattice does not shrink because of vacancies. Actually the 
lattice probably shrinks around a vacancy. According to Huntington’s cal- 
culations this contraction may be important. We may conclude that 


1.3 vOem < Ao due to 1% vac< 3.3 uQem . 


Other quenching experiments are due to BRADSHAW and PEARSON (Pt: 
E,=1.4eV, HE, =1.1eV) and to PANSERI, Garto and FEDERIGHI (Al: a 
= 0.76 eV). Annealing experiments in Al were 
performed by De SorBo and TURNBULL (4, = 
= 0.37 6V). 

It is a remarkable fact that the annealing 
experiment showed a different mechanism when 
the specimens were quenched at temperatures 
above 700 °C. For quenchings at 800 °C or more 
Ao did not anneal completely and curves of Ao 
against ¢ were not exponential. Probably the 
vacancies generate their own dislocations at 
higher concentrations. As the figure shows, the resistivity starts to follow the 
exponential law but then falls more rapidly. It is likely that vacancies 
evaporate at high temperatures after having been captured at dislocations; 
consequently their life in the metal is increased. It is possible that © becomes 
as large as 10! or 10!!. It has been also pointed out by PANSERI, GATTO and 
FEDERIGHI that impurity atoms are effective in capturing vacancies in Al. 
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Lattice defects in non-polar semiconductors. 


1. — In this Section attention is focused on a few topics connected with 
lattice defects in non-polar semiconductors. Self-diffusion measurements in Ge 
carried out by PortNoy, LETAW and SLIFKIN using a radioactive Ge 
isotope. Because of the very high activation energy for self-diffusion they 
had to carry out the measurements near the melting point of Ge, using very 
The accuracy of the results obtained in such a way is not 


were 


thin specimens. 
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as high as can be achieved in the noble metals at present: 


2. — Let us consider the mechanism of diffusion. The quenching experiments 
of MAYBURG and LOGAN are interesting in this connection. MAYBURG quenched 
a Ge crystal (20 mm x3 mmx1mm) from high temperatures by air cooling 
and observed new acceptor states, which he associated with lattice defects. 
His quenching rate was 100 °C/s. He derived from his results an imperfection 
density of 

46 100 
ani 


where n, is the number of defects/cm8, N the number of Ge atoms/cm*. It 
may be mentioned that these defects change Ge from n- to p-type material. 
MAYBURG observed a very complicated and incomplete annealing. 

LOGAN repeated these experiments. He could reach higher quenching rates 
in oil, and obtained 


46 000 
= 29 exp | - P| . 


n, 
N 
The activation energies derived by both investigators agree although the 
pre-exponential factors differ. This may be associated with the smaller 
quenching rates achieved by MAvYBURG. Logan’s specimen annealed almost 
completely. Because of this he believed he had measured an effect different from 
that of MAYBURG. However Mayburg’s samples probably were not as pure as 
Logan's and this would explain the complicated annealing MAYBURG observed. 
One can estimate the activation energy e, of motion and the activation 
energy e, of formation of defects from the activation energy of the self- 
diffusion ¢,: €,=68 000, e,=46000, e,, =22 000 cal/mole. The experiments suggest 
that the defects involved are either vacancies or interstitials, probably the 
former. 


3. — The study of the diffusion of copper in Germanium led initially to a 
confusion of concepts. The diffusion could be very rapid in general but was 
found to depend upon the density of dislocations by FULLER, DITZENBERGER 
and WOLFENSTEIN and others. Although it might appear that the copper 
diffused along dislocation lines, in explanation of the more rapid diffusion in 
crystals containing relatively high densities of dislocations, quantitative esti- 
mates showed that the diffusion rate along the imperfections would have to 
be impossibly large. The clew to the riddle was provided by TWEET and GAr- 
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LAGHER who found that one type of migration at a low level of concentration, 
important for the decoration of dislocations by copper, took place more rapidly 
the more nearly perfect the crystal. 

FRANK and TURNBULL provided the synthetic co-ordinating analysis. They 
proposed that copper could be present in germanium in two forms, namely 
substitutionally and interstitially. The copper diffuses very rapidly along 
interstitial positions if it does not meet lattice defects in the Germanium, 
presumably vacancies. If it does, the copper atoms fall into the vacancies 
and are trapped substitutionally for a period of time. The vacancies so oc- 
cupied will eventually be regenerated by dislocations, the actual time required 
depending upon the density of dislocations. Thus when the dislocation density 
is low, the first wave of copper atoms occupy the existing vacancies which are 
replaced slowly and additional copper diffuses interstitially very rapidly. 
Eventually the equilibrium ratio of interstitial and substitutional copper is 
achieved by the generation of vacancies at the small number of dislocations, 
however the substitutional diffusion of copper is slow. The situation is com- 
pletely inverted if there are many dislocations. The interstitial diffusion is 
then impeded by the rapid replacement of vacancies and the equilibrium 
concentration of substitutional copper is achieved relatively rapidly in the 
advancing front of copper. 

It is evident that the early measurements of diffusion focussed attention 
on the migration of the substitutional concentration which is about a hundred 
times larger than the interstitial, at equilibrium. The present estimates of 
the interstitial and substitutional concentrations and diffusion coefficients 
are given in the following table: 


Interstitial Cu Substitutional Cu 


10-3 cm?/s DÌ. 10 cm?/s 


Ss 


C 10-9 Or si 10 


It should be noted that the Frank-Turnbull model of the process would 
be equally valid if the natural disorder in the germanium consisted of inter- 
stitial atoms, with which the copper combined, rather than vacancies. Actually 
it is known that copper normally acts as an acceptor with three vacant levels, 
as Professor FAN mentioned in his lectures. Hence it appears most natural 
to believe that the monovalent copper responsible for the acceptor states in 
germanium is in substitutional positions, where it would naturally accept three 
electrons to complete its shells as a quadrivalent stand-in for germanium. 
Presumably an interstitial copper atom acts as a donor. 
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Radiation damage in metals. 


The study of radiation effects in materials can be divided into two broad 
periods. Before 1943 investigations were concerned mainly with biological 
effects. Subsequently, after Wigner’s suggestion that materials in reactors 
could undergo substantial changes in their own properties, many groups started 
to work in this field. It was soon realized that different solids behave differently ; 
however in this part we shall be mainly concerned with the effects in metals. 
Most simple metals must be irradiated below 


: 5 rature to preserve a major fraction Sa 
ee enone i I ; . i je incident particle Ed=25 eV 
of the defects produced by irradiation. 
Let us consider what happens when a fast et 
. mo 
charged particle passes through matter. Most pr! 


of the energy is dissipated in electronic exci- 

tation. The residual energy (about 0.1% of the Fig. 23. 

total energy) is expended in thermal excitation 

as a result of Coulomb encounters with the nuclei. Some collisions are effective 
in displacing atoms permanently from their lattice sites. This requires that 
about 25 eV be transmitted to an atom as translational energy. High tempe- 
rature regions are also produced in such collisions; interstitials and vacancies 
will be produced in this process. 

The first measurements on metals outside reactors were made with 
a-particles, deuteron and proton beams; in these cases the average energy 
transmitted to a knock-on atom which leaves its site is sufficient to make 
the primary produce secondary displacements. About five secondaries may 
be expected on the average. 

A substantial advance in the field was made when MILLS pointed out that 
electrons having about 1 MeV should be able to produce displacements. MILLS 
proposal proved to be quite convenient for obtaining values of the displace- 
ment energy. Actually if the energy of the knock-out atom is not much 
larger than £,, the accompanying thermal spikes should be small. Since 
electron excitation presumably produces no effects in metals, the results can 
be described entirely in terms of displacements 
of single atoms. 

In the early work, attention was focused mainly 
on the production of interstitials and vacancies. A 
very simple model in which the atoms were con- 
sidered in a square well whose height is about 25 eV 
was used. The secondary effects could be treated 
quantitatively in this model. FRENKEL pairs are produced when atoms are 
knocked out of the well. 
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It was also realized by BRINKMAN that substantial additional effects may 
occur in small regions containing a high density of defects. The mean free 
paths of recoil atoms in heavy materials happen to be of the order of one atomic 
distance, so that Frenkel pairs can be produced in a small volume. BRINKMAN 
termed such regions displacement spikes and emphasized that the damaged 
region may be in a highly chaotic state. 

Fission neutrons impart sufficient energy to atoms heavier than Al to make 
them produce large displacement spikes. Moreover most of the recoil energy 
is lost by collision. Practically only primary atoms can be produced with 
electrons near the threshold. 


1. — Analysis of results. 


After the earliest experimental work on radiation damage it was realized 
that very low temperatures were needed to preserve 
c the effects in metals because of normal annealing. 
MARX, CooPER and HENDERSON irradiated copper 
at liquid nitrogen temperature with 12 MeV deu- 
terons. It is noticed (fig. 25, curves A and B) that the 
obtainable changes in resistivity depended upon the 
irradiation temperatures, which means that some 
annealing took place even near 100 °K. Curve © 
Fig. 25. is corrected for annealing but still bends down. 
This effect of non-linearity between Ao and @ (inde- 
pendent of thermal annealing) is called radiation annealing. 
, The origin of radiation annealing is still not apparent and not well under- 
stood. Two possible explanations of it are as 
follows: 40 Wl 


bo 


Total flux È 


1) a displaced atom may find a vacancy 
and occupy it; 

2) disordered regions may overlap for high 
P, so that the effect of prolonged irradiation is 
smaller than the initial effect. d 


Annealing experiments after irradiation at li- 
quid N, temperature were carried out by MARX 
and by OVERHAUSER, who studied the way in which resistivity recovered as 
a function of temperature. 

It was found that annealing takes place almost continuously, indicating 
that there is a range of activation energies rather than a. single activation 
energy. In Fig. 28 the principal activation energy E is plotted against 7: 
it is apparent that a broad range of activation energies, ranging from 0.2 to 
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0.6eV was found. Above — 60 °C values of E are practically independent 
of temperature and are — 0.7 eV. This value for the annealing energy has 
been associated with migration of vacancies, owing to the fact that migration 


4e 
E 
T di 
Fig. 27. — A typical Ag versus 7 curve Fig. 28.- Schematic plot of the activation 
as a specimen is warmed in stages. energy effective at each temperature. 


of vacancies takes place in the same range of temperature. This conclusion 
cannot be considered to be proved from these measurements alone, however 
the results of quenching experiments support the hypothesis. 

OVERHAUSER was able to measure the energy released during annealing of 
Cu samples which were warmed from liquid nitrogen temperature. The ratio 
between the stored energy U and the decrease in resistivity Ao was found to be 


U 
Ao 


= li calgon <sem, 


Let us assume that about 5 eV are released in interstitial + vacancy recombi- 
nation: then we find from the preceeding ratio that the resistivity associated 
with 1% displaced atoms should be ~ 10 pQem. Actually changes in resis- 
tivity due to interstitials (Ao,) and vacancies (Ao,) were calculated by DEXTER, 
JONGENBURGER and BLATT. They found that 


OFS Noe Load 


Thus the situation was not entirely satisfactory. 

Cooper, KOEHLER and MARX subsequently per- 
formed irradiations of Cu, Ag and Au with 12 MeV 
deuterons at 10 °K. In this case a plot of Ao versus 
D is almost linear, depending upon ® according to the 
formula Ao=A4(1—e £°), where A and K are con- 
stants. 

In samples irradiated at 10 °K, the annealing mechanism is not the same 
as in the case in which irradiation was carried out at higher temperatures. 
There is evidence of an annealing energy of about 0.1 eV. Actually Huntington’s 
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calculations indicate that the migration energy of interstitials is probably 
less than 0.5 eV; it was therefore assumed tentatively that the experimentally 
found £,,— 0.1eV is associated with migration of 

Ae interstitials. Some of the interstitials may be expected 
to persist and anneal together with vacancies at higher 
temperatures. This interpretation was subject to some 

| doubt. It was proposed that recrystallization of spike 

, was reponsible for the low temperature stage of an- 

| 


nealing. 
20° K 60°K 7 In recent years CORBETT, DENNEY, FISKE and 
Fig. 30. WALKER at the General Electric Laboratories irradiated 


highly pure copper with 1.35 MeV electrons. In this 
case the secondary displacements should be almost negligible and the effects 
of displacement spikes should be nearly absent. The annealing is extremely 
simple. Presumably the displaced atoms do not go far from their lattice 
sites and direct pair annealing predominates. 

Recently PALMER and MAGNUSON performed irradiations and annealing 
measurements on deu teron irradiated specimens. Several annealing peaks were 
evident the most prominent being near to 0.1 eV. The annealing reaction 
was presumably monomolecular, with a frequency coefficient v, = 10" 87, 
which is less than the atomic frequency. This shows that the migration of de- 
fects occurs over many atomic distances and that the stage of annealing in- 
volving activation energies near 0.1 eV may be connected with annihilation of 
distant pairs. 

Very significant results were obtained by measuring the changes in volume 
(AV) and in lattice parameter of copper during irradiation and annealing. 
BALLUFFI, Simmons and Vooxk found that within experimental accuracy the 
relative change of lattice parameter is equal to that of linear dimensions both 
during irradiation and during annealing. This is expected for Frenkel and 
not for Schottky disorder. Thus the measurements support the view that: 


1) Frenkel defects are indeed produced by bombardment,. 
2) Pair annihilation takes place after diffusion of one defect. 


From the ratio Ao/AV one can determine Ag, and Ag,. We can make 
a compromise between these and previously discussed results and make the 
reasonable assumption that Ao, and Ag, are quite closely equal: 


Noa o 3.0; p Oem for 1% defects 


and that about 3eV are released in an interstitial-vacancy recombination. 
One very important experimental result throws some doubt on these con- 
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clusions. BLEwrrr and his colleagues performed fast neutron irradiation on 
copper in the Oak Ridge reactor and measured the stored energy release on 
annealing at low temperatures. They obtained a negative result and suggest 
that the value may be less than 1.7 cal/g/yQem. If we lower the value of U/Ao 
correspondingly the consistent picture discussed above disappears. The 
stored energy observed at Oak Ridge seems smaller than one would expect 
from interstitial-vacancy annihilation. Conversely, if one accepts the result, 
the resistivity associated with 1% of displaced pairs must be assumed very 
large compared to the values discussed above. This contradiction awaits. 
resolution before we can feel confident of our understanding of radiation effects 
in the simple metals. 
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Effets des imperfections cristallines sur la diffraction des rayons X. 
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Théorie générale. 


Il est bien connu et évident que l’application la plus importante de la dif- 
fraction des rayons X a été l’étude de la structure des cristaux: il s’agit de 
trouver comment les atomes sont disposés dans la maille que l’on suppose 
étre répétée, identique a elle-méme, par toutes les translations du réseau cris- 
tallin périodique. Pour le physicien du solide, la structure du cristal idéal 
est certes nécessaire à connaître, mais elle est aussi insuffisante. Savoir que 
l’aluminium cristallise dans le système cubique a faces centrées avec une maille 
de 4.04 A est bien peu de chose pour celui qui cherche 4 comprendre les pro- 
priétés physiques de ce métal. Heureusement, les méthodes classiques des 
rayons X apportent d’autres données, par exemple sur l’état de cristallisation, 
la texture cristalline, les légères variations de paramétre sous l’influence des 
tensions, ete. 

Mais c’est un autre domaine d’application des rayons X qui sera le theme 
de ces conférences. L’on sait que les défauts du cristal jouent un réle de 
premier ordre dans la physique du métal. Nous allons étudier quelles sont les 
données des rayons X sur ces défauts. Disons tout de suite que Von est loin 
de pouvoir obtenir une image complete des structures irrégulières. Mais, étant 
donné notre pauvreté en moyens d’observation directe dans ce domaine, des 
renseignements méme incomplets ou peu precis sont néanmoins intéressants. 
C'est ce qui explique que de très nombreux travaux tant théoriques qu’expé- 
rimentaux ont été récemment publiés sur ce sujet. 

Il ne saurait étre question ici d’entrer dans les détails de la théorie de la 
diffraction des rayons X par des cristaux imparfaits, car les caleuls devraient 
étre si résumés qu’ils deviendraient difficiles & suivre. Notre propos sera donc 
seulement de préciser les possibilités des rayons X, en vue de faire connaitre 
aux physiciens du solide les problèmes qu’ils peuvent poser aux techniciens 
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des rayons X et la nature des réponses qu’ils peuvent espérer. On trouvera 
dans les références bibliographiques la justification des résultats que nous 
nous contenterons d’énoncer. En particulier, pour les rappels des notions 
élémentaires et pour les développements spécialisés, nous renverrons le lecteur 
à notre traité recemment paru (GUINIER [1] qui sera désigné per Radiocrist.). 


1. — Cristal parfait et cristal mosaique. 


Soit un cristal parfait de très petite taille (de ’ordre du micron). La théorie 
cinématique de la diffraction fait usage de la notion d’espace réciproque (Radio- 
crist., p. 101). A partir du centre de cet espace, nous tragons le réseau réciproque 
du réseau cristallin donné, dont voici la propriété fondamentale: un noud 
quelconque PR,,, correspond a la famille des plans réticulaires (hkl) de réseau 
cristallin. Le vecteur OR,,, joignant Vorigine au noeud est normal a ces plans 
et OR,,,= 1/drx. Une expérience de diffraction en rayonnement monochro- 

matique est caractérisé par un vec- 


teur s= (S/A) — (8/4), où A est la 
VA ditinecré longueur d’onde, S, et S les vee- 
teurs unitaires suivant les directions 
du rayon incident et de la direction 
d’observation (Fig. 1). 
Rayor, incident — Echantillor. Les phénomènes de diffraction 
Fig. 1. — Définition du vecteur s A partir sont décrits simplement par la loi 
des directions des rayons incident et d’Ewald. Il y a un rayon diffracté 
diffracte. dans la direction S, si ’extremité du 
vecteur s, dont l’origine est placée 
au centre du reseau réciproque, coincide avec un neud du réseau réciproque 
(Fig. 2). L’intensité diffractée est proportionnelle au carré du facteur de 
structure F,,, attaché à ce noud. F,,, dépend de la position des atomes 
dans la maille. Quand l’extrémité de s est en dehors de ces nouds, l’intensité 
diffractée est rigoureusement nulle. En réalité ce que nous appelons noeud 
est un très petit domaine entourant le 
neud géométrique, ce domaine étant 
d’autant plus étendu que le cristal est 
plus petit. 


% 


a 


Fig. 2. — Détermination des directions des 

rayons diffractés par un cristal parfait par la 

construction @Ewald. Il y a diffraction dans 

le cas 1 (vecteur s, au noeud &,,,;) et non dans le cas 2. a*, b*, c* sont les axes du 
réseau réciproque. 
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En fait, un échantillon diffractant est toujours de dimension bien supé- 
rieure au micron. Si le cristal dans toute son étendue est rigoureusement parfait, 
les phénomènes sont compliqués par les interférences entre rayons incidents 
et diffractés qui ne sont négligeables que si le nombre de plans diffractants 
est assez petit (<1000). Pour le gros cristal parfait, suivant la théorie dyna- 
mique (JAMES [2]), les conclusions de la théorie élémentaire pour la localisation 
du faisceau diffracté sont encore valables mais l’intensité est profondément mo- 
difiée.. L’expérience montre que les conclusions de cette théroie ne sont pas 
vérifiées sauf avec quelques cristaux exceptionnels (calcite, diamant). Ceci ne 
peut s’expliquer que par la présence dans presque tous les cristaux d’imper- 
fections qui rompent la cohérence des plans réticulaires a des distances de 
l’ordre du micron. 

C'est là le premier résultat des rayons X sur les imperfections cristallines. 
DARWIN avait imaginé le modéle de la mosaique composée de petits blocs très 
légérement décalés ou désorientés de facon a ce qwils diffractent de fagon 
incohérente. Aujourd’hui, nous pouvons assimiler les blocs mosaiques hypo- 
thétiques aux blocs limités par les réseaux des lignes de dislocations que de 
nombreuses expériences ont révélées (réseau de Frank). Les dimensions des. 
blocs sont bien de Vordre de grandeur voulue. Mais il n’est pas certain que 
lon puisse admettre, d’une part, qu'il n’y a pas d’interférence entre les ondes. 
diffractées pour deux blocs contigus et, d’autre part, qu’un bloc éléementaire 
est assez petit pour que la théorie cinématique s’applique sans correction. 

De fait, les mesures du pouvoir réflecteur des cristaux réels ont donnée 
des nombres compris entre les deux valeurs limites du cristal parfait (théorie 
dynamique) et du cristal mosaique (théorie cinématique), valeurs qui sont 
séparées une de autre par un facteur au moins de Vordre de 10. Les effets. 
de l’existence des lignes de dislocation dans le «bon cristal» doit done étre 
facilement perceptible par des mesures du pouvoir réflecteur. Malheureusement 
la théorie n’a pas encore été faite: aussi la méthode n’a pas encore été utilisée. 
Elle pourrait étre utile pour l’étude de cristaux presque parfaits. 

Dans la plupart des cas, on peut considérer le cristal comme parfaitement 
mosaique. C'est ce que nous admettons dans la suite: nous ne nous occuperons. 
plus de ces défauts à grande échelle, mais des irrégularités 4 Péchelle atomique 
réparties dans tout le volume du cristal. 


2. — Défauts de périodicité d’un cristal. 


On peut décrire de deux facons les faibles perturbations de périodicité A 
partir d’un cristal parfait. Pour la simplicité de l’écriture, nous considérerons 
un cristal avec un seul atome par maille, mais la généralisation è des mailles 
complexes ne présente pas de difficultés. Les perturbations peuvent venir. 
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soit de la substitution d’un autre atome A l’atome du cristal donné, soit du 
déplacement de Vatome hors du neud, soit de l’ensemble des deux causes. 


21. Perturbations du ler genre. — Le cristal réel est défini è partir d’un 
cristal parfait moyen. La position du n-ième atome est donnée par x,+A,, 
x, étant le vecteur du réseau moyen de coordonnées n (n désignant le triplet 
des 3 entiers n,, %, n3) et le déplacement A, étant petit devant les dimensions 
de la maille, quel que soit n. Le réseau moyen est choisi de facon que DIAT=0) 
la somme étant étendue à tous les atomes du cristal. Dans le cristal réel, les 
atomes peuvent varier de nature, de maille à maille; le facteur de diffusion 
est fonction de la position de la maille, Y,. Dans le cristal moyen, toutes les 
mailles sont occupées par un méme atome fictif dont le facteur de diffusion 
est la moyenne des facteurs F’,. 

Comme exemples, citons pour les déplacements purs, le désordre dù à l’agi- 
tation thermique, et, pour les substitutions pures, la solution solide non par- 
faitement ordonnée. 


2°2. Perturbations du 2ème genre. — Un cristal est parfait parce que la 
disposition des voisins immédiats de tous les atomes homologues est rigoureu- 
sement identique. Supposons que cet arrangement local puisse présenter de 
légeres fluctuations par rapport au schéma idéal. En construisant ainsi un 
cristal de proche en proche a partir d’un centre, on trouve que les fluctuations 
des positions réelles par rapport a celles d’un réseau régulier croissent avec la 
distance du centre. L’ordre a petite distance est & peu pres conservé, mais l’ordre 
à grande distance a disparu, tandis que dans les perturbations du ler genre, 
il n’était que légèrement perturbé. 

Nous citerons comme exemple de ce type de désordre les hauts polymères 
(cellulose): les forces entre chaînes voisines étant assez faibles, on congoit que 
leur arrangement mutuel puisse subir des fluctuations qui n’existent pas dans 
les cristaux minéraux où les forces interatomiques sont bien plus considérables. 


3. — Effets des défauts de périodicité sur la diffraction des rayons X. 


La formule fondamentale de la théorie de la diffraction est l’expression 


(1) A. (8) Jet exp[— 2ris-x]dv,. 


Elle exprime l’amplitude diffractée au point de espace réciproque défini par 
le vecteur s= (5/7) — (80/2). o(x) est la densité électronique dans Pobjet dif- 
fractant. Si celui-ci est un cristal parfait, o(x) est périodique et A(s) est, 
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d’après (1), nul pour toutes valeurs de s, sauf si s a pour extrémité un noud 
du réseau réciproque. C'est la loi élémentaire que nous avions rappelée a la 
Sect. 1. 

Si o(x) n'est pas périodique, comme dans les cristaux imparfaits, A(s) peut 
avoir une valeur non nulle pour tout point de l’espace réciproque. Néanmoins, 
si les défauts de périodicité sont faibles, A(s) garde une valeur considérable 
aux neuds du réseau moyen dont dérive le cristal réel. 

Ainsi l’effet des irrégularités d’un réseau est de donner naissance a un 
rayonnement diffracté quand les conditions de Bragg ne son pas réalisées. 
Comme ce rayonnement ne se produit pas dans des directions étroitement 
déterminées, on dit qu'il y a diffusion et, considérant l’espace réciproque, on 
dit qu'il y a diffusion pour des points situés en dehors des neuds du réseau réci- 
proque. Si cette diffusion est concentrée dans un étroit domaine entourant ces 
neeuds, elle se traduit expérimentalement par un élargissement des taches ou 
raies de diffraction cristalline; si, au contraire, l’intensité de la diffusion est 
répartie dans toute la maille, cela se traduit par l’apparition sur les diagrammes 
de taches très floues ou méme d’un voile général se superposant aux taches 
de diffractions cristallines. 

Un théorème général montre que l’intensité de cette diffusion doit se sous- 
traire de Vintensité de la diffraction sur les noeuds du réseau réciproque du 
cristal non perturbé (Radiocrist., p. 410). Il s’ensuit que les imperfections du 
cristal ont pour effet de diminuer l’intensité des réflexions cristallines. 

Nous pouvons ainsi prévoir de facon simple les trois effets possibles des 
imperfections: diffusion continue, élargissement des taches de réflexion, dimi- 
nution de Vintensité de réflexion. Il est important de noter dès maintenant 
que, méme si le nombre des mailles perturbées est relativement grand, les effets 
précédents sont assez faibles, ce qui rend leur détection malaisée. 

Le probleme est d’utiliser ces effets pour déterminer la nature de la per- 
turbation du cristal. La difficulté majeure est celle que l’on rencontre dans 
les recherches de structure en cristallographie: o(x) peut se déterminer mathé- 
matiquement a partir de l’équation (1) par une transformation de Fourier. 
Mais l’expérience ne donne pas A(s), mais seulement Vintensité, c’est-à-dire 
I(s) =|A(s)|?. On connait le module de A(s) mais on ignore son argument. 
Physiquement, cela veut dire qu’on n’a aucun moyen de comparer les phases 
des ondes diffractées dans différentes directions, on ne peut qu’en comparer 
les intensités. 

Rappelons qu’en cristallographie, la transformée de Fourier de J(s) donne 
la fonction de Patterson (Radiocrist., p. 150). Nous allons indiquer ce qui, 
pour les réseaux perturbés correspond a la fonction de Patterson, dans le cas 
des imperfections du ler genre, c’est-a-dire définies dans tout le cristal réel 
a partir d’un réseau moyen. 

Dans la n-ieme maille, l’atome est déplacé de An et a un facteur de dif- 
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fusion f,. Nous considérons le cristal réel comme un cristal dont le réseau 
est le réseau moyen rigoureux mais dont le n-iéme neud est occupé par l’atome. 
fictif de facteur de diffusion F,, = f, exp [— 2ris-Ax,]. 

Considérons maintenant un vecteur x,, du réseau moyen et tous les couples 
des mailles d’indices n et n-+-m séparées par le vecteur x,,. On forme le produit 
F,:F*,,,. Soit Yn la valeur moyenne de ce produit dans le cristal. C'est ce 
parametre y,, qui est lié & l’intensité mesurée. On démontre la relation (Radio- 
Crist, D. 492) 


(2) I(s) = > Ynexp[2ris-xm); 
m=0 


relation valable sous réserve que le cristal diffractant ne soit pas trop petit. 

Cela signifie que si y,, est indépendant de s, Vintensité diffusée observée 
I(s) est la transformée dans l’espace de Fourier d’un espace objet constitué 
par les parametres y, attachés à chaque neud d’indice m (m,, m2, ms), la 
valeur de y,, étant fonction de ces indices. 

Si les défauts du cristal sont nuls, les mailles sont identiques (7, = F), 
TON Yan = (it deo, = F?. Dans ces conditions, /(s) est nul sauf aux neuds 
du réseau réciproque, comme on doit s’y attendre puisque le réseau est 
régulier. 

Dans le cas du réseau perturbé, faisons intervenir la valeur moyenne F 
de la maille moyenne on peut poser 


(3) Yn = |# 2 + D,, . 


Il s’ensuit que l’on partage /(s) en deux parts: la première est la figure de 
diffraction du réseau moyen idéal, c’est-a-dire qu'elle ne comprend que les 
neuds du réseau réciproque; la seconde est Vintensité diffusée, 7, telle que 


(4) IST, exp [20s x, « 


3°1. Conséquences générales. — C'est la formule (4) qui résume la théorie 
de Veffet des imperfections sur les rayons X; elle a été présentée sous de nom- 
breuses formes suivant les cas particuliers envisagés mais ces formes sont équi- 
valentes. 

Nous en tirons les conséquences suivantes: 


1) L’intensité diffusée dépend de @,,; c’est-à-dire non seulement des 
désordres dans chaque maille, mais de la corrélation eristant entre désordres 
des mailles voisines. Un cas extréme est celui où il n’y a aucune corrélation, 
c'est-à-dire que 7,,, est complètement indépendent de /,. Dans ces con- 
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ditions 


E 7 nea orale 
Ba ran dia det. a (Pai 


et D,,=0 quel que soit m. Seul le terme ©, est différent de 0. En effet 
P,-P* =|F|?. Done, d’après (3) 


OA 


A ce seul terme @®, correspond une intensité de diffusion constante quel que 
soit s (*). C’est la diffusion, dite de Lave, car LAUE en avait fait le calcul dans 
le cas particulier des solutions solides complètement désordonnées. 

Si, au contraire, il y a très forte corrélation entre mailles voisines et que 
cette corrélation décroît assez lentement avec m, la diffusion /,(s), d’après 
les propriétés des transformées de Fourier, se trouve concentrée autour des 
neuds du réseau moyen. 

D’une facon plus générale, on peut décomposer @,, dans Vespace du cristal 
en ondes planes sinusoidales de vecteur d’onde K. On montre qu’en un point 
de l’espace réciproque, seul intervient l’onde dont le vecteur K est égal au 
vecteur joignant ce point au nceud du réseau réciproque le plus proche. L’in- 
tensité de la diffusion en ce point sera proportionnelle a Pamplitude de la com- 
posante de vecteur d’onde K dans le spectre de @,,. Donc les courtes longueurs 
donde du spectre auxquelles correspondent de grands vecteur K (K= 1/4) 
sont la cause de la diffusion loin des nceuds et, au contraire, les grandes lon- 
gueurs d’onde produisent des diffusions ramassées autour des nouds. 

Il est possible mathématiquement de déterminer @,, pour toutes valeurs 
de m a partir de /,(s). C'est le renseignement le plus complet que Von puisse 
obtenir sur le désordre du réseau sans aucune hypothèse d priori. Mais c'est 
rarement suffisant pour étre exploité de facon intéressante. 


3'2. Désordres planaires et linéaires. — Cependant des résultats généraux 
très importants découlent directement de la théorie précédente, en particulier 
quand la corrélation des désordres est essentiellement anisotrope dans le cristal. 

Le désordre est dit planaire, quand les plans d’une certaine famille sont 
conservés parfaitement périodiques et restent parallèles entre eux (Radiocrist., 
p. 506). Mais ces plans ne se reproduisent pas réguliérement, soit à cause de 
déplacements d’ensemble du plan, soit parce que les plans successifs sont 
chargés d’atomes différents. 

Ces hypothèses entraînent pour la répartition de la diffusion des conditions 


(*) A part une lente décroissance avec s, di A la décroissance des facteurs de dif- 
fusion atomiques. 
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très précises: la diffusion est nulle, sauf sur les rangées du réseau réciproque 
normales aux plans réticulaires en arrangement désordonné. C’est un fait qui 
a été observé dans de nombreux cas. Cela se traduit sur les diagrammes du 
cristal tournant ou de Laue par des traînées (Streaks), qui ne seraient pas 
explicables par les lois normales de la diffraction des rayons X. Signalons 
qu'il ne faut pas confondre ces traînées avec celles qui apparaissent sur un 
diagramme de cristal tournant quand le rayonnement n’est pas strictement 
monochromatisé: ces dernières sont des phénomènes normaux de diffraction 
dus au spectre continu; ce spectre continu complique beaucoup toute étude 
du désordre cristallin: aussi est-il indispensable dans ce genre d’étude de ne 
pas se contenter de rayonnement filtré, mais d’utiliser un monochromateur 
cristallin (GEISSLER et HILL [3]). 

On a aussi observé des désordres linéaires, c’est-a-dire des cristaux où des 
rangées d’une famille restent inaltérées, alors que l’arrangement mutuel des 
rangées cesse d’étre régulier. Dans ce cas, la diffusion est localisée dans les 
plans réticulaires du réseau réciproque normaux aux rangées en arrangement 
désordonné. 


33. Désordre de substitution et de déplacement. — Une autre propriété géné- 
rale de la diffusion des cristaux désordonnés est la suivante: on peut facilement 
distinguer le désordre du déplacement pur du désordre de substitution pure. 

Quand la position des atomes est inchangée et que seule leur nature est 
modifiée de facon irrégulière, on trouve que les facteurs de désordre @,, sont 
indépendants du vecteur s. Done J,(s), d’après (4), est périodique. La dif- 
fusion se reproduit identiquement de maille en maille du réseau réciproque (*). 

Au contraire quand on déplace les atomes sans en changer la nature, l’inten- 
sité de la diffusion croît de maille en maille è mesure qu’on s’éloigne du centre 
du réseau réciproque. On peut dire, de facon approchée, qu’en des points 
homologues dans la maille, /,(s) est proportionnel au carré de la distance s 
au centre de l’espace réciproque. Physiquement, cela signifie que la diffusion 
est nulle aux très faibles angles et croit avec l’angle de diffusion. 


34. Cas des structures centrosymétriques. — Ces remarques permettent de 
déduire immédiatement des conditions simples sur la nature des désordres 
indépendamment de toute interprétation détaillée. Si Pon fait des hypothéses 
particuliéres sur la nature du désordre du cristal, on peut préciser les résultats 
généraux qui viennent d’étre énoncés. 

Une des possibilités est de supposer que la zone désordonnée a un centre 
de symétrie. Dans ces conditions la phase de l’amplitude diffractée, quel que 
soit s, est toujours 0 ou a. L’intensité mesurée donne done l’amplitude au 


(*) Si on la corrige de la lente décroissance des facteurs de diffusion atomique, 
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signe près. Par raison de continuité, ce signe ne peute hanger que si Vintensité 
s'annule. Il est done le méme dans la tache de diffusione ntourant un neud 
par exemple (YIN-YUAN LI, SMOLUCHOWSKI [14]). La connaissance de l’am- 
plitude conduit, par inversion de Fourier, a la densité électronique dans le 
cristal, done directement A la répartition des atomes. Mais celle-ci repose sur 
Vhypothése de la centrosymétrie: ce qu’on peut dire, c’est que la structure 
trouvée est celle de la zone perturbé centrosymétrique qui donne des phéno- 
ménes de diffraction semblables & ceux qui sont observés; mais cela ne veut 
pas dire que la structure trouvée soit surement correcte: d’autres structures 
non centrosymétriques sont possibles pour expliquer les mémes diagrammes 
de rayons X. 


4. — Les effets de diffraction prévus pour différents types de défauts. 


41. Défauts ponctuels: lacunes. — Si on néglige les distorsions autour de 
la lacune, le cristal avec lacunes peut étre considéré comme une solution solide 
dont le réseau est parfait et aux nceuds duquel se trouvent sans aucun ordre 
les atomes normaux (facteur de diffusion f), et la lacune (facteur de diffusion 
nul). La diffusion est une diffusion continue de Laue. Son intensité est très 
faible étant donné l’ordre de grandeur des concentrations possibles des lacunes, e. 

Le pouvoir diffusant (*) du cristal est par atome cf?: par exemple, pour 
le cuivre, f= 28 donc I, = 780c, quantité qui est de l’ordre de 1 pour c= 10-3. 

C'est la limite des possibilités expérimentales acutelles. L’expérience doit 
étre faite de facon è minimiser les causes possibles de diffusion; il faut opérer 
a basse température pour diminuer l’effet de Vagitation thermique et aux 
faibles angles parce que c’est dans cette région de Vespace réciproque que 
Veffet Compton est minimal, ainsi que l’effet de l’agitation thermique. A notre 
connaissance, la détection des lacunes par les rayons X n’a pas encore été 
tentée. L’expérience serait certainement difficile mais pourrait peut-étre réussir 
dans des cas tres favorables. 


42. Atomes en substitution. — Le contraste des nombres atomiques donne 
une diffusion continue de Laue, détectable dans les meilleures conditions aux 
faibles angles. Il s’y superpose éventuellement une diffusion due à la distorsion 
provoquee par la différence de taille des atomes (effet Huang) (Huane [4], 
WARREN, AVERBACH, ROBERTS [5], Borre [6]). Elle se produit au voisinage 
des neuds du réseau; elle est caractérisée par deux maximums situés sur la 
droite joignant VPorigine au nceud. Cet effet, très faible aussi, a été observé, 
semble-t-il, par Borie dans les alliages AuCu;. 


(*) Le pouvoir diffusant est égal au nombre d’électrons qui, diffusant indépendam- 
ment, produirait la méme énergie diffusée que l’échantillon dans les mémes conditions: 
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43. Atomes interstitiels. — Il y a une diffusion entre des nwuds qui a été 
caleulée dans le cas des réseaux cubiques A faces centrées pour les différentes 
positions possibles de l’interstitiel, sa répartition ressemble A Veffet @un atome 
de substitution pour certaines positions, mais pour lune d’elles, assez invrai- 
semblable d’ailleurs, on trouve une tache de diffusion avec maximum au neud 
(KUNKAZI [7]). Il n’y a pas encore de confirmation expérimentale de ces pré- 
visions. 


44. Dislocations. — Le calcul a été fait pour un cristal en forme de cylindre 
très long et contenant une dislocation vis ou coin le long de son axe (WILSON [8], 
SUZUKI [9]). Pour la dislocation coin, le calcul très complexe est considérable- 
ment aidé par une analogie optique (WILLIS [10]). En effet le probléme est 
en réalité a deux dimensions, puisque les plans normaux a l’axe sont tous 
identiques: on fait le modéle du plan d’atomes, sa figure de diffraction optique 
est identique à celle des rayons X pour un méme rapport de la maille du réseau 
à la longueur d’onde. 

Les résultats sunt les suivants: 


1) Dislocation coin. Tous les phénomènes de diffraction ou de dif- 
fusion sont contenus dans les plans du réseau réciproque normaux a la ligne 
de dislocation, puisqu’il s’agit d’un désordre typiquement linéaire. Les neuds 
sont élargis en taches de forme compliquée (petits anneaux ou forme de 8) 
dont la dimension est inversement proportionnelle au diamètre du cristal et 
croissant avec les indices de la tache. Autour du centre, il y a une faible dif- 
fusion, concentrée dans le plan normal a la ligne de dislocation passant par 
l’origine; elle est composée de deux taches floues de chaque còté du centre. 
Enfin il devrait se produire des trainées diffuses joignant les neuds du réseau 
non perturbé parallèlement au plan de la dislocation. 


2) Dislocation vis. Le calcul de Wilson prévoit un anneau autour 
des neuds, d’autant plus intense que l’ordre est plus élevé. Il n’y a pas de 
diffusion autour de Vorigine. La diffusion loin des noeuds ne peut pas étre 
calculée. 

Comment peut-on utiliser ces résultats théoriques? Une chose est assez 
génante, c'est que le résultat trouvé dépend du diamètre du cristal. Si celui-ci 
est de très grande taille et contient de nombreuses dislocations parallèles, 
WILSON propose d’utiliser le calcul en remplacant le diamétre du cristal par la 
distance moyenne entre dislocations, mais ce n’est pas ais¢ément justifiable. 
Pour ce qui est de la diffusion sur les rangées, Vagitation thermique donne 
déjà des trainées joignant les neeuds voisins, il est probable que cette diffusion 
masque complétement celle qui est due aux dislocations. 

Reste la diffusion aux petits angles. Il est connu que les métaux écrouis 
produisent une diffusion autour du centre, fonction de l’écrouissage. L’inter- 
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prétation de cet effet n’est pas encore bien établie. BLIN [11] Vavait attribué a 
des microcavités, mais ce point de vue a été critiqué (BEEMAN [15], LOwWDE[16]). 
On pourrait aussi chercher a Vattribuer a des dislocations. La distinction 
serait aisée si les dislocations étaient orientées, car elles devraient donner 
une diffusion très anisotrope. 

Signalons les observations de FRANKS et HOLDEN [12] sur des monocristaux 
de cuivre soumis à la fatigue. On observe des traînées étroites de diffusion 
issues de l’origine le long des axes <111>. La encore l’explication est encore 
assez ambigué: des groupes de dislocations doivent intervenir. 

En résumé, il est certain que les dislocations donnent des effets assez dif- 
ficiles à mettre en évidence. Jusqu’ici les expériences n’ont pas été décisives. 
C’est seulement sur des monocristaux, dans des cas favorables et avec des 
techniques très soignées qu’on peut espérer tirer des résultats intéressants des 
méthodes des rayons X. 

Les défauts que nous avons examinés jusqwici n’intéressent qu’un petit 
nombre d’atomes: la conclusion a laquelle nous sommes arrivés est quwils donnent 
des effets atteignant a peine la limite des possibilités expérimentales. Heureu- 
sement les rayons X sont bien plus utilisables quand on considère des défauts de 
dimensions un peu plus grandes. En effet considérons par exemple des cavités 
sphériques dispersées dans un milieu homogène, elles produisent une diffusion 
aux petits angles qui, pour un méme volume total des cavités, a une intensité 
maximale proportionnelle au cube du rayon (Radiocrist., p. 650). Quand les 
zones perturbées atteignent des dimensions de l’ordre, disons d’une dizaine ou 
centaine d’angstròm, les rayons X deviennent un instrument sensible de dé- 
tection, très utile parce qu’on est encore bien au-dessous du domaine de la 
microscopie optique et que le microscope électronique peut étre d’un usage 
difficile. Nous étudierons en detail, dans les conférences suivantes, les effets 
de quelques défauts submicroscopiques. Pour Vinstant nous ne prendrons 
qwun exemple permettant de comparer les possibilités des rayons X dans 
Vétude des divers défauts des solides. 


5.- Un exemple d’étude de défauts: le fluorure de lithium irradié aux neutrons 
(LAMBERT et GUINIER [13]). 


A la suite des chocs des particules primaires et secondaires sur les 
atomes, il se produit des lacunes et des interstitiels et Von sait que les théories 
des effets de Pirradiation reposent sur les propriétés de ces défauts (par exemple, 
pour la résistivité des métaux irradiés). Quand Virradiation est faible, les 
diagrammes des rayons X ne décèlent pas d’irrégularités dans le réseau: on 
détecte seulement une légère augmentation du paramétre cristallin mais les 
raies de diffraction restent fines. Pourtant déjà a ce stade, le cristal est devenu 
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noir, il y a done un grand nombre de points de perturbations modifiant con- 
sidérablement Vabsorption de la lumière, mais les rayons X y sont pratiquement 
insensibles. 

Per contre, pour les très hautes doses (irradiation (> 5-1017 neutrons/em?), 
on observe sur les diagrammes des rayons X plusieurs sortes d’anomalies. 
D’abord la largeur des raies augmente considérablement; ensuite il ya dif- 
fusion aux très faibles angles. Enfin dans Vespace réciproque des régions de 
diffusion apparaissent, localisées le long des rangées <100) (et aussi parfois 

111 ). Sans entrer dans le détail de l’interprétation de ces effets, disons 
seulement que la diffusion aux petits angles est le signe de la présence de cavités 
submicroscopiques de l’ordre de 20 A de rayon et que les traînées le long des 
axes _100> sont produites par des irrégularités dans les plans réticulaires {100}. 
Ceux-ci, dans des zones d’une centaine d’angstròms de diamétre, auraient un 
espacement plus grand que la normale et une composition différente de FLi. 
On est conduit a penser que les lacunes se sont agglomérées pour donner les 
cavités et que les interstitiels (ici probablement des atomes de lithium) forment 
des plaquettes dune couche atomique intercalaire entre deux plans (100) 
consécutifs. Les rayons X permettent de préciser la taille de ces défauts et 
de suivre leur évolution au cours de traitements thermiques de « guérison » du 
cristal. 

Ainsi dune part les méthodes des rayons X apparaissent bien moins sen- 
sibles que d’autres méthodes physiques (électriques ou optiques). Par contre 
les rayons X ont permis de découvrir le phénomeéne de la coalescence des défauts 
qui avait été soupconné mais non encore démontré. 

Un autre point a signaler, car il est d’application générale, c'est que les 
irrégularités les plus aisément décelables sont celles qui ne détruisent pas com- 
pletement la périodicité du réseau, par exemple les défauts planaires ou linéaires. 
En effet, la diffusion étant concentrée dans d’étroites régions de l’espace ré- 
ciproque, elle est d’intensité relativement beaucoup plus forte que si des dé- 
sordres atomiques de méme amplitudes n’étaient pas coordonnées dans le 
réseau. 
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II. 


La structure des solutions solides métalliques. 


L’étude de la structure réelle des solutions solides est un bon exemple d’ap- 
plication des méthodes des rayons X pour la détermination des irrégularités 
cristallines. Les conditions sont favorables si la solution est assez concentrée, 
car un grand nombre des atomes du cristal entrent en jeu, ce qui donne aux 
phénomènes de diffusion une intensité suffisante. 

On sait maintenant que la solution solide réelle s’écarte sensiblement de 
la solution solide «idéale » c’est-à-dire où les différents atomes sont, aw hasard 
disposés aux noeuds d’un méme réseau régulier. Ce sont les rayons X qui ont 
apporté des éclarcissements, à peu près définitifs sur certain points (ordre des 
atomes); sur d’autres, ils ont soulevé des questions encore non complètement 
résolues (distorsions du réseau). 

Précisons bien notre point de vue. Nous cherchons a faire la géométrie 
de la structure, en déterminant la position et la nature des atomes. Nous ne 
nous occupons pas de la description énergétique des atomes, comme on le fait, 
par exemple, dans la théorie des bandes. Il mest pas douteux qu’il existe des 
connexions entre les deux modéles, l’entourage de chaque atome et la distor- 
sion du réseau devant influer sur les niveaux électroniques, mais cette liaison 
n’est pas faite encore. 


1. — Résultats élémentaires des rayons X sur les solutions solides. 


Les données des rayons X sur les solutions solides, dans une première ap- 
proximation, c’est-à-dire en ne tenant compte que des diffractions cristallines 
normales, sont bien connues. Rappelons-les brievement, & cause de leur im- 
portance. 


1) Une solution solide donne un diagramme de diffraction è raies ou 
taches fines, tout a fait analogue a celui d’un métal pur. Le cristal a done un 
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réseau parfaitement déterminé, dont le paramétre peut se mesurer A 1/10 000 
pres, malgré les differences considérables de diamètre entre les ions constituants 
(de Vordre de 10% par exemple). 

On admet que les atomes, quelle que soit leur nature, occupent, en moyenne, 
des positions rigoureusement périodiques, les gros atomes étant comprimés et 
les petits dilatés. 


2) Le parametre varie avec la composition suivant la loi de Végard, 
c’est-a-dire en fonction linéaire de la composition atomique. Cette loi n’est 
qu’approchée. Théoriquement on a pu la justifier ainsi que les écarts observés 
(FOURNET [1], FRIEDEL [2]). 


3) On connait deux types de solutions solides: la plus commune est la 
solution désordonnée, ot tous les sites atomiques jouent exactement le méme 
role, les atomes étant disposés au hasard. 

Par contre, pour certaines compositions (AB, AB,), et au-dessous d’une 
température critique bien définie, la solution peut s’ordonner, les atomes oc- 
cupant dans la maille élémentaire des positions fixées. Cette surstrueture se 
traduit par des raies supplémentaires: ainsi la maille 
cubique a faces centrées de la solution AuCu, désordonnée Zee 
se change en une maille cubique simple a Vétat d’ordre, 
les 4 sites de la maille se différentiant: l’un est occupé par 
Vor et les 3 autres par le cuivre (Fig. 3). A la tempéra- 
ture critique (390 °C) les raies de surstructure disparaissent. ee 

Les raies de surstructure sont seulement visibles si le su otu 
contraste entre les facteurs de diffusion des atomes A et Fig. 3. — Maille de 
B est suffisant. Dans le cas d’alliages comme CuZn ou lia AuCu, è 
Ni,Fe, il a fallu des techniques très spéciales pour détecter Nota erdonne 
les raies de surstructure (Radiocrist., p. 394). De tels 
alliages ne doivent pas étre choisis pour l’étude de Vordre par les rayons X. 
La diffraction des neutrons est souvent applicable. 


2. — Structure réelle des solutions solides. 


L’image simple de la solution solide idéale doit étre complétée par la des- 
cription 1) de ’ordonnancement mutuel des atomes qui ne sont ni parfaitement 
ordonnés ni parfaitement désordonnés, et 2) des déplacements que les atomes 
subissent à partir des noceuds du réseau moyen idéal. 

C’est le premier point qu’il est le plus facile d’étudier avec les rayons X 
et nous supposerons d’abord, pour Vinterprétation des phénomènes de dif- 
fraction, qu il n’y a pas de désordre de déplacement. 
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8. — Ordre dans les solutions solides. 


31. Définitions du degré Wordre: ordre à grande distance. — Deux points 
de vue ont été adoptés; l’un s’applique aux solutions presqu’ordonnées. C'est 
Vordre à grande distance. Dans le cristal ordonné d’un alliage binaire A-B 
(p, et p, étant les proportions d’atomes A et B), les neeuds sont différenciés 
en deux types: le groupe 1 recevant les atomes A et le groupe 2 les atomes B. 
Si Vordre n’est pas parfait, certains atomes B se trouvent en position 1 et 
aussi, inversement, certains atomes A en position 2. Soit la proportion des 
atomes A en position correcte: n varie de 1 quand Vordre est parfait, a p, 
quand le désordre est complet. Le paramètre d’ordre a grande distance est 
choisi en fonction de n de facon qu’il varie de 1 a 0, quand on passe de 
Vordre au désordre. On pose donc (Lipson [3]) 


Du paramétre S dépend Vintensité des raies de surstructure. On montre en 
effet (Radiocrist., p. 391) que leur facteur de structure est proportionnel a S. 
Ainsi pour la structure ordonnée AuCu;, ce facteur est 


(1) Sf — Lou) - 


La comparaison sur un méme diagramme de l’intensité des raies de surstructure 
et des raies normales (les raies du réseau désordonné) donne la mesure de S. 
On trouve que S est nul au-dessus de la température critique 7,, égal a 1 
quand on est franchement au-dessous et qu’il prend une valeur un peu infé- 
rieure à 1 dans un intervalle d’une vingtaine de degrés au-dessous de 7,: 
S tend vers 0.8 a 7, pour AuCu, (KEATING et WARREN [4]). L’ordre, quand 
il existe, est done toujours près d’étre réalisé parfaitement. Remarquons que 
le bloc cristallin dans lequel on définit S doit étre tel qu'il y ait diffraction 
cohérente entre tous les atomes: c'est la base du calcul qui conduit è la re- 
lation (1). Autrement dit, des altérations de Vordre à des distances supérieures 
au diamètre des blocs mosaiques n’interviennent pas. 


NTT 


3°2. Ordre à petite distance. — Soit une solution solide désordonnée à grande 
distance (S= 0). Le grain, défini par la mosaique, peut-étre formé de sous- 
grains de très petite taille dont chacun est ordonné, mais qui sont décalés les 
uns par rapport aux autres (« out-of-phase domain»). D’une facon moins 
précise, on peut dire que les voisins d’un atome de nature donnée ont plus ou 
moins tendance a s’entourer des mémes voisins que dans le cristal ordonné. 
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Il y a done un certain ordre a petite distance (quelques distances atomiques),. 
mais désordre complet au-delà. 

On definit un degré d’ordre pour chacune des couches de voisins, c’est-à-dire 
les atomes jouant le méme role cristallographique par rapport & Patome ori- 
gine. Soit un alliage, où les A et B sont en proportions p, et p,. Considérons. 
les paires d’atomes aux extrémités d’un vecteur du réseau Xm, Telatif à un 
atome de la couche m. Nous appelons »,, la proportion de ces couples dont 
Vatome d’origine est B, et l’atome d’extrémité est A. On pose 


Na 


Pa 


Xm = ale 


L’on vérifie que «, est égal à 0 dans l’état de désordre complet, car ny, = p,- 
Pour l’état d’ordre complet, «, a une valeur déterminée: par exemple 1, si 
dans cet état, il n’y a que des paires a extrémités semblables pour le vecteur x,,* 
a, est le parametre d’ordre de la couche m d’atomes. 

L’intérét de ce paramétre est d’une part qu’il mesure le degré d’ordre a 
petite distance et d’autre part qu'il se relie très simplement au paramètre @,, 
que nous avions introduit dans la théorie générale de la diffraction par un 
cristal imparfait. On montre (Radiocrist., p. 574) que: 


D,, = DERM ae fico . 


Nous pouvons done calculer a partir de «,, l’intensité diffusée: d’après la for- 
mule (1.4) 


(2) EXs) = PID sc iar 2S Hin exp [271 s+ x,, | y] 
OU Comme o, — c=, (Cul vy — 1 
(2a) I,(s) = Pipes > a fe)? [LL air 2 > Xn COS 27 8°X,, | a 


Ainsi l’intensité apparaît comme la somme d’un terme constant qui n’est autre 
que la diffusion de Laue de la solution complètement désordonnée (x, = 0 
pour m quelconque, et x, = 1). L’ordre a petite distance produit des modu- 
lations de cette diffusion constante, ces modulations ayant la périodicité du 
réseau réciproque, car si r, est un vecteur quelconque du réseau réciproque 
r,'X,= entier pour toutes valeurs de n et m. Done 


I,(s în Cn) = I,(s), 


car 
COS 277 S$-X%m = C0827(S + Tp) Xm, . 
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Il suffit done de déterminer la répartition de la diffusion dans une maille du 
réseau réciproque; il est avantageux expérimentalement de choisir une maille 
près de l'origine. En effet 1) les facteurs de diffusion f, et f, sont plus élevés, 
2) les effets de diffusion par effet de Compton et par agitation thermique sont 
minimaux autour de l’origine de l’espace réciproque, 3) les effets perturba- 
teurs dfs au déplacement des atomes sont aussi les plus petits possibles dans 
la première maille, ce qui légitime l’approximation faite en les négligeant. 

Sila connaissance de tous les paramètres d’ordre ¢,, détermine le diagramme 
de diffusion, inversement, du diagramme de diffusion on peut déduire tous 
les paramétres d’ordre (COWLEY [5]). Si, en effet, on a établi la carte complete 
du pouvoir diffusant dans une maille entière du réseau réciproque, par inver- 
sion de la somme (2) on obtient: 


i 1;(8) . 
C5 SN Sr Fag as 27S * Xm dw, ò 
ar fe)? Pl 


maille 


Remarquons que les symétries du réseau permettent d’abréger le travail 
expérimental en n’explorant que la fration de la maille qu’il est nécessaire de 
connaître pour déduire la maille entiere. Des mesures en valeur relative de 
l’intensité diffusée sont suffisantes puisque l’on sait que a est égal a 1. 

Ainsi les rayons X permettent une détermination précise de l’état d’ordre 
à petite distance. De nombreux exemples ont été traités par WARREN et ses 
éleves [6]. 


x 


4. — Résultats sur l’ordre a petite distance. 


L’essentiel des phénomènes se manifeste sur un exemple très schématique: 
le réseau linéaire équiatomique AB de période a. La simplicité de ce cas vient 
de ce que lon peut caractériser l’ordre par un seul paramètre, la probabilité p 
qu’une paire de voisins soit dissemblable; p=4 pour le désordre complet et 
p= 1 si Vordre est complet (arrangement ABABAB...). p détermine tous les 
paramétres d’ordre. Pour les premiers voisins x, = 1— 2p; pour n-ièmes voi- 
sins, x, est égal a a? = (1— 2p)" (Radiocrist., p. 578). La série (2) donnant 
I,(s) (*) peut dans ce cas étre sommée à Vaide de fonctions élémentaires: le 
résultat est: 


LE Jel eta 
(3) Tig) eal eee i 
4 1 — 2a, cos 2rsa, + a} 


(*) L’espace réciproque est aussi & une dimension, dans ce cas. 
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L’intensité de diffraction est représentée sur la Fig. 4 pour différentes va- 
leurs de p. L’intensité diffusée est constante pour le désordre parfait. Quand 
p>, il se produit un maximum juste 4 Vemplacement des nceuds de sur- 
structure du réseau ordonné. Ce maximum est d’autant plus accusé et d’autant 

plus étroit que le degré d’ordre s’aceroît. 
Les mémes caractéristiques se retrouvent sur un cristal réel, comme AuCusg, 
dont la diffusion au-dessus de la tempé- 


Intensité diffractée rature critique a été étudiée avec une 
frais sero rana) bonne précision par CowLEY [4] (Fig. 5). 


Cet auteur en a déduit les valeurs du 


6-0 se sz 
Fig. 4. — Répartition de l’intensité Fig. 5. - Exemple de répartition de la diffusion 
diffractée par un alliage linéaire dans espace réciproque correspondant à l’ordre 
équiatomique pour différentes va- a petite distance: Courbes d’égale intensité 
leurs du degré d’ordre, p. dans le plan 100 de AuCu, (d’après CowLEy). 
Tapreau I. — Valeurs des parametres d’ordre a petite distance pour Valliage AuCuz 
désordonné à 405 °C (d’après COWLEY). 
sx 
| Nature des voisins Am day 
| (coordonnées de x,,) pour Vordre parfait mesuré a 405 °C 
_ = | 2 To ee ee 
| 
| 1e* yoisins: 110 | — 0.333 == 0.152 
| geme): 200 | 1.000 0.186 
5 eae 2 | | — 0.333 | 0.009 
| A ate 2) 1.000 | 0.095 
| | &m|< 0.005 


coefficient d’ordre à petite distance de la solution solide en équilibre au-dessus 
du point critique (Tableau I). Les coefficients trouvés n’ont de valeur net- 
tement différente de zéro que pour les 4 premieres couches de voisins et, pour 
la première couche, x, atteint la moitié de la valeur correspondant a Vordre 


parfait. 
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5. — Alliages avec tendance à la ségrégation. 


Reprenons exemple de Valliage équiatomique linéaire: mais supposons que 
la probabilité d’avoir deux voisins dissemblables soit inférieure a 3: cela 
signifie qu'il y a plus de paires semblables qu’a état de désordre parfait; 
autrement dit, il y a tendance à ségrégation. La méme formule (3) est encore 
valable (x, est positif): on voit que les maximums se produisent pour les valeurs 
entidres de s, c’est-A-dire A la place des raies de diffraction normales du cristal 
désordonné. Il y a, en particulier, un maximum d’intensité diffusée autour 
de l’origine. Ces maximums, comme dans le cas de Vordre partiel, sont 
d’autant plus étroits et intenses que la tendance a la ségrégation est plus 
marquee. 

On a observé ces phénomènes dans des solutions solides homogenes au-dessus 
de la température 7,, où elles atteignent la limite de solubilité. A tempéra- 
ture inférieure elles se décomposent en deux phases (Fig. 6). Cette tendance 
à la ségrégation existe déjà dans la phase homogène: il se produit de très petits 
noyaux où les atomes dissous se rassemblent. C’est la diffusion autour de 
Vorigine qui est le critére le plus net de ces hétérogénéités (RUDMAN et AVER- 

BACH [5], BLIN, WALKER et GUINIER [6], 
7 AVERBACH, FLINN et COHEN [17]). La 
largeur angulaire de cette diffusion permet 
d’évaluer la taille moyenne de ces noyaux: 
elle est de Vordre de 10 A. Très proba- 
blement ces noyaux sont continuellement 
fluctuants. D’ailleurs il existe déjà de 
tels noyaux par le simple jeu des flue- 
tuations dues a l’agitation thermique 
dans une solution parfaitement homo- 
gene: mais ils ne donnent naissance qu’*à 
la diffusion continue de Laue. Quand on 
observe une augmentation de la diffusion 
au voisinage de l’origine de l’espace réciproque par rapport & la valeur 
prévue par Laue, c’est que les amas d’atomes dissous d’une dimension donnée 
sont plus fréquents que ne le voudraient les seules fluctuations statistiques: ils 
sont done la preuve d’une interaction entre atomes dissous. 

Ainsi les rayons X ont donné d’intéressantes précisions sur la disposition 
des atomes au sein d’une solution solide que la théorie élémentaire admet 
désordonnée. En fait, il n°y a pas d’exemple où la diffusion de Laue soit rigou- 
reusement observée. L’état le plus fréquent d'une solution solide en équilibre 
nest pas le désordre parfait: il y a, ou tendance A Vordre ou tendance 
à la ségrégation. 


Sol. sol 
1 phase 


ee aa Sol sol. ¢,+ ppte riche en B 


Apur Ci %% 8 


Fig. 6. — Diagramme d’équilibre d’un 
alliage binaire. Courbe de solubilité. 
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6. — Solution solide hors d’équilibre. 


Les phénoménes d’ordre sont plus prononcés dans les solutions solides en 
phase unique mais hors d’équilibre, c’est le cas des solutions obtenues par 
trempe a température ordinaire dans un domaine où l'état d’équilibre est, par 
exemple, un mélange de deux phases (solution sursaturée) ou encore une so- 
lution ordonnée. L’apport des rayons X dans l’étude de la structure de 
ces états importants a été décisif. Nous consacrerons la prochaine confé- 
rence aux troubles d’hétérogénéité avant précipitation. Nous ne nous occup- 
erons ici que des solutions solides pendant la transition désordre — ordre, 
@est-a-dire pendant le retour de l’état désordonné métastable A état stable 
ordonné. 

Quand on trempe un alliage AuCu, à partir de état désordonné, cet état 
se maintient a la température ambiante. Si on éléve la température (vers 
200 ou 300 °C), les observations anciennes de JONES et SYKES [11] avaient 
montré que les raies de surstructure, caractéristiques de Vordre, apparaissent 
progressivement pendant le revenu et qu’elles commencent par étre très 
floues. D’ot Vidée d’une structure ordonnée dans de petits domaines, l’ordre 
n’étant pas cohérent dans les domaines 


contigus. La Fig. 7 donne une repré- 1Gomaine| 2° domaine | 3° domaine |4°domame 
sentation de ces domaines décalés (out- 


of-step domains) dans le cas d’une Fig. 7. — Domaine « out-of-phase » d’un 
rangée linéaire équiatomique. Les do- alliage linéaire. 


maines sont séparés par des fautes, ici 

deux atomes semblables. L’origine de ces domaines est facile a justifier. Sup- 
posons que l’ordonnancement du réseau débute simultanément en différents 
points, et que les domaines ordonnés croissent, il n’y a aucune raison pour que 
les atomes se trouvent partout sur le méme réseau, done il y aura des fautes 
aux points de jonction des domaines. En supposant que ces domaines dif- 
fractent indépendamment, on explique l’élargissement des raies de surstructure 
par la méme effet que pour les raies d’un très petit cristal (Radiocrist., p. 462). 
Les raies normales, puisque tous les domaines jouent le méme ròle, restent 
fines. Cette interprétation est trop simple pour rendre compte de la réparti- 
tion de l’intensité diffuste par un cristal unique: la diffusion est toujours 
concentrée autour de la positions des noeuds de surstructure, mais la tache 
de diffusion paraît divisée en un certain nombre de satellites du noeud. On 
pourrait, par la méthode générale, calculer les coefficients d’ordre a petite 
distance, mais on en tirerait difficilement une image concrete de la structure. 
Il est done utile d’essayer des modèles. Ainsi on trouve que les satellites 
peuvent étre expliqués par la présence de domaines ordonnés et décalés, mais 
à condition de préciser les limites de ces domaines (WILSON [11]), GUINIER 
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et GRIFFOUL [12]); ceux-ci seraient limités par des plans de défauts paralléles 


à {100} et assez réguliòrement espacés. On n’a pas encore pu justifier les 
raisons d’existence de tels domaines. 


7. — Désordre de déplacement dans les solutions solides. 


Nous avons jusqu’ici admis que les atomes restaient aux nceuds du réseau 
de la solution solide. Les rayons X donnent alors une idée statistique précise 
de entourage des atomes. On peut a partir de ces résultats faire des calculs 
thermodynamiques sur les alliages. La théorie la plus simple est la théorie 
quasi-chimique, ot l’on admet que l’énergie de l’ensemble est la somme de 
Vénergie mutuelle de tous les couples d’atomes. Généralement on considère que 
seuls les couples d’atomes voisins ont une énergie d’interaction notable. 
FOURNET [13] a considéré les deux premières couches de voisins et, en intro- 
duisant seulement deux constantes, il a pu reproduire les résultats expéri- 
mentaux de Cowley sur AuCu;. Mais il est des cas où il y a contradiction 
entre les données des rayons X et de la thermodynamique. Ainsi Vor et le 
nickel donnent a haute température une suite continue de solutions solides; 
au dessous de 800 °C, il y a séparation de la phase unique en deux solutions 
solides, Pune riche en Au et Vautre en Ni. Or à haute température, les 
rayons X montrent qu il y a tendance a Vordre et non pas tendance è la ségré- 
gation (AVERBACH, FLINN, COHEN [8]). On est conduit è penser que l’équi- 
libre n’est pas seulement déterminé par la nature des paires d’atomes voisins 
mais aussi par l’énergie élastique provenant des distorsions du réseau. En 
effet Pécart entre les diamétres d’atomes est ici considérable (15%) et il est 
très probable que les atomes sont notablement déplacés en dehors des nceuds 

du réseau idéal moyen et il serait important 

> pour établir une théorie complète de pouvoir 
E aa déterminer ces distorsions. 

Quelle réponse peuvent donner les rayons 

30 X a ce probleme? Reprenons l’exemple 

: schématique de Valliage linéaire équiatomique 

| pour étudier les effets des déplacements 


> 


b) 
d’atomes. 


Une première idée pour arranger les 
atomes A et B est de les empiler les uns 
contre les autres en leur conservant le dia- 
Ea metre qu’ils ont dans les métaux purs (Fig. 8). 
IRE Un tel arrangement est un exemple des imper- 
tone dei mense di recto fections de 2-ème genre décrites (I, Sect. 2°2). 

par l’arrangement a). En effet, l’ordre a grande distance est altéré, 


‘| 2 3 OS 


Fig. 8. — a) Empilement com- 
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bien plus que Vordre è petite distance. La caractéristique de la figure de dif- 
fraction donnée par ce genre d’arrangement est que les raies de diffraction ont 
une largeur croissante avec l’ordre de la réflexion: les neuds éloignés du centre 
de l’espace réciproque sont remplacés par des taches de plus en plus élargies 
et de moins en moins intenses. Or, les alliages comme Au-Cu et Au-Ni, dont 
les deux atomes présentent une grande différence de volume, donnent toujours 
des raies de diffraction fines, méme pour les grands indices. On en déduit que 
les distorsions ne detruisent pas un réseau moyen, dont les atomes ne s’éloi- 
gnent que peu. 

Notre modeéle linéaire ne convient donc pas. Il y a d’ailleurs une différence 
essentielle entre le cristal et le réseau linéaire. Il n’est pas possible de faire 
dans l’espace un empilement compact de sphères de diamètres différents. Un 
réseau régulier ne serait obtenu que si les deux atomes différents prenaient 
un rayon commun intermédiaire, par déformation élastique. C'est ce modele 
qui est probablement plus près de la structure réelle. Mais comme les atomes 
gardent des rayons un peu différents, le réseau moyen est distordu. 

WARREN et coll. [4] dans une première approximation, n’ont considéré 
que les couples d’atomes voisins et ils ont admis, pour une paire, trois distances 
suivant que c’'était une paire AA, AB ou BB. L’effet de ces distorsions est une 
diffusion qui peut se calculer & partir d’un seul paramétre, déterminé par la 
difference des rayons r, — x; de la proportion des atomes A et B, de leurs 
facteurs de diffusion f, et f, et du paramètre d’ordre x. Comme toute dif- 
fusion due au désordre des atomes elle est d’intensité croissante avec la dis- 
tance au centre du réseau réciproque. La superposition de cette diffusion a 
celle qui provient de Vordre partiel donne une répartition qui n’est pas sy- 
métrique dans la maille du réseau réciproque et qui ne se reproduit plus iden- 
tiquement de maille en maille. C'est bien conforme aux observations. 

En appliquant la théorie de Warren aux solutions solides AuNi, AVERBACH 
et coll. [10] ont déduit les distances Au-Au et Ni-Ni dans la solution solide. 
Pour faire le calcul, ces auteurs admettent que les variations relatives des 
rayons des atomes par rapport aux rayons moyens déterminés par le para- 
mètre du réseau varient linéairement avec la concentration de l’atome considére. 
Tl est difficile de juger quelle est la valeur du résultat. Ce quwon peut dire, 
c'est qu'il est possible de trouver des paramétres tels que la formule de Warren 
rende compte des courbes expérimentales. Mais il est certain que cette théorie 
repose sur des bases trop simplifiées. 

Le calcul a été perfectionné par BORIE [14] en tenant compte des actions 
à plus longue distance: celles-ci sont calculées par la théorie de l’élasticite. 

BOoRIE a prévu, outre la diffusion trouvée par WARREN, deux autres effets: 

1) Une décroissance de Vintensité de réflexion analogue a celle due à 
l’agitation thermique: la mesure expérimentale des intensites donne la valeur 
de la moyenne quadratique des déplacements d’atomes. 
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2) Une diffusion autour des neuds analogue a celle que HUANG avait 
déja prévue dans les solutions solides de substitution, comportant deux larges 
maximums. 

Ces différents effets peuvent se calculer a partir d’un seul « paramètre de 
distorsion » et BoRIE a vérifié sur Cu,Au que les mesures conduisaient bien a 
partir des différents effets expérimentaux à la méme valeur de ce parametre. 
Mais l’accord avec Vexpérience n’est pas encore parfait. 

Si la distorsion du réseau est prouvée expérimentalement, il y a encore 
des améliorations a attendre des théories qui permettront de préciser les ren- 
seignements encore peu précis que nous possédons sur la structure de la solution 
solide réelle. 
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La pré-précipitation dans les solutions solides sursaturées. 


Un des exemples les plus typiques d’application des méthodes des rayons X 
pour l’étude des irrégularités cristallines est fourni par les solutions solides 
sursaturées pendant le processus de précipitation. 

On sait depuis les premiers travaux sur AlCu (GuINTER [1], PRESTON [2]) 
que les diagrammes des alliages durcissants mettent en évidence, au premier 
stade du durcissement, des phénomènes de diffusion anormale, traînées ou 
taches diffuses qui se superposent au diagramme normal de la solution solide 
homogene. Depuis, ces diffusions anormales ont été étudiées, tant sur Al-Cu 
que sur d’autres alliages. Nous allons montrer comment on les interpròte. 
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Certes bien des détails ne sont pas encore précisés, mais ce qui est le plus 
important, c'est que les rayons X ont révélé l’essentiel d’un genre d’imper- 
fection du réseau qui joue un grand role dans l’explication du durcissement 
des alliages. 


1. — Insuffisance de la théorie de la précipitation. 


Une des premières théories du durcissement structural a été celle de MÉ- 
RICA (1920). Le cristal de solution solide sursaturée devient un cristal de so- 
lution solide A la concentration de l’équilibre sans changer ni de forme, ni de 
structure; les atomes expulsés se rassemblent sous forme de très petits grains 
du précipité qui doit apparaître d’après les diagramme d’équilibre. Mais les 
grains inclus dans la matrice sont si petits qwils ne sont pas perceptibles a 
Vexamen microscopique. Ils augmentent les qualités mécaniques de l’alliage 
en bloquant les glissements qui se produiraient dans la solution solide homo- 
gène. Si lon adopte cette théorie, on prévoit que les grains submicroscopiques 
de précipité donnent un diagramme de diffraction X mais dont les taches 
sont élargies à cause de l’effet de taille ordinaire pour les cristaux. Ce seraient 
ces taches qui constitueraient les diffusions anormales observées. 

Mais cette explication simple n’est pas acceptable, parce que, quelle que 
soit la forme et la taille d’un cristal, la tache de diffraction est toujours centrée 
autour du neud du réseau réciproque du cristal. Or beaucoup des taches ob- 
servées sont indiscutablement en dehors des taches du précipité d’équilibre. 
A. GEISSLER [3] a alors essayé de perfectionner cette théorie: 1) en supposant 
que le précipité formé en grains submicroscopiques pouvait avoir une structure 
différente de celle du ou des précipités connus. 2) En supposant que les très 
petits précipités pouvaient avoir un réseau fortement distordu. 

Ces hypothèses, d’ailleurs très justifiées, donnent a l’interprétation une 
grande latitude. Néanmoins certains faits observés ne peuvent entrer dans 
ce cadre. Citons le plus important, dans le cas de Al-Cu. La diffusion caracté- 
ristique du durcissement est constituée par des traînées le long des rangées <100). 
Elles pourraient provenir de grains cristallins en forme de disques minces paral- 
léles aux plans {100}. Mais la largeur des traînées dans espace réciproque, en 
particulier autour du centre, est telle que l’épaisseur du cristal devrait étre 
de Vordre de 1 A 2 plans atomiques. Est-il possible de parler d’une structure 
cristalline définie en de si faibles épaisseurs? D’autre part, quel que soit le 
cristal, une tache de diffraction doit toujours étre centrosymétrique. Or les 
trainées n’ont pas de centre de symétrie. Enfin dans le cas de AlCu et dans 
beaucoup d’autres cas, les régions de diffusion semblent beaucoup plus ¢troi- 
tement rattachées aux noeuds de la solution solide qu’aux n@uds dun autre 


cristal. 
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Il semble done que la théorie de la précipitation fine n’est pas un bon 
point de départ pour Vinterprétation des diagrammes. Il y a, d’autre part, 
une autre raison, indépendante des rayons X, de chercher une autre explication. 
C'est la distinction entre les durcissements «à chaud » et «a froid ». Quand 
on effectue la décomposition de la solution solide AlCu, par exemple a 200 °C, 
il est indubitable qu'il y a vraie précipitation. Le précipité, ici la phase 
Al,Cu 6’, se voit au microscope électronique et donne un bon diagramme de 
rayons X: quelquefois les taches de diffractions sont un peu élargies par effet 
de taille. 

Or quand on effectue le durcissement a basse température (< 100 °C), 
beaucoup de propriétés physiques ont une évolution différente; c’est le cas, 
par exemple, de la résistance électrique, de la dilatation, de la cinétique du 
durcissement... D’ot l’idée que le durcissement à froid est lié a une structure 
atomique différente, distinete de la précipitation normale, idée qui nous amène 
à la théorie des zones (GUINIER [4]). 


2. — Les zones. 


Nous continuons a admettre qu’il y a ségrégation des atomes dissous. 
La «zone », où il y a ségrégation, est très petite puisqu’elle est invisible au 
microscope, méme électronique (*). Ce que nous introduisons de nouveau, 
c'est l’idée que la zone n’a pas de structure cristalline bien définie: c'est ce 
qui la distingue d’un précipité ordinaire. 


2°1. Les zones sans distorsion. — La plus simple hypothèse serait que les 
atomes étrangers se rassemblent en noyaux sans quitter les noeuds de la so- 
lution solide, ou matrice. Cherchons quelle serait la figure de diffraction de 
ces zones, supposées toutes identiques et dispersées dans le cristal au hasard. 
On démontre sans peine (Radiocrist., p. 465) que cette figure est constituée 
par la répétition autour de chaque neud du réseau réciproque de la matrice 
d’une tache de diffusion qui est la figure de diffraction du volume occupé par 
la zone; son intensité est proportionnelle au carré de la différence des facteurs 
de diffusion des atomes dissous et solvant. 

On a observé des figures de diffraction de ce type, en particulier dans le 
cas des alliages Al-Ag et Al-Zn (Fig. 9). La diffusion est concentrée dans 
l'espace réciproque sur une couche sphérique dont le diamétre et lépaisseur 
varient avec les conditions de vieillissement; ces petites sphéres sont centrées 


(*) Toutefois par transmission è travers une feuille d’alliage amincie, CASTAING [51] 
a pu mettre en évidence des zònes dans AlCu d’un diamétre inférieur à 100 A. 
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sur tous les noeuds de la matrice et en particulier autour de Vorigine de espace ré- 
ciproque. La structure de la zone correspondante peut étre précisée, si on admet 
que celle-ci est centrosymétrique (voir I, Sect. 3°4 et (WALKER et GUINIER [6]). 
On peut trouver la répartition de la densité 
électronique dans la zone par inversion de 
Fourier de Vamplitude diffusée autour du 
centre. On peut dans ce cas égaler l’ampli- 
tude à VI, I étant l’intensité diffusée (Radio- 
crist., p. 585). Le résultat est la courbe de 
la Fig. 10. Elle présente une partie positive 
et une partie négative. Mais il est permis de 
lui ajouter une densité constante égale a la 
densité électronique de la solution solide 
CA vice homogène. On peut alors Vinterpréter en 
sement. Le rayon moyen de supposant que le rassemblement des atomes 
l’anneau correspond & un angle d’argent se fait par diffusion «uphill» a 


de diffusion de 1° environ (radia- —courte distance; la diffusion normale « down- 
tion Cu K,). 


Fig. §. — Anneau de diffusion 
entourant le centre du diagramme 


hill» étant très lente. Le noyau enrichi en 
Ag est entouré de l’auréole d’où proviennent 
les atomes d’Ag ayant migré vers le centre de cette auréole, qui reste done 
appauvrie: le tout est entouré de la solution non décomposée. La grandeur 
de la zone est déterminée directement par l’expérience: par contre, comme 
on ne connaît pas le nombre des zones, 
il n’est pas possible de « mettre a l’échelle » 
la concentration d’atomes qui reste indé- 
terminée en valeur absolue. Toutefois 
GEROLD[7]a montré qu’un paramétre, qu'il 
appelle le «degré d’hétérogénéité » peut 
étre calculé sans aucune hypothèse d priori. 

Mais ce schéma de zones sans distor- 
sions n’est pas capable de rendre compte 


Concentration d'argent 


Concentration moyenne 
de l'alliage homogène 


des phénoménes observés dans le cas de 10 20 30 <0 A 
Al-Cu car il n’est pas possible d’expliquer Fig. 10. — Concentration d’argent 
Vallure très dissymétrique des traînées de dans la zone sphérique, déduite par 


transformation de Fourier de l’in- 


diffusion autour des neuds de la matrice. ne ; : 
tensité mesurée dans la Fig. 9. 


De méme on ne pourrait expliquer le 

diagramme de l’alliage ternaire Al-Mg-Si 

qui comporte des diffusions anormales alors que le contraste entre les facteurs 
de diffusion des atomes est si faible que les rayons X ne sont pas sensibles aux 
substitutions de l’un des atomes Al, par Mg ou Si. Si le schéma de la zone 
sans distorsion avait été suffisant dans le cas de Al-Ag et Al-Zn, c’est que les 
différences de taille entre atomes étaient relativement petites. 
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2.2. Les zones avec distorsions. — Dans le cas général, un rassemblement 
d’atomes dissous produit inévitablement de fortes distorsions, c’est-a-dire que 
tous les atomes de la zone et aux alentours sont déplacés hors des neuds du 
réseau. La caractéristique de la structure de la zone est qu’elle n’atteint pas 
un arrangement régulier: nous ferons l’hypothèse qu’elle garde la structure 
de la matrice plus ou moins distordue. Les distorsions peuvent varier de la 
periphérie au centre. 

En fait Ja zone n’a pas de limites bien définies et c’est là un autre de ses 
caractères, il y a parfaite cohérence dans toutes les dimensions avec la matrice 
environnante. Une telle structure, trés influencée par le réseau de la matrice, 
ne peut exister que si la zone est très petite: ordre de grandeur des zones 
observées est de ordre de 100 A ou moins. Leur forme extérieure varie suivant 
le système: dans le cas de Al-Cu, où les zones ont été d’abord trouvées, ce 
sont des plaquettes minces parallèles aux plans (100). Elles sont appelées 
« Zones Guinier-Preston » ou «Zones G.P.». Nous emploierons le mot zone 
dans un sens plus général pour des objets d’autres formes. 

Nous allons voir maintenant comment a l’aide de la notion de zone on 
peut interpréter les diffusion observées dans le cas de Valliage Al-Cu au cours 
de son vieillissement a froid et quels résultats quantitatifs donnent les rayons X 
sur la structure des zones. 


3. — Interprétation des diffusions données par l’alliage Al-Cu pendant le dur- 
cissement. 

Nous prendrons comme exemple l’alliage Al-Cu a 4% de Cu. Il est en 
solution solide homogène au-dessus de 425 °C. Par trempe, nous obtenons a 
l’ambiante une solution solide métastable sursaturée que nous faisons évoluer 
vers l’état d’équilibre par des revenus dont on fait varier la durée et la 
temperature. L’évolution est tres complexe suivant la nature de ce revenu. 

Nous considérerons uniquement un cas typique du premier stade de 
structure, par exemple un alliage revenu a 100 °C pendant une dizaine d’heures 
(GRAF [11b]). Le diagramme d’un cristal unique oscillant autour d’un axe [100] 
obtenu avec un rayonnement strictement monochromatique est représenté 
en Fig. 11. 

La caractéristique essentielle est que la diffusion est limitée aux rangées 
<100>. D’ot la conclusion immédiate que le cristal contient des défauts de 
périodicité paralléles aux plans {100}. Il y a, d’autre part, nécessairement, 
désordre de substitution puisque l’intensité de la diffusion ne s’annule pas au 
centre de Vespace réciproque. D’ot Vidée que les zones sont dues au ras- 
semblement d’atomes de cuivre par taches sur certains plans (100). Par raison 
de symétrie, il y a trois systèmes de zones sur les trois plans de la forme {100}. 


Fig. 11. — Diagramme d’un cristal unique Al-Cu après vieillissement a 100 °C. Axe [100] 


vertical. Oscillation de 15°; rayonnement Mo K,. 


On aboutit a la transposition a très petite échelle de la disposition dans la 
matrice des précipités de la phase Al,Cu que nous révele le microscope (struc- 


ture dite de Widmanstat- 
ten) (Fig. 12). 

On peut facilement trou- 
ver le diamètre des zones. 
En effet si les zones étaient 
infiniment étendues la dif- 
fusion serait rigoureusement 
concentrée sur la rangée. 
De méme que, pour le cristal 
tridimensionnel le noud 
s’élargit en raison inverse 


Fig. 12. — Précipités en struc- 

ture de Widmanstitten. Al 

liage Al-Cu vieilli a 250 °C; 
micrographie électronique. 
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de la taille du cristal, de méme la section de la région de diffusion le long 
de la rangée croit quand le diamétre de la zone diminue (Radiocrist., p. 532). 
Approximativement, la largeur à mi-intensité comptée en prenant comme 
unité la maille du réseau réciproque est égale & 1/N, si N est le nombre de 
mailles dans le diamètre de la zone. 

La mesure n’est possible sur le diagramme (Fig. 11) que si le faisceau pri- 
maire est ponctuel. Sinon, la traînée s’élargit d’une quantité — bien plus 
grande — égale au diamétre du faisceau. Comme le faisceau, issu d’un mono- 
chromateur a une section en forme d’une fente très fine, en orientant le cristal 
de facon qu'il y ait une traînée parallèle a la hauteur du faisceau, sa largeur 
peut étre mesurée de facon significative. On trouve ainsi des dimensions va- 
riables avec la température de revenu. Pour 100 °C elle est de 100 A. 

Un autre fait est manifeste: les traînées passent rigoureusement par tous 
les neuds de la matrice. On en conclut que dans les plans (100) qui sont 
irréguliérement arrangés, les atomes forment toujours rigoureusement le 
méme réseau plan. Mais la figure de diffraction d’un réseau plan isolé d’atomes 
de cuivre (100) est constitué dans l’espace réciproque par Vensemble des 
rangées <100), la répartition de l’intensité étant constante le long de ces rangées 
(ou plus exactement proportionnelle au carré du facteur de diffusion de l’atome). 
Ce n’est pas ce qui est observé. Mais ces premières constatations qualitatives, 
vont nous conduire progressivement au modéle qui a été essayé avec succes. 

Le fait important sur lequel nous concentrons maintenant l’attention, c'est 
que les traînées issues d’un noud ne son dirigées que d’un còté de ce neud, 
vers les grands angles. Dès 1938, PRESTON a étudié le cas du réseau linéaire 
composé d’atomes de facteur de diffusion variant de facon sinusoidale tels 
que, d’autre part, les distances entre atomes voisins varient avec la méme 
période, de facon que les atomes les plus diffusants soient les plus rapprochés: 
on prévoit que chaque noeud normal est accompagné de satellites, et l’intensité 
de ces satellites est dissymétrique, le plus intense étant celui du còté des 
grands angles; c’est le contraire si les atomes les plus diffusants sont les plus 
écartés. 

C’est la un résultat général quand il y a corrélation entre désordres de 
substitution et de déplacement. On peut le justifier de la facon suivante. 
Une formule très générale donnant l’intensité diffractée par un ensemble de 
N atomes de facteur de diffusion f est: 


On 
CA 2 Po ” 
I(s) re DI iE Ir > » Î,}, Cos 2718 Van! 3 

ngan' 
x,y etant le vecteur séparant les deux atomes n et n'. Considérons les couples 
de proches voisins, qui sont distants normalement de a. Les termes en cos 278%, 
Ui 

donnent un maximum pour s=1/a (cas du réseau linéaire). 

Les paires de voisins un peu plus rapprochées ou un peu plus éloignées 
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produisent des maximums pour s plus grand ou plus petit que 1/a. Mais, si, 
pour les unes, les facteurs de diffusion sont plus élevés le maximum corres- 
pondant sera plus intense. On retrouve ainsi les régles trouvées par PRESTON. 

Or les atomes de cuivre sont à la fois plus diffusants et plus petits que 
ceux d’aluminium. On peut imaginer un rapprochement des plans (100) autour 
du plan enrichi en cuivre. Les phénomènes de diffusion seront plus intenses 
du còté des grands angles. La dissymétrie de la trainée est donc du cété 
attendu: elle signifie que les distorsions jouent un ròle prédominant dans la 
zone et que ces distorsions sont dues a la différence de taille entre les atomes. 
Ainsi dans le cas de Al-Ag ou Al-Zn, elles sont négligeables puisque les atomes 
ont sensiblement le méme diamòètre. 

D'’après ces considérations qualitatives, nous pouvons maintenant construire 
un modele de zones. Puis en confrontant la 
diffusion calculée et mesurée, il est possible 


d’arriver & une description quantitative ac- "eg 
are ETTI, 
ceptable des zones de Al-Cu. Deux méthodes oe lo pre 


ont été employées. GEROLD [8] a essayé divers ——re ce deg = 
modeles formés d’un plan médian de cuivre et =" ee 


de plans d’aluminium un peu rapprochés de facon 


a rattraper le reseau régulier a partir de la — Cu — A 

= n es c nA è) È gi at 
n-ieme couche (Fig. 13). Il a montre qu’un Fig. 13. - Modèle de zone G.P. 
bon accord avec l’expérience est obtenu pour dans Al-Cu d’après GeEROLD. 


TABLEAU I. 


| 
| N°. Composition Distance du n°" plan 
de la couche de la couche au précédent 
ee = eae AE : Wie 
0 Cu — | 
i Al 0.9 
2 Al 1.0125 
3 Al | TROISE, 
4 Al | 1.0108 
5 Al 1.0100 
6 Al 1.0092 
7 Al 1.0083 
8 Al 1.0075 
9 Al 1.0067 
10 | Al 1.0058 
11 | AI 1.0050 
12 AI 1.0042 | 
ils) | AI 1.00338 | 
14 Al 1.0025 
15 Al 1,0017 
16 Al 1.0008 
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une zone dont influence perturbatrice atteint une quinzaine de couches de 
chaque coté: les chiffres qu'il a adoptés sont donnés dans le Tableau I. 

K. Toman [9] a employé une méthode plus puissante. Il suppose d’abord 
que la zone a un plan de symétrie dont le plan central est très riche en cuivre. 
Il suppose ensuite les plans successifs de rang contenant une proportion 
de m, % de cuivre et déplacés d’une quantité petite ae,, a 6étant la distance 
normale des plans (200). Son calcul permet de tirer directement de l’expérience 
les valeurs de m, et e, en fonction de n. Pour les calculs, il faut admettre 
que m, décroît rapidement quand n augmente. Le Tableau II donne les valeurs 
les plus probables d’après TOMAN. 


ABELE 


N.° du plan | Proportion du cuivre | Déplacement relatif | 
n | ia Up en % | 
= si =o NIE 
0 - 98 0 
Il 50 — 3.94 
2 39 — 1.54 
| 3 30 — 0.34 
| 4 23 — 0.03 
| 5 17.5 0 | 
| 6 13 | 0 | 
| 7 9 | 0 | 
| 8 6 | 0 | 
| È 4 | 0 
10 2.5 | 0 


La principale difference séparant les résultats de GeROLD et de TOMAN 
est que, pour TOMAN, il y a jusqu’au sixiéme plan plus de 10% de cuivre, 
mais les plans a partir du troisieme ne sont pratiquement pas déplacés. Pour 
GEROLD, au contraire, il n’y a qu’un plan de cuivre mais les plans d’aluminium 
pur sont déplacés substantiellement dans une large bande (15 couches). 

Pourtant si l’on compare les écarts entre les valeurs expérimentales et 
théoriques calculés d’après ces deux modéles, la concordance est assez satis- 
faisante dans les deux cas. Cela veut dire que les déterminations des structures 
des zones irréguliéres ne pourront vraisemblablement jamais étre précises. 
Il y a a cela plusieurs raisons. D’abord des difficultés expérimentales: en 
particulier la trainée est masquée au voisinage du nud par la tache de Bragg 
et le domaine de diffusion (d’origine thermique) qui l’entoure. Il est difficile 
d’obtenir les valeurs de l’intensité vraie de la traînée sous la tache de Bragg. 
D’autre part, il ne faut pas oublier que les données expérimentales, mémes 
parfaites et complètes, ne sont pas suffisantes pour restituer une image de 
Vobjet diffractant. Le problème est plus difficile que pour les structures cristal- 
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lines, car nous ne connaissons pas la composition atomique exacte de la zone, 
et que les effets de zones, de structure et dimension variables, se superposent. 
Toutefois il est évident que les modéles de ToMAN et GEROLD, et aussi ceux qui 
avaient été antérieurement proposés, ont des ressemblances frappantes: leurs 
points communs peuvent étre adoptés avec confiance. 

Les rayons X ont ainsi fourni à la physique des solides des éléments très 
importants sur des structures submicroscopiques qu’aucune autre méthode ne 
pouvait donner. La zone est une portion du réseau de la matrice dont 
la composition est anormale et qui est perturbée géométriquement. Mais 
elle n’a pas de limites bien définies, ni structure propre, elle est enfin 
cohérente avec la matrice: cet ensemble de caractères différencie la zone et le 
précipité. 

Les zones en forme de plaquettes et les zones quasi-sphériques (type Al-Ag) 
se retrouvent dans certains autres alliages durcissant (respectivement Cu-Be 
et Al-Zn). D’autres, au contraire, donnent au premier stade du durcissement 
des phénomènes de diffusion anormale très différents de ceux que nous avons 
décrits, mais il est naturel d’attribuer aussi à la présence de zones. Si les 
observations sont déjà assez complètes, on n’est pas encore aussi avancé dans 
leur interprétation que dans le cas maintenant classique de Al-Cu et Al-Ag. 
Les phénomènes les plus curieux ont été trouvés dans les alliages ternaires 
Al-Mg-Si et Al-Mg-Zn. 


4. — Zones a désordre linéaire (Al-Mg-Si). 


On observe sur le diagramme d’un cristal de Al-Mg-Si au premier stade 
du durcissement des lignes continues de diffusion (LAMBOT [10]) (Fig. 14): il 
est facile de déterminer qu’elles correspondent a Vintersection avec la sphere 
d’Ewald (Radiocrist., p. 107) des plans successifs {100} du réseau réciproque. 
Prenons, par exemple, un cristal orienté avec l’axe [001] vertical, le faisceau de 
rayons X, horizontal, étant parallèle è [100]. On observe une série de fines 
lignes verticales d’intensité très faible. L’une passe par le centre; la seconde est 
à la distance a* et la troisiéme a la distance 2a*, a*=1/a est le parametre de la 
maille du réseau réciproque, le réseau cristallin ayant pour parametre a. En 
réalité, ces lignes ne sont pas des droites mais des hyperboles très ouvertes 
et des mesures précises montrent que ce sont les projections des cercles, Co, 
C,, Cs, intersection de la sphere d’Ewald avec les plans (010) du réseau ré- 
ciproque (Fig. 14). 

On ne voit pas les lignes horizontales qui, par raison de symétrie, devraient 
apparaitre: cela vient de ce que le faisceau issu du monochromateur est un 
pinceau d’une hauteur de quelques millimètres. Une ligne de diffusion verti- 
‘ale West pas élargie de ce fait, tandis qu’une ligne horizontale aurait une 
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hauteur égale è la hauteur du faisceau: son intensité devient trop faible pour 
étre décelable. 


Fig. 14. — Diagramme de diffraction d’un cristal Al-Mg-Si vieilli à 150 °C. Cristal im- 
mobile. Axe [001] vertical, cristal irradié suivant [100]. Rayonnement Mo K, (LAMBOT). 


Les lignes observées sont très étroites, ce qui signifie que la diffusion est 
rigoureusement concentrée sur les plans {100} du réseau réciproque. Les lignes 
paraissent, tout au moins aux premiers stades du durcissement, d’intensité 
continue et lentement décroissante quand on s’éloigne du centre de l’espace 
reciproque. Si Pon modifie Vorientation du cristal la forme des lignes change 
comme le prévoit la géométrie mais leur intensité reste & peu près uniforme. 
On peut done admettre, en premiere approximation, que les plans {100} de 
l’espace reciproque sont le siege d’une diffusion à peu près uniforme sur toute 
leur étendue, sauf toutefois au voisinage du centre. Car l’intensité des lignes 
est nettement diminuée autour de l'origine. D’autre part, des modulations 
de l’intensité se produisent quand le revenu de l’alliage est plus poussé: mais 
nous ne nous occupons que du premier stade. Quelles conclusions pouvons 
nous tirer sur l’origine de ces diffusions anormales? 

Certaines déductions sont immédiates et sires: 


1) Le désordre est linéaire, la périodicité de la zone perturbée est rigou- 
reusement maintenue le long des rangées <100) car la diffusion est contenue 
dans les plans {100}. 
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2) Cette périodicité rigoureuse est cohérente sur une grande longueur 
(> 500 A), puisque l’épaisseur des plans de diffusion est si faible qu'elle nest pas 
mesurable. Enfin l’intensité est uniforme sur les plans, c’est-d-dire que nous 
observons à peu près la figure de diffraction d’une ligne unique de points, un 
reseau linéaire régulier de période égale au paramétre de la matrice le long 
de [100]. 


Tous les atomes de Palliage Al-Mg-Si ont des pouvoirs diffusants très voisins, 
on ne peut done pas imaginer des zones formées de files d’atomes isolés, 
puisque le rassemblement du magnésium et du silicium serait invisible aux 
rayons X. D/ailleurs dans ce cas Vintensité ne diminuerait pas vers le centre 
de Vespace réciproque. Pourtant la ségrégation de Mg et Si est certainement 
l'origine des phénomènes. On est conduit à admettre que cette ségrégation 
provoque un désordre de position dans les zones enrichies en Mg et Si, et que 
ce désordre laisse intacte la périodicité des atomes le long des axes quater- 
naires. Ces zones doivent avoir la forme de longues aiguilles, ce qui est con- 
firmé par le fait que les précipités Mg,Si, quand ils se forment dans Valliage 
par des revenus a plus haute température, ont aussi la forme d’aiguilles paral 
léles a <100). Il n’est pas encore possible d’avancer des hypothèses sur la 
constitution de ces zones: rien ne permet, par exemple, d’évaluer leur dia- 
métre. On peut se demander si la stabilité de ces curieuses zones n’est pas 
liée à la formation de liaisons d’un caractère non métallique entre Mg et Si. 


5. — Zones de Al-Mg-Zn (GRAF, [11 a]). 


Nous citerons encore une autre série d’observations sur des diffusions anor- 
males surtout pour exposer le problème qu’elles posent, car l’interprétation 
est encore douteuse. 

Les observations sont les suivantes: 


1) Autour du centre, on trouve un anneau assez semblable a celui que 
donnent les alliages Al-Zn. Cette diffusion centrale prouve qu'il y a des ségré- 
gations d’atomes de Zn, puisqu’on ne peut rien dire de la répartition du magné- 
sium que les rayons X ne peuvent distinguer de Paluminium. La structure 
de ces zones est semblable è celle des zOnes de Al-Ag. Les dimensions des 
zones variant suivant la composition de Valliage et le traitement de vieillis- 


x 


sement: leur ordre de grandeur est de 50 a 100 A. 


2) En plus le diagramme comporte une série de taches diffuses corres- 
pondant dans espace réciproque à des « boules » d’un rayon de Vordre de 1/10 
de la maille du réseau réciproque (Fig. 15). Certaines de ces boules sont en 
position simple par rapport aux neuds de la matrice, elles ressemblent aux 
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taches apparaissant autour des neuds d’un alliage à Vétat d’ordre partiel. 
D'où Pidée que dans la zone il y aurait commencement d’ordre entre les atomes 


Me, Zn et Al. Ces phénomènes n’existent pas dans le cas de AL-Zn. Cet ordon- 


$ 


bio 


¥ ' 


Fig. 15. — Diagramme de diffraction d’un cristal Al-Mg-Zn (GRAF). 


nancement serait donc la conséquence dune interaction entre Mg et Zn. 
Jusqu’a present ces idées qualitatives n’ont pas été approfondies, a cause du 
manque de données complètes et quantitatives sur l’espace reciproque de cet 
alliage. 

Des phénomènes analogues ont été trouvés 


RYATSKII [12], LAMBOT [10]). 


dans Al-Mg-Cu (BAGA- 
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Gitterstorungen in diinnen Schichten. 


R. HirscH und W. MARTIENSSEN 


Universilàt Gottingen - Gottingen 


1. — Einleitung. 


Zur Erzeugung von Gitterst6rungen in kristallinen Stoffen werden seit 
Jahren eine Reihe verschiedener Methoden benutzt. Die alteste Methode ist 
die der plastischen Deformation fester K6rper. Daneben ist in den letzten 
Jahren die Einwirkung energiereicher Strahlen auf den kristallinen Aufbau 
besonders von technisch wichtigen Materialien sehr ausgiebig untersucht 
worden. In beiden Fallen hat man es mit Gittersté6rungen im eingefrorenen 
Zustand zu tun: Durch eine Warmebehandlung làBt sich der Ausgangszustand 
weitgehend wiederherstellen. Andererseits kann man bei hohen Temperaturen 
auch Gitterstorungen im thermischen Gleichgewicht erzeugen, man hat eine 
Gleichgewichtskonzentration an einzelnen Fehlstellen (z.B. Licken etc.) und 
auBerdem eine Stòrung des Gitters durch die Temperaturbewegung. In dem 
vorliegenden Bericht werden einige Ergebnisse zusammengestellt, die mit einer 
vierten Methode erzielt worden sind: Der Herstellung gest6rter kristalliner 
Schichten durch Aufdampfen bei tiefen Temperaturen. 

Mit dieser Methode ist es méghch, auBerordentliech hohe Konzentrationen 
an Gitterstòorungen herzustellen, man gelangt zu einem ganz neuartigen Zu- 
stand der Materie mit interessanten, veranderten FRigenschaften. Wir be- 
zeichnen diese Methode als « absehreckende Kondensation ». Die in Frage 
stehende Substanz wird im Hochwakuum verdampft und auf einer auf tiefe 
Temperatur abgekihlten Unterlage kondensiert. Die Atome oder Molekiile 
werden also aus dem Dampfstrahl plotzlich auf eine sehr tiefe Temperatur 
abgeschreckt und vermégen sich dann nicht mehr zu einem ungestérten Kristall- 
verband zu ordnen. Die Kondensationswarme wird durch die Warmeleitung 
der Unterlage sehr schnell abgefiihrt. Man gelangt so zu hochgradig fehlge- 
ordneten Schichten mit Dicken bis zu etlichen Zehntel um. Fiir die Kigenschaften 
dieser Schichten spielt ihre Dicke keine wesentliche Rolle. 
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Ohne Schwierigkeiten lassen sich auch homogen zusammengesetzie Schichten 
aus mehreren verschiedenen Substanzen herstellen. Haben die einzelnen Kom- 
ponenten verschiedene Dampfdrucke, so tritt beim langsamen Verdampfen 
der Mischung eine Fraktionierung auf. Diese laBt sich aber dadurch ver- 
meiden, daB die Mischung nacheinander in vielen kleinen Portionen ver- 
dampft wird, von denen jede einzelne nur eine einatomare Schicht liefert. 

In dem vorliegenden Bericht behandeln wir folgende Figenschaften solcher 
Schichten: 


1) Réntgen- und Elektronenbeugung, 


) 

2) Optische Absorption, 
) Elektrische Leitfahigkeit und Supraleitung, 
) 


3 
4) Fehlordnungsenergie. 


29. — Rontgen- und Elektronenbeugung. 
Wir beginnen unsere Diskussion mit Rontgenbengungsaufnahmen an Salz- 


schichten, zunàchst der Alkalihalogenidkristalle. Fig. 1, entnommen aus 


einer Arbeit von RuAL [1], zeigt 


~ 4 — miri ag! 
Debve-Scherrer-Aufnahmen an Al- È S 3 
einer bei 20 °K kondensierten Linien 


KI-Sehicht, Teilbild a ist sofort 


nach der Kondensation bei 20 °K 


aufgenommen, Teilbild b ist im 
AnscehluB an eine Temperung auf ; 
330 °K wiederum bei tiefen Tem- : 
peraturen gemessen. Die frisch 
kondensierte Schicht liefert stark | | | \ | ) \ | 
verbreiterte Roéntgen-Reflexe, als Ay hee > = 3a be ia 2 = 
Halbwertsbreite findet man 0.6 Linien Sè È SS SSL. 
0.8 Bragg’ sche Winkelgrade; nach 

eas MW Debye-Scherrer-Aufnalmen einer bei 


der Temperung betrigt die Halb- Pe i TE i 

20 °K kondensierten KI-Schicht. a) aufgenom- 
wertsbreite nurmeht etwa 0.25 men nach der Kondensation bei 20 °K; b) nach 
Winkelgrade und entspricht damit Temperung bis 330 °K aufgenommen bei 90 °K. 
schon ungefahr der vorgegebenen Belichtungszeiten: a) 150 min, d) 75 min. 
Apparatebreite von etwa Ue 
Ganz entsprechende Ergebnisse findet Riihl bei fast allen anderen Alkali- 
halogeniden. Man erhalt die Interferenzen des normalen bei Zimmertemperatur 
stabilen Gitters (NaCl-bzw. CsCl-Typ), aber mit stark vergròBerter Halbwerts- 
breite. Die Schichten sind also als kristallin anzusehen, befinden sich aber 
in einem stark gestorten Zustand. Man wird es mit vielerlei verschiedenen 
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Arten von Fehlordnung zu tun haben: Liicken, Liickenaggregate, Versetzungen, 
Korngrenzen, Verspannung der kristallinen Bereiche und so fort. Deutet 
man die Verbreiterung der Interferenzen allein mit der geringen KorngroBe, 
so folgen daraus KristallitgròBen von 100-200 AG 

R. HmscH [2] hat ein ebenes Modell angegeben, das ein anschauliches 
Bild von der Struktur solcher Aufdampfschichten vermittelt. Die Ionen werden 
durch kurze, zylindri- 
sche Magnete dargestellt 
(Fig. 2). Schwarze Nord- 
polenden bedeuten I -Io- 
nen, weisse Sudpolenden 
K'-Ionen. Das linke Teil- 
bild der Fig. 2 zeigt das 
Modell einer bei tiefen 
Temperaturen konden- 
sierten KI-Schicht, ent- 
standen durch Aneinan- 


Fig. 2. — Flachenhaftes Modell einer KI-Schicht, darge- 


stellt durch zylindrische Magnete. @ =I -Ion, O = derwerfen von Modell- 
— K*-Ion. Links: fehlgeordnete Schicht nach der —Molekilen. Man erkennt 
Kondensation bei tiefen Temperaturen; rechts: begin- deutlich die kleinen, teil- 


nende Kristallisation beim Aufwarmen (Schittelbewe- 


weise verspannten kristal- 
gung am Modell). elise verspannten kristal 


linen Korner, voneinander 

getrennt durch weitgeh- 
end fehlgeordnete Bereiche. Das rechte Teilbild der Fig. 2 ze'gt die 
beginnende Kristallisation beim Aufwarmen der Schicht, verwirklicht durch 
Schittelbewegung. 

Eine Ausnahme im Verhalten der Alkalihalogenidschichten bildet das Lil. 
Lil kristallisiert normalerweise in der NaCl-Struktur. Bei der Kondensation 
bei 20 °K entsteht Lil jedoch in einer neuen, bisher nicht bekannten hexago- 
nalen Modifikation. Beim Erwarmen auf Zimmertemperatur tritt innerhalb 
von Stunden die Umwandlung in das normale NaCl-Gitter ein. Das Tonen- 
radienverhaltnis reo” Detragt bei Lil 0.35 und liegt damit in dem Be- 
reich, in dem nach Born und MAYER [3] die Gitterenergien fiir die NaCl- und 
die ZnO-Struktur nahezu gleich sind. Die aus den Abmessungen der Elementar- 
zelle ermittelte réntgenographische Dichte betragt fiir die hexagonale Struktur 
3.5 g-cm73, fir die NaCl-Struktur 4.12 g-cm-3. Die neue Struktur entspricht 
also einer weniger dichten Packung und ist in der bei tiefer Temperatur 
kondensierten Schicht offenbar giinstiger, da diese Schicht durch den hohen 
Grad eingefrorener Fehlordnung aufgelockert ist. 

Bei der Untersuchung von Schwermetallsalzen findet Rtuu [4] im allge- 
meinen das gleiche Verhalten wie bei KI: die bei tiefen Temperaturen kon- 
densierten Schichten entstehen in einem gestérten, kristallinen Zustand. Bin 
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ganz neuer Befund ergibt sich aber bei den Halogeniden des Thalliums, sowie 


dem Silber- und Kupferjodid. 
* 


ao 


(004)(013) 


(13200(20) (020X203) 


b 


Schwarzung (log Ig! ) 
- Lich T=) 


O ie e 8 
Braggscher Reflexionswinkel 

Fig. 3. — Schwarzungskurven von 

Debye-Scherrer-Diagrammen einer 

bei 20 °K. kondensierten TII- 

Schicht. a) nach der Kondensation 


aufgenommen bei 20°K; b) nach 


Fig. 3 zeigt Schwarzungskurven von Debye- 
Scherrer-Aufnahmen an einer aufgedampften 
TII-Schicht, Teilbild a wieder sofort anch 
dem Aufdampfen bei 20 °K, Teilbild b nach 
der Temperung. Die breite Interferenz im 
Teilbild a deutet einen amorphen, flissigkeits- 
‘hnlichen Zustand der frisch aufgedampften 
Schicht an. Beim Tempern erhalt man in 
dem schmalen Temperaturbereich zwischen 
135 und 155 °K den Ubergang zu den scharfen 
Interferenzen des normalen orthorhombischen 
TI. Im Gegensatz zu den Ergebnissen bei 
den Alkalihalogeniden ist zwischen der Lage 


Tempern bis 330 °K aufgenommen 


bei 80 °K der Interferenzen im kristallisierten und im 
bel 80 °K. 


frisch aufgedampften Zustand kein Zusam- 
menhang zu erkennen. 

Fine Ursache fiir dieses unterschiedliche Verhalten ist in der Polarisier- 
barkeit der Tonen zu suchen. Die statische Dielektrizitàtskonstante der Alkali- 
halogenide liegt im Bereich zwischen 4.5 und 6.5, die der Tl-Halogenide aber 
zwischen 30 und 35. Bildet man das Verhàltnis zwischen nàchsten Ionenab- 
stinden im Kristall und dem Tonenabstand im Dampfmolekiil, so findet man 
bei den Alkalisalzen Werte zwischen 1.09 und 1.17, bei den Tl-Salzen da- 
gegen 1.3. Bei der Kondensation der TI-Halogenide ist also eine viel stàrkere 
Aufweitung der Ionenabstànde erforderlich als bei den Alkalihalogeniden. Die 
weitreichenden heteropolaren Bindungskrafte sind durch die Polarisation stark 
abgeschirmt. So kondensiert die Schicht bei hinreichend tiefen Temperaturen 
in einem véllig ungeordneten Zustand (bei rein 
homéopolar gebundenen Substanzen, z.B. Ge und 
Si, erhalt man sogar noch bei Zimmertemperatur 
amorphe Aufdampfschichten). 

Bei Metallen fiihrt die abschreckende Konden- 
sation im allgemeinen ahnlich wie bei den zuerst 


genannten Salzen ebenfalls zu gestorten feinkristal- 
linen Schichten. Fig. 4 zeigt als Beispiel Elek- 


Fig. 4. — Schwiirzungskurven von Elektronenbeugungs- 
aufnahmen an einer reinen, bei 20 °K kondensierten 


Intensitat in willkurlichen Einheiten 


Zinn-Schicht. Oberes Teilbild sofort nach der Konden- 
sation, aufgenommen, die folgenden Bilder bei den 
angegebenen Temperaturen. Aufnahme 4 bei 90 °K 0 

nach Tempern auf 300 °K. 


(301) _ 
9mm10 


{ Ki 
(200X101) |, (220211) 
5 Ri 7 8 
Ringradius 
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tronenbeugungsaufnahmen von W. BuckEL [5] an einer aufgedampften 
Zinn-Schicht. Der Lage nach stimmen die Interferenzen der getemperten 
(unteres Teilbild) und der frisch aufgedampften (oberes Teilbild) Schicht 
iiberein. Die Breite der Interferenz- 
linien ist jedoch nach der abschrecken- 


PS 
(=) 
ni 


den Kondensation stark vergrofert 


on 
T 


und 148t auf KorngréBen von etwa 
100 À schlieBen. 
Dieses Verhalten ist typisch fur 


ei 


eine groBe Anzahl von Metallen. Zwei 
Ausnahmen davon stellen Wismut und 


Intensitat in willkiirlichen Einheiten è 


Gee E a e Gallium dar (BuokEL [5]). Fine bei 
Ringradius 2°K kondensierte Bi-Schicht entsteht 
Fig. 5. — Schwarzungskurven von Elek- 


in einem amorphen Zustand, wie die 
MORSO E a eae a ane pene Beugungsaufnahme Fig. 5 zeigt. Beim 
kondensierten Wismut-Schicht. Oberes ebano 2 POI 
Teilbild sofort nach der Kondensation, Erwirmen auf 14 °K andert sich an 
unteres Teilbild nach Erwiirmen auf 20°K. dem Beugungsbild nichts. Wenige 

Grade héher jedoch verschwinden die 
breiten Beugungsringe und es erscheinen die Interferenzen des normalen Bi. 
Ahnlich erhalten wir auch beim Ga nach der Kondensation bei 4 °K zunachst 
breite Interferenzringe, die auf einen fliissigkeitsahnlichen Zustand hindeuten. 
Beim Tempern auf 20 °K erscheint ein System scharfer Ringe, das jedoch 
nicht dem normalen Gallium-Gitter zugeordnet werden kann. Erst oberhalb 
60 °K erhalt man nach einer nochmaligen Umwandlung die Interferenzen des 
normalen Ga-Gitters. Bei erneutem Abkihlen auf tiefe Temperaturen bleibt 
dieses Gitter erhalten. Die bisher unbekannte Modifikation des Ga stellt eine 
Analogie zur hexagonalen Modifikation des Lil dar. Auch hier wird die neue 
Struktur offenbar beginstigt durch die eingefrorene Fehlordnung in der auf- 
gedampften Schicht. Im thermischen Gleichgewicht ist bei tiefen Tempera- 
turen nur das normale Ga-Gitter stabil. Eine Messung der Wirmeténung bei 
der Gitterumwandlung (vgl. Abschnitt 5) ergibt, daB es sich bei dem unbe- 
kannten Gitter um eine Hochtemperaturmodifikation handelt. Im thermischen 
Gleichgewicht lat sich dieses Gitter aber nicht herstellen, da Ga bereits bei 
28 °C schmilzt. 

Beim Aufdampfen reiner Substanzen gelangt man nur in einigen Sonder- 
fallen zu amorphen Schichten, im allgemeinen entstehen die Schichten in einem 
zwar gestorten aber noch kristallinen Zustand. Man kann jedoch auch in 
diesen Fallen die Kristallisation weitgehend behindern, indem man fremde 
Atome oder Molekiile in geringer Konzentration gleichzeitig in die Schicht 
hineindampft. Fig. 6 zeigt als Beispiel Photometerkurven von Beugungsauf- 
nahmen an einer Sn-Schicht mit 10 At. % Cu. Die stark verbreiterten Beu- 
gungsringe nach der Kondensation weisen auf einen flissigkeitsihnlichen oder 
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feinstkristallinen Zustand hin. Bei 30 °K sieht man aus den breiten Inter- 
ferenzen verhAltnismaBie scharfe Linien herauswachsen (vgl. Fig. 4). Hier 

entstehen offenbar, von wenigen Keimen aus- 


10) a ga . ce 
: aay gehend, in der fuBerst ungeordneten Umge- 
K È Po ete : È 
one bung wenige gréBfere Kristallite, im Gegensatz 
0 — zur Sammelkristallisation aus der schon kri- 
+ $+ 


stallisierten Umgebung bei reinem Sn. Im 


30°K 
5b GEO : "© 3 a ‘ 
SA) NE unteren Teilbild der Fig. 6 treten zusàtzliche 


Linien einer intermetallischen Verbindung Sn-Cu 


do 
+ 
il 
pi 


70°K | auf (schrage Pfeile). 
Entsprechend lassen sich auch Salzschichten, 


(Sal 
1 


die normalerweise kristallin kondensieren, durch 


| 


geringe Fremdzusatze in einen amorphen Zu- 

stand zwingen. Ein Beispiel ist das System 
3 KI-KF, das in Abschnitt 3 behandelt wird. 

(22021, Die Wirksamkeit des Zusatzes làBt sich wieder 

6 7 8 9mm0 3 ; ae 

Ringradius sehr deutlich im Magnetmodell [2] demon- 

strieren (Fig. 7): Durch den Zusatz der klei- 
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T 


Intensitàt in willkurlichen Einheiten 


La, 
(20001) 
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Fig. 6. — Schwarzungskurven 
von Elektronenbeugungsauf- nen Fluor-Ionen erhalt man links beim Auf- 
nahmen an einer Aufdampf- dampfen eine quasiamorphe Schicht, nach dem 
schicht Sn+10 At. % Cu, obe- ‘pempern (Schiitteln) zeigt sich ein ausgeschie- 


res Teilbild aufgenommen nach È MIE e È i 
= i 2 : was denes KE-Kristillehen in der kristallisierten 
der Kondensation bei 12 °K, 


die weiteren Bilder nach Er- 
wiirmen auf die angegebene Im Beispiel KI-+10% KF wirkt das Fluorid 


Temperatur. behindernd auf die Kristallisation des KI ein, 

da KF mit KI keinen Mischkristall zu bilden 

vermag. Bei hinreichend tiefen Aufdampftemperaturen erhalt man amorphe 
Schichten. Es ist eine interessante Frage, was beim Zusammendampfen 
zweier nichtmischkristallbildender Komponenten passiert, wenn die Sehicht 


KI-Umgebung. 


bei héheren Temperatu- 
ren kondensiert wird. 
QUEISSER [6] has das Sy- 
stem NaCl-CsCl mit Hilfe 
von Réntgenbeugungsauf- 


Fig. 7. — Flachenhaftes Mo- 
dell einer Aufdampschicht 
Kileee Oss te 95. RE Die 
Fluorionen werden durch 
kleine, schwarze Kreisflachen dargestellt 
ser, aber mit gleichem Moment). Links: stark f 


(zylindrische Magnete mit kleinerem Durchmes- 
ehlgeordnete Schicht nach der Konden- 
Ausscheidung des KF beim Tempern (Schiitteln). 


sation bei tiefen Temperaturen ; rechts: 
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nahmen untersucht. Im thermischen Gleichgewicht bilden die beiden 
Komponenten keine Mischkristalle. Bei Kondensationstemperaturen oberhalb 
250 °K erhilt man bei starkem Uberwiegen einer der beiden Komponenten 
eine feinkristalline Schicht von NaCl- bzw. CsCl-Kristaéllchen: Die iberwie- 
gende Komponente vermag den Zusatz auszuscheiden, dieser verhindert 
jedoch die Bildung gròBerer Kristallite. Bei mittleren Konzentrationen aber 
kòénnen sich die beiden Partner nicht gegenseitig ausscheiden, es bildet sich 
ein erzwungener Mischkristall. Beim Tempern oberhalb 50 °C zerfallt dieser 
in die beiden reinen Komponenten. Wird eine Schicht mittlerer Konzentration 
bei tiefen Temperaturen (20 °K) aufgedampft, so erhalt man eine amorphe 
Struktur; bei dieser tiefen Temperatur reicht die Warmebewegung zur Bil- 
dung der erzwungenen Mischkristalle nicht mehr aus. 


3. — Optische Absorption. 


In Abschnitt 2 haben wir Beugungsspektren an gestòorten Aufdampf- 
schichten behandelt. Sie werden entscheidend beeinfluBt durch den Zustand 
der kristallinen Ordnung tiber grofere Gitterbereiche hin (Fernordnung). Im 
folgenden soll untersucht werden, in welcher Weise das optische Absorptions- 
spektrum durch Gitterst6rungen verandert wird. Fur diesen Zweck erscheinen 
die Ionen-Kristalle besonders geeignet; ihre Spektren enthalten schmale Ab- 
sorptionsbanden, die lokalisierten Elektronenibergàngen im Kristallgitter zu- 
geordnet werden kònnen. Die Lage und Gestalt dieser Absorptionsbanden 
in gestérten Schichten liefern Aussagen iber die Beschaffenheit der direkten 
Umgebung der jeweiligen Absorptionsstelle und somit iber die Nahordnung 
in dem gestérten Kristall. Als Gitterstérungen wollen wir dabei zunachst die 
eingefrorene Fehlordnung in abgeschreckt kondensierten Schichten und dann 
die durch die thermischen Gitterschwingungen hervorgerufene Unordnung im 
Kristall betrachten. 

Das optische Absorptionsspektrum der Alkalihalogenide beginnt im kurz- 
welligen Ultraviolett und besteht, wie zuerst HirscH und Pont [7], sowie 
SCHNEIDER und O’BRYAN [8] gezeigt haben, aus einer Reihe mehr oder weniger 
gut voneinander getrennter Banden, von denen die langwelligsten mit einem 
Hlektroneniibergang von einem Halogenion zu einem direkt benachbarten A1- 
kaliion gedeutet worden sind. FRENKEL [9] und WANNIER [10] haben als 
erste diese Banden als Excitonenbanden erklirt. Neuerdings haben PHiripp 
und Tarr [11] mit Hilfe lichtelektrischer Messungen auch die langwellige 
Grenze fiir optische Band-Band-Ubergiinge im Spektrum der Alkalihalogenide 
festlegen kònnen. Die Spektren der Silbersalze haben nach neuen Messungen 
von TUTIHASI [12] und OKAMOTO [13] eine ganz Abnliche Gestalt wie die der 
Alkalihalogenide, nur scheint hier im Gegensatz zu diesen die Band-Band- 
Absorption bereits auf der langwelligen Seite der Excitonenbanden einzusetzen. 
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F. FISCHER [14] hat den FinfluB der abschreckenden Kondensation aut das 
Absorptionsspektrum aufgedampfter KI-Schiehten untersucht (Figs 3). Im 
oberen Teilbild erkennt man die Spektren einer Reihe reiner KI-Schichten, 
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Fig. 8. — Obere Reihe: Absorptionsspektren von KI-Schichten, kondensiert bei der 
Temperatur 7, gemessen bei 20°K bzw. 9 °K. Die punktierte Kurve zeigt die Ab- 


sorption nach einer Temperung auf 100 °C. Untere Reihe: entsprechende Messungen 
fir KI+10 At. % KF. 


die bei verschiedenen Aufdampftemperaturen 7, kondensiert worden sind. Die 
punktierte Kurve gibt zum Vergleich jeweils die ebenfalls bei 20 °K gemes- 
senen Spektren der auf 100 °C getemperten stérungsfreien Schichten wieder. 
Mit abnehmender Kondensationstemperatur erscheinen die Absorptionskurven 
immer stirker beeinfluBt. Die schmale Bande der ungestorten Schicht spaltet 
auf in eine stark verbreiterte langwellige Komponente und eine ein wenig kurz- 
wellig versetzte Bande. FISCHER deutet die kurzwellige Bande als die Ab- 
sorption sehr kleiner, durch die Oberflichenspannung kontrahierter Kristallite, 
den langwelligen Anteil als die Absorption stark fehlgeordneter aufgelockerter 
Bereiche (vgl. das Modellbild Fig. 2). Das untere Teilbild der Fig. 8 zeigt 
entsprechende Messungen an KI-Schichten, die durch gleichzeitige Konden- 
sation von 10% KF noch stàrker gestòrt worden sind. Das KF besitzt 
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selber in dem dargestellten Wellenlingenbereich keine Absorption. Man findet 
bei den tiefsten Kondensationstemperaturen nur noch die langwellig verscho- 
bene Bande. Die Schicht enthalt keine geordneten Kristallite mehr (vgl. das 
Modellbild Fig. 7). Bei hòheren Aufdampf- 


temperaturen zeigt sich im Vergleich zum 6 5 di 3__ev 
oberen Teilbild deutlich die Stabilisierung 32 | e plone soe pen gt i 
der Gitterstòorungen durch den Zusatz an S TU CI 
KF. Durch Tempern auf 100 °C laBt sich 3 | 
das KF zur Ausscheidung bringen. Man 21 Sa 
erhilt wieder die (punktierte) Absorption 2 a ie bei O°C,- 
des ungestérten KI. SA So È 

Als zweites Beispiel zeigt Fig. 9 eine = 200 = “00 Z00 500 
Messung von ZINNGREBE [15] iber den Upi ES 
EinfluB der Fehlordnung auf die Absorption Fig. 9. — Absorptionsspektrum einer 


bei 20 °K aufgedampften TICI 
Schicht: dick ausgezogene Kurve 
sofort nach der Kondensation ; 


von TICI. An Stelle der scharfen Absorp- 
tion des ungestorten TIC] erhalt man in 


der bei 20 °K kondensierten amorphen diinne Kurve nach Temperung bei 
Schicht nur breite, verwaschene Banden. 0 °C, gemessen bei 20 °K. 


Interessant ist, daB die langwelligste Bande 
in diesem Fall im amorphen Zustand deutlich kurzwellig verschoben liegt, im 
Gegensatz zu dem oben betrachteten Verhalten des KI. 

Bisher haben wir den EinfluB der beim Aufdampfen eingefrorenen Fehl- 
ordnung auf die optische Absorption betrachtet. In Fig. 10 vergleichen wir 
diesen mit dem EinfluB der durch die termischen Gitterschwingungen bedineten 
Unordnung (MARTIENSSEN [16]). Das obere Teilbild zeigt das Spektrum einer 
getemperten KI-Schicht bei verschiedenen Tem- 
peraturen, das untere Teilbild wiederholt noch 


Pe i 4 : 

= #00 Il boa einmal das Spektrum einer amorphen und 

Siege di — 165%, einer auskristallisierten Schicht bei tiefen 

493°K ; VERS 

ae f Temperaturen. Man erkennt deutlich die iber- 
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506 ste Fig. 10. — Oberes Teilbild: EinfluB der MeBtempe- 

s We ratur auf die Absorption einer getemperten KI- 
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TS Sy Og fee = RT E . Le 
180 190 si da 240 Schicht. Unteres Teilbild: EinflaB der durch ab- 


schreckende Kondensation bei 9°K eingefrorenen 

Fehlordnung aut die Absorption einer Schicht aus KI +10 At. % KF. Der KF-Zusatz 

dient zur Behinderung der Kristallisation des KI. Die Absorption von KF liegt 
auBerhalb des dargestellten Welleninleenbereiches. 
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gefrorene Gitterstérungen wirken also in gleicher Weise auf die Lage und 
Gestalt der Excitonenbande ein. . 

Es liegt nahe, die lineare Verschiebung des Bandenmaximums bei zu- 
nehmender Temperatur mit der linearen thermischen Ausdehnung des Kristall- 
gitters in Zusammenhang zu bringen. Die Breite der Absorptionsbande làBt 
sich dann mit den durch die thermischen Gitterschwingungen bedingten Dichte- 
schwankungen des Gitters verstehen. Je nach der momentanen Konfiguration 
der direkten Gitterumgebung absorbiert ein einzelnes Tonenpaar einmal etwas 
kurzwelliger, einmal etwas langwelliger. Die gemessene breite Absorptions- 
bande bei hohen Temperaturen ist das zeitliche und riumliche Mittel tiber diese 
mit den Gitterschwingungen fluktuierende Verteilung. Im Rahmen dieses 
Modells kénnen wir aus der gemessenen Halbwertsbreite leicht die Amplitude 
der Gitterschwingungen berechnen. Aus dem VerhàAltnis der Bandenverschie- 
bung mit der Temperatur und dem thermischen Ausdehnungskoeffizienten 


OhVmax 1 Ol 
ere | 


folgt eine Bandenverschiebung um 21 eV fiir eine relative Langenanderung 
um 100%. Die Halbwertsbreite der Bande betràgt z.B. bei Zimmertemperatur 
ca. 0.2 eV, entspricht also einer Schwankung der Lingenkoordinate um 
ca. 1%. Wir kommen also zu dem Ergebnis, da die 
mittlere Amplitude der Warmeschwingungen bei 


50 eV 40 
7 inn 


Zimmertemperatur in der GréBenordnung 1%, der 


Gitterkonstanten liegt, in Ubereinstimmung mit den 
aus Rontgenbeugungsaufnahmen ermittelten Werten. ta 
5 

Fig. 11 zeigt eine ausfilhrliche Messung der È 
Temperaturabhangigkeit des langwelligen Auslaufers è 
x is) 

3 

8 

i 


der Excitonenbande in KBr, dargestellt in einem lo- 
garithmischen OrdinatenmaBstab. Der Verlauf der a | \| 
: oan : è LA : joc AA 
¢ 3 £ p Gi AN Plo’ KeLt le 1 a 
Absorptionskonstante XK labt sich in Abhangigkeit sio 200-290-260 300 
von der Frequenz v iiber einen Bereich von 6 Zehner- Welfentange umm 


potenzen und fiir Temperaturen bis zu 1000 °K mit Fig. 11. — Verlauf der op- 
tischen Absorptionskante 
von KBr bei sechs vers- 
chiedenen ‘Temperaturen 


der Gleichung beschreiben 


K LAO ne hy zwischen 20 °K und 
==, Oxy iE 1000°K. 


(vgl. URBACH {17]). Darin haben die beiden Konstanten A, und o fir KBr 
die Werte K, = 2.4-105 mm-! und o= 0.79; y,,, ist die Frequenz des Banden- 
maximums bei der Temperatur 7. Nur bei tiefen Temperaturen, unterhalb 
150 °K, findet man Abweichungen von dieser Beziehung. Die Gleichung liefert 
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bei verschwindender Temperatur eine unbegrenzt steil abfallende Absorptions- 
bande, gemessen wird aber bei den tiefsten Temperaturen (20 °K) eine Steil- 
heit, die nach der Gleichung einer Temperatur von 69 °K entspricht. Wenn 
man die Breite der Absorptionsbande mit den durch die thermischen Gitter- 
schwingungen bedingten Dichteschwankungen im Kristall erklart, so ist die 
endliche Breite der Absorptionsbande bei verschwindender Temperatur ein 
MaB fiir die Dichteschwankungen beim absoluten Nullpunkt oder fiir die Null- 
punktenergie des Kristalls. Man findet auf diese Weise eine Nullpunktsenergie 
von 0.035 eV fiir jedes Molekiil, in guter Ubereinstimmung mit dem aus Mes- 
sungen der spezifischen Warme von CLusius und Mitarbeitern [18] folgenden 
Wert von 0.030 eV. 

Nachdem wir den EinfluB der Temperatur auf die Gestalt der Excitonen- 
bande kennengelernt haben, kommen wir zurtick auf den in Fig. 10 ausge- 
drickten Vergleich zwischen der Beeinflussung der Absorption durch die Tem- 
peraturbewegung und durch eingefrorene Gitterstérungen. Lage und Breite 
der Bande bei hohen Temperaturen haben wir in unserem Modell durch die 
mittlere GréBe und mittlere Schwankung des Ionenabstandes im Kristallgitter 
erklart. Entsprechend deuten wir die verschobene und verbreiterte Absorption 
in der amorphen Schicht durch den aufgeweiteten und ràumlich schwankenden 
Ionenabstand in dieser fehlgeordneten Schicht. Die in der Schicht enthaltene 
(potentielle) Fehlordnungsenergie sollte dann gleich der Halfte der (poten- 
tiellen + kinetischen) thermischen Energie in der kristallinen Schicht bei 480 °K 
sein. Ist (, die spezifische Warme und N die spezifische Molekilzahl, so ergibt 
sich daraus fiir jedes Molekil der gestérten Schicht eine mittlere Fehlordnungs- 
energie 

480 °K 


i 4 hi 
e == sy [0.41 == (IIL eV, 


das ist etwas mehr, als die halbe Schmelzwairme von 0.18 eV. Wie in Ab- 
schnitt 5 gezeigt wird, fiilhren kalorimetrische Messungen der Fehlordnungs- 
energie amorpher Metallschichten zu ganz entsprechenden Werten. 

Eine Ubereinstimmung der optischen Eigenschaften stark gestorter Kristalle 
mit denen von ungestérten Kristallen bei hohen Temperaturen ist schon oft 
diskutiert worden (R. W. Pout [19] 1928). Interessant ist hier vielleicht noch 
das Beispiel des TICI. In Fig. 9 haben wir gesehen, daB TIC] im amorphen 
Zustand eine kurzwellig verschobene Absorptionskante besitzt, im Gegensatz 
zu fast allen anderen Salzen, bei denen die Absorptionskante durch Gitter- 
storungen langwellig verschoben wird. Die Tl-Salze stellen aber auch hinsicht- 
lich der Temperaturverschiebung der langwelligsten Absorptionsbande eine 
Ausnahme dar. In diesen Salzen verschiebt sich die Bande — wie PLEIL [20] 
zuerst ausfihrlich gezeigt hat — mit zunehmender Temperatur zu kurzen 


GITTERSTORUNGEN IN DUNNEN SCHICHTEN 491 


Wellen. Auch hier bleibt also, jedenfalls qualitativ, der tibereinstimmende 
EinfluB von Temperatur und Gitterstérungen erhalten, 


4. — Elektrischer Widerstand und Supraleitung. 


Wahrend die optische Absorption besonders bei den Salzkristallen Auf- 
schluB ber die Gitterfehlordnung zu geben vermag, da wir es hier mit 
schmalen voneinander getrennten Absorptionsbanden zu tun haben, ist fiir die 
Untersuchung des Ordnungszustandes 
von metallischen Schichten die Mes- 40 
sung ihrer elektrischen Leitfàhigkeit 
besonders geeignet. Dabei zeigt sich 
bei sehr tiefen Temperaturen, daB auch 
die Supraleitfàhigkeit der Metalle ent- 
scheidend beeinfluBt werden kann 
durch den Grad der Fehlordnung. 

Fig. 12 zeigt zunàchst am Beispiel 
einer Aufdampfschicht aus reinem Zinn 10 
den EinfluB der Kondensationstempe- 
ratur (gekennzeichnet durch einen 

9 ; 5 Tem peratur 
Doppelkreis ©) auf den elektrischen 0 100 aN) ae 10) 
pee rand CSTE sai tata ene Pal) Fig. 12. — Widerstandsverhalten von 
Eine bei Zimmertemperatur erzeugte Sn-Schichten mit verschiedenen Konden- 
Schicht ergibt beim Abkiuhlen die —sationstemperaturen. Die Kondensations- 
normale lineare Abnahme des Wider- temperaturen der durch Zahlen gekenn- 
standes mit der Temperatur. Bei zeichneten Schichten sind durch einen 
: : : Doppelkreis markiert. Schichtdicke 500 A. 
tiefen Temperaturen verbleibt ein 
Restwiderstand, der erheblich verrin- 
gert werden kann, indem die Schicht lingere Zeit in Schmelzpunktnihe 
getempert wird. Dieser Restwiderstand zeigt also eine gewisse Storung bereits 
der bei Zimmertemperatur kondensierten Schicht an. Je tiefer die Konden- 
sationstemperatur 7, gewahlt wird, umso hoher liegt der elektrische Wider- 
stand. Alle Schichten ergeben unterhalb der Kondensationstemperatur einen 
linearen, reversiblen Verlauf des Widerstandes, oberhalb aber eine irrever- 
sible Abnahme infolge einer Ausscheidung der Gitterstorungen. Der bei tiefen 
Temperaturen verbleibende Restwiderstand kann als MaB fiir den Grad der 
Fehlordnung dienen. Aus dem parallelen Verlauf der reversiblen Kurvenab- 
schnitte unterhalb 7, folgt die Giiltigkeit der Mathiessen’schen Regel auch fiir 
die sehr stark gestérten Schichten. Der temperaturabhangige Anteil des spe- 
zifischen Widerstandes stimmt in allen Fallen mit dem spezifischen Wider- 
stand von kompaktem Zinn iberein (NIEBUHR [22]). 
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Besonders interessant ist das Widerstandsverhalten der Zinn-Schichten 
bei sehr tiefen Temperaturen (Fig. 13). Alle fiinf (in Fig. 12 und 13 durch 
Zahlen gekennzeichneten) Schichten werden supra- 
leitend, haben aber ganz verschiedene Sprungtem- 10 


peraturen. Nur die bei 290 °K kondensierte Schicht 
zeigt eine Sprungtemperatur, die nahezu mit der 
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des kompakten Zinns (3.7 °K) wbereinstimmt. Alle 
anderen Schichten werden bereits bei hòheren 


Widerstand-Verhaltnis 
ir 


Temperaturen supraleitend, und zwar ist die 
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Sprungtemperatur umso hoéher, je tiefer die Kon- 
7 * Temperatur 


densationstemperatur, d.h. je stàrker die Fehl- Ei 

Fig. 13. — Ubergangskurven 

zur Supraleitung der gleichen 

bei verschiedenen ‘Tempe- 

auf, bei den iibrigen deutet der breite Abfall der raturen kondensierten Zinn- 

Sprunekurven auf Inhomogenitàten im kristallinen . Schichten wie in Fig. 12. 
‘= © 


ordnung ist. Die Schichten stirkster und schwach- 
ster Stòrung weisen sehr scharfe Ubergangskurven 


Aufbau dieser Schichten hin. 

Ahnliche Ergebnisse haben BucKEL und HILscH [23] auch an einer ganzen 
Reihe anderer Metalle erhalten: Al, Zn, In, Tl, Pb und Hg. Die Widerstands- 
kurven der abgeschreckt kondensierten Schichten unterscheiden sich in der 
Lage des Minimums beim Tempern der Schichten (vgl. Fig. 12). Bei der Tem- 
peratur des Minimums ist der irreversible Abbau der Gitterst6rungen so weit 
fortgeschritten, daB der thermische Widerstandsanstieg der Metallschicht zu 
ilberwiegen beginnt. Dieses Minimum liegt bei allen genannten Metallen etwa 
bei der jeweiligen Debye-Temperatur 0, bei Aluminium am héchsten, mit 
ilber 300 °K und bei Hg am tiefsten mit ca. 70 °K. Bei allen Metallen ist 
also in gleicher Weise bei der Temperatur © der tiberwiegende Anteil der Gitter- 
storungen ausgeschieden. 

Man wird erwarten, daB die Metalle mit hohen @ bei fester Kondensations- 
temperatur von 4 °K auch die héchste Fehl- 
ordnung und nach dem Ergebnis der Fig. 13 
dann auch die stàrkste Erhéhung ihrer 
Sprungtemperatur zeigen. Tatsachlich erkennt 
man in Fig. 14 einen angenàhert linearen 
Zusammenhang zwischen der Debye-Tempe- 
ratur und der Sprungpunktserhòhung durch 
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Verhaltnis der Ubergangstemperaturen 


Fig. 14. — Verhiiltnis der Ubergangstemperaturen 
055 a i arena T/T} in Abhangigkeit von der charakteristischen 


Debye-Temperatur. 7, Ubergangstemperatur der 
si ONE a «Resa Sehieht e 5 aah r ut di 
bei 4°K kondensierten Schicht sofort nach der Entstehung; 7% Ubergangstemperatur 
des kompakten Materials. Die horizontalen Striche bezeichnen den Bereich der Lite- 
raturwerte fiir die charakteristische Temperatur des angegebenen Metalls. 
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abschreckende Kondensation. Im Falle des Al wird der Sprungpunkt um den 
Faktor 2.27 erhòht, im entgegengesetzten Fall des Hg wird sogar eine geringe 
Erniedrigung der Sprungtemperatur beobachtet. 

Fin besonderes Verhalten zeigen wieder Wismut und Gallium, die sich 
schon in Abschnitt 2 durch das Auftreten 
einer amorphen Phase von den ùbrigen Me- 


tallen unterschieden hatten. Kompaktes Wis- i | Bi | 
mut wird bis 0.05 °K herab nicht supraleitend. cai xf 
Dampft man es aber bei 4 °K auf, so erhalt 82000 al = 

man eine supraleitende Schicht (HiLscH [24]) Spano 

mit scharfer Ubergangstemperatur bei 6 °K È ll 


(Fig. 15). Das Wismut ist in diesem Zustand Oe A 200% 300 
amorph. Beim Erwàrmen tritt bei 15 °K eine 

starke irreversible Widerstandszunahme auf. 
Bei dieser Temperatur zeigen die Beugungs- 


Fig. 15. — Widerstandsverhalten 
einer bei 2 °K kondensierten 


lee sea ge Wismut-Schicht. Schichtdicke 
aufnahmen den Ubergang vom amorphen ca. 500 A. = reversibler Wider- 


in den kristallinen Zustand. Bei erneutem standsverlauf, —> irreversibler 
Abkihlen weist die Schicht das normale Widerstandsverlauf. 
Verhalten des Bi-Metalles auf, die Supra- 

leitfàhigkeit ist verschwunden. 

Die Zunahme des elektrischen Widerstandes beim Tempern steht im Ge- 
gensatz zu allen bisher diskutierten Beispielen. Wismut und Gallium zeichnen 
sich vor den meisten anderen Metallen dadurch aus, daf sie unter Volumen- 
und Widerstandsabnahme schmelzen. Bei der Kondensation bei tiefen Tem- 
peraturen entsteht das Metall offenbar ebenfalls in einer dichteren und besser 
leitenden Form als die des normalen Bi-Gitters. Bereits die Beugungsauf- 
nahmen hatten ja nach dem Aufdampfen einen der Schmelze ahnlichen Zustand 
gezeigt. Daf Wismut in dieser dichter gepackten Modifikation supraleitend 
wird, steht im Hinklang mit dem Befund von CHESTER und Jones [25], daB 
kompaktes Bi unter allseitigem Druck von mindestend 2-10! ati bei etwa 
6°K supraleitend wird. 

Ein wenig komplizierter ist das Verhalten aufgedampfter Gallium-Schichten. 
Die Sprungtemperatur von normalem Gallium-Metall liegt bei 1.7 °K, eine 
bei 4°K aufgedampfte Ga-Schicht bleibt dagegen bis herauf zu 8.4 °K su- 
praleitend. Hier ist die Sprungtemperatur also nahezu um den Faktor 8 
erhoht worden. Beim Erwirmen tritt bei 14 °K eine erste steile Widerstands- 
abnahme auf — gleichzeitig mit der Umwandlung der amorphen in die bisher 
unbekannte kristalline Phase. Bei erneutem Abkiihlen findet man eine Sprung- 
temperatur von 6.3 °K. Erwarmt man die Schicht iber 60 °K hinaus, 80 
erfolgt eine zweite irreversible Widerstandsanderung, jetzt aber eine Wider- 
standszunahme, ahnlich wie beim Bi. Nach der zweiten Umwandlung besitzt 
das Ga wieder seine normale Sprungtemperatur von 1.07 °K. Nach dem 
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Widerstandsverhalten und den Beugungsaufnahmen miissen wir die erste 
Umwandlung mit der Bildung eines geordneten Gitters, die zweite Umwan- 
dlung mit dem Ubergang aus einem dicht gepackten Gitter zu dem weniger 
dichten normalen Ga-Gitter deuten. 

Eine ihnlich starke Verinderung der Sprungtemperatur, wie sie Bi und 
Ga im amorphen Zustand zeigen, kann auch in abgeschreckt kondensierten 
Sn-Schichten hervorgerufen werden, wenn die Fehlordnung durch gleichzeitige 
Kondensation von Fremdbausteinen noch erhòht wird (HiLscH und SCHER- 
TEL [26]). Eine bei 4 °K kondensierte Sn+10 At. % Cu-Schicht (vgl. Fig. 6) 
hat eine Sprungtemperatur von 7 °K (gegeniiber 4.6 bzw. 3.7 °K von reinem, 
abgeschreckt kondensierten bzw. kompaktem Sn). Der Restwiderstand liegt 
sehr hoch, zeigt aber bereits beim Erwarmen auf ca. 20 °K einen steilen, irre- 
versiblen Abfall. In diesem Temperaturbereich beginnt die Schicht nach Fig. 6 
zu kristallisieren. Ein zweiter Abfall bei 230 °K deutet die Bildung der inter- 
metallischen Verbindung Sn-Cu an. Bei erneutem Abkiihlen weist die Schicht 
wieder die normale Sprungtemperatur von 3.7 °K auf. 

Die starke Erhéhung der Sprungtemperatur auf 7 °K beruht keineswegs 
auf einer spezifischen Wirkung des Kupfers: sie làBt sich ebenso gut durch viele 
andere Metalle hervorrufen. Untersucht wurden Zusatze von Co, Ni, Zn und As. 
Neuerdings konnte BARTH [27] zeigen, daB auch nichtmetallische Zusatze, 
z.B. SiO die Sprungtemperatur in gleicher Weise beeinflussen. Die Wirksam- 
keit des Zusatzes liegt offenbar lediglich in der Behinderung der Kristallisation 
des Sn. Das geht besonders deutlich aus einer Untersuchung der Abhangig- 
keit der Sprungtemperatur von der Konzentration der verschiedenen Zusatz- 
substanzen hervor [26]. Die Sprungtemperatur beginnt deutlich zu steigen bei 
Zusatzkonzentrationen von einigen Prozent, erreicht dann je nach Art des 
Zusatzes mehr oder weniger schnell ein Maximum und fallt schlieBlich mit 
weiter steigender Konzentration angenàhert linear ab. In diesem letzten Be- 
reich macht sich die spezifische Wirkung des Zusatzes in einer Erniedrigung 
der Sprungtemperatur bemerkbar. Extrapoliert man den linearen Abfall zu 
sehr kleinen Konzentrationen, so gelangt man unabhingig von der Art des 
Zusatzes auf eine Sprungtemperatur des Sn von ungefàhr 8 °K. Wiirde es 
also gelingen, auch eine zusatzfreie Zinn-Schicht geniigend fein zu zerteilen, 
so wurde dieses « amorphe » Zinn eine Sprungtemperatur von ungefàhr 8 °K 
besitzen. 

Wie auch immer der EinfluB der Fehlordnung auf die Sprungtemperatur 
der metallischen Schichten gedeutet werden mag, in jedem Fall zeigen diese 
Experimente eindeutig, da die Erscheinung der Supraleitung keineswegs an 
das Vorhandensein ungestérter « Idealkristalle » gebunden ist, sondern daB die 
Sprungtemperatur sogar in stark fehlgeordneten oder gar amorphen Metallen 


wesentlich héher liegen kann als in den entsprechenden Substanzen in kri- 
stalliner Form, 


» 
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5. — Messung der Fehlordnungsenergie. 


Zum SchluB sei noch kurz auf einige neuere Messungen von SANDER [28] 
zur Bestimmung der in den gestérten Schichten gespeicherten Fehlordnungs- 
energie eingegangen. Das benutzte Kalorimeter besteht aus einer 35 um dicken 
Aluminium-Folie, die mit wenigen Nylon-Faden thermisch isoliert in einem 
Kupferrahmen aufgehingt ist, der selber in Warmekontakt mit der Kuhl- 
fliissigkeit (fl. H,) steht. Gekihlte Abschirmbecher verhindern die Warme- 
zustrahlung von den Winden des VakuumgefàBes. Durch eine von aufen 
zu bedienende Klammer kann die Aluminium-Folie mit dem Kupferrahmen 
in thermischen Kontakt gebracht werden. Nachdem die Folie mit der zu 
untersuchenden Schicht bedampft ist, wird sie durch Lésen der Klammer 
thermisch isoliert und mit Hilfe einer Bestrahlung mit konstantem Lichtstrom 
gleichmàBig aufgewirmt. Ein Thermoelement registriert laufend die Tempe- 
raturdifferenz zwischen der Folie und dem Kupferrahmen. 

Fig. 16 zeigt das Ergebnis einer derartigen Messung am Beispiel einer 
Wismut-Schicht. Durch einen Zusatz von 15% Antimon wird der amorphe 
Zustand der aufgedampften Wismut-Schicht soweit stabilisiert (BARTH [29]), 
daB die Kristallisation statt bei 15 °K (vgl. Fig. 15) erst bei ca. 30 °K einsetzt. 
Die Aufwirmkurve mit einer frisch kondensierten Schicht zeigt eine deutliche 
Stufe, wihrend eine Wiederholung der Messung nach erneutem Abkthlen, wie 
zu erwarten, einen gleichmaBfigen Anstieg der Temperatur liefert. Aus der 
bekannten spezifischen Wirme und Masse der Al-Folie kann die bei der Um- 
wandlung des Wismuts entwickelte Warmeleistung berechnet werden (unteres 
Teilbild der Fig. 16). Insgesamt erhàlt man fiir jedes Bi-Atom eine mittlere 
Umwandlungswirme von 0.063 eV, das ist zum Vergleich etwas mehr als die 
Halfte der Schmelzwirme des Bi von 0.12 eV. Bei Gallium findet SANDER bei 
den beiden in Abschnitt 2 und 4 diskutierten 
Umwandlungen eine Wirmetònung von 0.013 + , 
+ 0.025 = 0.038 eV fiir jedes Atom, das ist wieder o 
etwas mehr als die Hàlfte der Schmelzwarme CI 
von 0.058 eV. Diese Bestimmungen der Fehlord- 
nungsenergie bestatigen also den aus den Beu- | 
gungsaufnahmen gezogenen SehluB, daB in den A enach Umwan gang 
abgeschreckt kondensierten Bi- und Ga-Schichten ein PS oe a 
der Schmelze &hnlicher, amorpher Zustand vorliegt. 


emit Umwandiung 


Temperatur 


Fig. 16. — Zur Messung der Umwandlungswirme. Oberes 

Teilbild: Aufwirmung einer bei 15 °K kondensierten 

Schicht aus Bi--15 At. % Sb mit und nach Umwandlung 

aus dem fliissigkeitsihnlichen Zustand. Schichtdicke 2000 A. Unteres Teilbild: be- 
rechnete freiwerdende Wiirmeleistung. 
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Die bei der ersten Umwandlung der Ga-Schicht freiwerdende Warmemenge 
‘(0.013 eV pro Atom) ist verhAltnismiBig gering. Man kénnte daraus schlieBen, 
da die neue bei der Umwandlung entstehende Ga-Modifikation eine ahnliche 
Packung der Atome hat wie die im amorphen Zustand. Auch aus den Wider- 
standsmessungen folgte ja, daB das neue Gallium-Gitter einen dichter gepackten, 
der Schmelze ibnlicheren Zustand darstellt. Da bei der Umwandlung der 
neuen Modifikation in das normale Gallium-Gitter wieder Warme frei wird, 
ist das neue Gitter als eine Hochtemperaturmodifikation des Ga anzusprechen. 
Die abschreckende Kondensation liefert also bei der tiefsten Temperatur einen 
der Schmelze Ahnlichen Zustand, bei etwas héherer Temperatur einen kristal- 
linen Zustand, der im Gleichgewicht nur bei héheren Temperaturen existieren 
kann und erst bei noch héherer Kondensationstemperatur das unter normalen 
Bedingungen stabile Gitter. Es ergibt sich also auch hier wieder die Folgerung, 
daB der bei der abschreckenden Kondensation erzielte metastabile Zustand der 
Aufdampfschichten mit einem Gleichgewichtszustand bei hohen Temperaturen 
vergleichbar ist, und zwar entspricht der bei der tiefsten Kondensationstem- 
peratur erreichte Ordnungsgrad dem zu der hòchsten Temperatur gehòrigen 
Gleichgewichtszustand. 
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Color Centers in Alkali Halides. 
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1. — Historical comments. 


The beginning of research on imperfections in solids dates from 1896 when 
E. GOLDSTEIN [1] observed the coloration of polar solids, especially alkali 
halides, by high energy-radiation. Later on it was found by Z. GyuLar [2] 
that the same colors appear in crystals with stechiometric excess of the metal, 
e.g. Na in NaCl. The colors are due to absorption bands in the visible range 
of the spectrum. Two important conclusions were drawn from this knowledge. 


1) Simple methods to produce these colorations. They will be discussed 
in Sect. 3. 


2) The coloration by high energy radiation may be understood as a 
dissociation process of a small amount of alkali halide molecules, that means 
the production of atomically dispersed alkali. Besides the alkali, the same 
quantity of neutral halogen must then be present. The optical absorption of 
this excess halogen was found in 1949 [3] in the ultraviolet. The absorption 
bands were called V-bands. Similar spectra had been observed by E. MoLLwo 
in 1935 [4] in KBr and KI with stechiometric excess of bromine and iodine. 


The investigation of color centers in crystals was highly stimulated by 
a number of important experimental methods. A few of them may be men- 
tioned. 


1) The production of single crystals from the melt [5]. 


2) The use of a wide range of the optical spectrum from 0.1—50 um 
to measure absorption and emission spectra. 


3) The combination of dark and photoconductivity measurements with 
optical observations. 
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4) The introduction of dielectric, magnetic and thermodynamic data. 


5) The application of a wide temperature range, especially low tem- 
peratures. 


The number of publications concerning color centers in solids is of the 
order of 1000. The most important review articles were given by R. W. 
POHL [6] in 1937 and by F. Serrz in 1946 and 1954 [7]. 

During the past 10 to 15 years a remarkable fraction of research in Physies 
was done in the solid state field, mainly in semiconductor-work. Before this 
time, the main interest in solids was directed to the alkali halides, and till 
now the best understood point imperfection is the color-center in alkali halides. 
This center is often used as a model for many problems of solid state physics. 
This is the reason why three lectures of this Summer-School are devoted to 
the color-centers in alkali halide crystals. 


2. — The most important imperfections in alkali halides. 


Let us consider a single crystal of a carefully purified alkali halide, for in- 
stance KCl; then the concentration of impurities is less than 10-* or 1079. Apart 
from these chemical 
imperfections there 
are the following Kenora ale Were okt. Bre 


structural imperfec- i 
i am Gre PKs aa Ke Bre Kee Bra Ke 
tions (Fig. 1): 


7 > + i aS = st + > 
Die at rd | Pe he tS Lh 


Dr. AMELINCKX gave a 
5 r i e 
a seminar on this 


topic. Tosi REATO (A vie Se 
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Namely positive ion 
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Anien Vacancy 
(e —Center) 


Cation Vacancy 


vacancies and nega- ue gr Kr Be KS ARS pee 
tive ion vacancies («- 
center). The concen- Se okt Be RT ee KES er KS 


tration increases ex- 
ponentially with tem- 


perature. These va- 
e responsible for ionic conductivity and diffusion processes at 


Fig. 1. — Point imperfections in alkali halides. 


cancies ar 
higher temperatures. 

3) Aggregates of vacancies, as pairs and groups of 3, 4 and more vacancies. 
They are formed if the temperature of the crystal is decreased. 
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4) Possibly there are some ions in interstitional positions. 
In addition to these imperfections there are imperfections which are occupied 
by electrons or holes. 


5) Electrons may be trapped in halogen ion vacancies. This imper- 
fection is called an Y-center. Our interest will be directed to this F-center. 


6) An F-center is able to bind another electron. The center so formed 
is called an Y'-center. 


7) The F and F’-center may be associated with other vacancies and 
pairs of vacancies. These centers have been named as M, N, & or A, B, C, 
eH eG ecenvers. 


8) Another group of imperfections is formed by the trapping of holes 
in vacancies and aggregates of vacancies. They have been named V- centers, 
OSV anta 


9) It should be mentioned that there are good reasons for the assump- 
tion of a center which is represented by a « self-trapped hole». Dr. KANZIG 
will give some details in his seminar. The self trapped electron has not yet 
been observed. 


I wish to add two remarks: 


1) There are only a few point imperfections the properties of which are 
well known. These are the Y-center, the F’-center and the «-center; for all 
other centers it is not yet possible to combine experimental observations and 
physical properties with well proved atomic models. This is the situation for 
all the aggregate-centers, as M, R and N, and for all the V-centers. 


2) There are many types of combinations of imperfections, but only 
those exist which preserve the electric neutrality of the crystal. For instance: 
excess electrons are permitted to enter the crystal if the same number of 
halogen ions diffuses out of the crystal. 


3. — Methods for the production of /’-centers. 


3'1. — The technically simplest method of coloration is that of irradiation 
with high energy radiation, as X-rays, y-rays, fast electrons.... A first order 
description of the mechanism of the photochemical coloration may be given 
as follows. By the absorption of high energy radiation many pairs of electrons 
and holes, and in addition vacancies and other structural imperfections are 
produced. A high fraction of the pairs of carriers will recombine with the 
emission of fluorescence light; a small fraction will be trapped. The electrons 
are trapped as F-centers (neutral alkali), the holes are trapped as V- centers 
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(neutral halogen). The amount of energy absorbed in the crystal, divided by 
the number of F-centers produced, is of the order of several 100 eV at the 
beginning of the coloration. It 
200 pmn 250 300 400 500 600 900 increases rapidly. 
TERENTO This method has two disadvan- 
tages: 


a) Not only F-centers but 
many other imperfections are 
produced at the same time. This 
is shown by the absorption spec- 
trum of a crystal colored by ra- 
2 eV diation (Fig. 2). 

b) The coloration is not stable. 


Fig. 2. - X-rayed crystal with absorption bands The crystal may easily be bleached 
due to the presence of different types of centers. a: ; 
by visible light or by heat. 


W, 
Optical Density (09 w 


4 
Photon Energy 


8:2. — The photochemical coloration is much more stable if the crystal had 
been «sensitized ». A well understood example is KBr+KH [8]. In such a 
crystal there are negative H--ions in positions of Br--ions. The presence of 
these H--ions is responsible for an 
ultraviolet absorption band, called 
U-band (Fig. 3). The U-band is 
reduced during X-irradiation and 
the absorption band of the F-cen- 
ters is produced. There is no evi- 
dence for other imperfections. 
It may be concluded that the 
holes, produced during the ab- 
sorption of high energy quanta are 
trapped by the negative H -ions 
forming neutral H. The remaining 
electrons are trapped as F-centers. 


The efficiency of this process is 
much higher than that of process 1. At the beginning of the process the 
absorbed energy divided by the number of F-centers, which have been formed, 


is 40 eV. 


KBr + KH 
(H7):(Br-) = 2.5: 10 


= 


a 


Absorption Constant 


Photon Energy 


Fig. 3. - KBr+KH crystal before and after 
irradiation with X-rays. 


3°3. — The method most easy to survey is the additive coloration of a 
crystal, that is the introduction of a stechiometric excess of alkali [92h 
process is as follows (Fig. 4). 

A clear crystal and some pure alkali metal (for instance KCl and K) are 
sealed in a bomb of pyrex glass under good vacuum. The crystal is heated 
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up to a temperature of 700 °C and the metal is brought to a temperature of 
300700 °C. in the course of several hours the metal diffuses from the vapour 
phase into the erystal. The equilibrium concentration inside the crystal is 
proportional to the vapour concentration and 
nearly equal to that of the vapour outside the 
crystal. It is given by the lowest temperature in 
the glass bomb. There is only a weak dependence 
on the temperature of the crystal. As a result 
Rol Crystad one gets concentrations of F-centers of the order 
of (10! -1019)cm-3. By lowering the temperature of 
the crystal slowly down to room temperature the 
metal inside the crystal is associated in colloidal 
Glass "support particles. By quenching the crystal, the high 
temperature state may be preserved: the excess 
metal is present in atomically dispersed form as 
F-centers. Such a crystal has only two new ab- 
sorption bands: F and f. It was found that these 
bands are always combined (Fig. 3; the F-band at 
2.04 eV; the f-band at 6.44 eV). 


Potassium 


Fig. 4. — Glass bomb to 


= 3 4.— A quite similar result may be obtained 
color a crystal additively. 


by electrolysis [10]. If ionic current is passed 
through a crystal as KI at an elevated temperature, 
potassium is deposited at the cathode. If the oxidation of potassium is pre- 
vented by a vacuum tight contact between electrode and crystal, the potassium 
diffuses into the crystal forming F-centers. These F-centers are drawn to the 
anode by the applied electric field. This effect of moving F-centers may be 
understood as thermal dissociation of the F-center into a negative ion vacancy 
and a free electron. The electron migrating to the anode is usually trapped 
by vacancies. The empty vacancies migrate to the cathode. They are re- 
placed by vacancies newly formed at the anode. The production of negative 
ion vacancies as carriers at the anode means deposition of free neutral halogen 
as iodine. This neutral iodine should be free to evaporate otherwise it dif- 
fuses back into the crystal forming V- centers, which migrate to the cathode [11]. 

The following considerations concern F-centers; therefore we are interested 
mainly in the method of additive coloration, which gives the best conditions 
to avoid other imperfections. 


4. — The nature of the /’-center. 


Prior to the discussion of the properties of the F-center let us consider 
the atomistic model. This will be helpful in the following sections. 
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The main ideas of this model were given by J. H. DE BoER in 1937 [12]. 
They find full justification and confirmation in all the available data. A care- 
ful discussion of the different models has been given by S. I. PEKAR in 1951 [13]. 

The simplest model of the F-center is that of a neutral alkali atom. It is 
derived from the presence of a stechiometric excess of metal, but it does not 
give any details of the microstructure. The more precise description given 
by DE Boer is the following: The electron is trapped in a negative ion vacancy, 
the negative charge of a halogen ion being replaced by the negative charge 
of an electron. Thus the electric neutrality of the crystal is preserved. 

What is the state of this F-electron? The nearest neighbours are 6 Kt-ions. 
They produce a center of positive charge in the middle of the vacancy. There- 
fore in a first order treatment the F-center may be considered similar to a 
H-atom [144]. With a box-shaped potential distribution the energy terms 
would then be: 


IL Al 
og. 
where k& = quantum number, 
h = Planck’s constant, 
m* = effective mass of the electron, 
dA = lattice parameter. 


The frequency of the optical transition from the ground state to the first 
excited state then is: 


| 


h 
Vio = m* pe 


Col ww 
Si 


This is in good agreement with experiment. Interpolation formulae for 
many alkali halides were given by E. MoLLwo in 1931 and by H. F. IVEY 
in 1947 [140]. A more substantial description may be given with the help of 
optical and electrical data. They shall now be given as the most important 


experimental results. 


5. — The optical absorption. 


Pure alkali halide single crystals are highly transparent in the wide range 
between the fundamental electronic absorption in the far ultraviolet (Fig. 5) and 
the absorption of the lattice vibration in the far infrared (Fig. 6); in KBr 
this means between (0.215) um. Tf F-centers are present two absorption 
bands are always observed. The B-band just on the long wave side of the 
fundamental absorption, and the #-band normally situated in the visible part 


Jntensity of incidené light 
VACLIOI 9 


Ip 
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of the spectrum. These bands are strongly SBE OGAIAE with one another. The 


ratio of the absorption constants being 7/6. The , S-band (193 ymm in KBr) 
has been interpreted as the fundamental So excitation of the crystal 


Ultra violer-absorp tion of crystals 
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Fig. 5. — Fundamental absorption of ine, @. Infrared absorption of the 
several alkali halides. lattice vibrations in NaCl. 


in the presence of F-centers as imperfections. It is regarded as the first peak 
of the fundamental absorption shifted by the influence of the F-center. The 
height of the band then must be of the same order as the height of the F- 

absorption band. (A similar influence is 
Se ee observed when empty vacancies are pres- 
TIRI p ent. They are responsible for the «-band). 


N 
e) 
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(=) 
D 


T I= 


4 
ti Our interest will mainly be directed to 
el È L the F-band (610 umm in KBr). 
8 The f-absorption is a bell shaped 
IE absorption curve. The frequency »v of 
RIA RSA NU the maximum is given by the lattice con- 
1 L i ne DI stant d. As mentioned in Sect. 4 one ob- 


serves in good agreement with experience 
Fig. 7. — The dependence of the 


P-maximum on the lattice constant 
of the erystal. vd? = constant . 


This relation is good for pure crystals and mixed crystals of alkali halides 
(Fig. 7). One realizes that the properties of the F-center are mainly given 
by the lattice. They are proper lattice imperfections. 


15 


COLOR CENTERS IN ALKALI HALIDES 


505 


Table I summarizes the frequency and the half width of the F-band for 


different alkali halide crystals at room temperature. 


strongly dependent on temperature as may be 
seen in Fig. 8 for KBr [15]. 

The absorption constant A of the maximum 
of the F-band and the half width H may be 


used to calculate the concentration N of 
absorbing electrons [16]. The classical theory 
of dispersion in a medium with refractive 


index n gives for the concentration of F-centers 
(Asin ems 2s) in eV) 


18mn 


OS Siae rs i 7 
COOP a> Vale 


AH = 


— 1.06-:10" AH/cm* (KCl), 
with m, e, h, the usual atomic constants and 
f the oscillator strength. The value of f is 
nearly 1 (in KCl 0.81) [16a]. 


500 


Absorption Constant 


Both these values are 


25 2.0 15 eV 
Photon Energy 
Fig. 8. — Temperature depen- 


dence of the F-band in KBr. 


It should be mentioned that the half width of the F-band keeps a value 


of the order of 0.2 eV down to the lowest temperatures. 
TABLE 
F Cl Br J 
Na ih 340 465 540 | 588 umm 
H 0.62 0.47 — = eV 
K A 455 563 630 685 umm 
H 0.41 0.36 0.365 0.35 eV 
Rb A 624 720 775 umm 
H 0.31 0.28 — eV 
A Wavelength of the maximum of the #-band; 
IH Half-width of the #-band. 20 AO 


6. — The model of Pekar. 


To get a more detailed knowledge on the structure of the 


P-center, 


the 


interaction between the electron of the imperfection and the surrounding 


lattice has to be taken into 


account. Otherwise one will never find the broad- 
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ness of the absorption band, the temperature dependence and the Stokes- 
shift. One of the best and for the practical application most useful theories 
was given by S. I. PEKAR [13] in 1949. PEKAR looks at the crystal as: a di- 
electric medium with dielectric constant e, refractive index » and frequency 
of the transversal optical vibrations ©, (infrared absorption). The medium 
is polarized by the electron of the F-center and there is an interaction between 
the energy of the electron and the vibrational energy of the crystalline medium. 
According to Pekar the Hamiltonian has the following terms: 


h Di 12 == LAZ E a a dl 
FESSO per es 8 (Ps + P2 | : 
2u er |r-r.}} a Dip, 
È: h is the kinetic energy of the electron. The presence of 
24 the periodic potential of the lattice is considered by the 


introduction of the effective mass 4 of the electron; 


e is the Coulomb-potential of the anion-vacaney, which is 
er treated as positive point charge; 

o Prior) drives the polarization of the medium by the electron: 

brea eh Regarding this « adiabatic » approximation the movement 


of the electron is considered to be fast compared with 
the movement of the lattice polarization (displacement 
of the ions); 


Pr) the polarizability is dipole moment/volume; 
Vi ; 
r; is the co-ordinate of the dielectric medium; 
r is the co-ordinate of the electron; 
> 297 ey may be considered as potential and kinetic energy of all 
Cw lattice vibrations, that is the total spectrum of phonons. 


But our interest is directed only to the interaction of the electron with the lattice, 
which is predominantly given by Coulomb forces. So we may disregard the 
acoustical modes and look only to the optical modes of the lattice vibration. But 
again this is more than we need. As opposed to the electromagnetic field which 
interacts only with the transversal optical vibrations the movement of an 
electron interacts only with the longitudinal modes. Looking at this spectrum 
of the longitudinal modes of the lattice vibration one realizes that only the 
frequencies ©,, with w + 0 are of interest for our problem: The polarization 
given by the electron and any change of the polarization given by a change 
of the distribution of the electron extend over a range much more than one 
lattice constant d. So the waves of polarization excited by a moving electron 
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are long compared with the lattice constant 


For all these waves the dispersion may be neglected, they all have nearly 
the same frequency: ©,; ©, is combined with the corresponding transversal 
optical frequency w, by 
Je 


Oy — OL. | 


n 2 


We end up with the following sum 


So far the discussion of the Hamiltonian, which takes into account the 
movement of the ions of the lattice by regarding the polarization of the di- 
electric medium, which is represented by the dielectric constant e, the re- 
fractive index » and the infrared frequency @,. 

The problem has been solved by a variational method. The wave function 
of the system—electron plus vibrating lattice—is given by a product 


ey TI D, 
yp being the electronic wave function, 
[[ @ being the product of the lattice vibrations considered. 
The total energy then is given by the energy of the electron and the energy 
of the vibrating medium separately 
Se 1 
H[y] = Aly] + Zhe, (ne +5); 


with 


2 o> |a! A 92 a, ilo 
J[w] == | grad wy |? dt — da dt —|Ppar + =| ta +3 bs) dt. 
t Qu y 6 ? 


€ (CONT 


For the ground state of the electron a s-function is found to be well adapted 


Wig = A(1 — ar) exp [— ar], 


with 
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For the first excited state of the electron the following p-function is 
found to be good—the lattice polarization remaining unchanged 


8 


Da Va (aB)}(xBr) exp [— 2xBr] cos? , 
with 
B 1 + 0.394er 
Fd 3 + ec i 


The energy values of the ground state and the first excited state are the 
following 


JT[w,s] FE ho, » (N, cae 3) ’ 


J|y,>] 4: ho, vi (n, a 3) 2 


The energy level diagram is given by two electronic states superimposed 
by the terms of the lattice vibrations with constant energetic distance of the 
levels. 3#©, is zero point energy of the longitudinal optical branch. 

The absorption of the F-center now may be calculated as transition from 
the ground state to the first excited state with the help of the transition pro- 
babilities, which is the product of the constant electronic transition proba- 
bility and the probability of the vibrational terms which change nearly steadily. 
The result is a number of lines, the envelope of which corresponds to the 
F-band. The number of the excited states of the vibration depends on tem- 
perature. Thus the temperature dependence of the maximum of the F-band 


TABLE II. 


NaCl | KCl | RbCl | NaBr| KBr | RbBr| Nal KI RbI 


È 5.8 A Sih 6.39 | 4.81 | 5.16 | 6.6 5.2 5.58 
ni 2330210 2.36 | 2.36 | 2.91 | 2.65.| 2.6 
(a) 1) 2.65, | 2191) 1.988) 229 MOG IN Tele on 1.8 1.59 | eV 
dime | 278 18 T1878 | 2:06 Ul TST 1270 es one ne o 
ho, 0.032 | 0.026 0.020 0.017 eV 
Hog | 0.47 | 0.40 0.37 0.35 eV 
HALO 0036 0.365 0.35 eV 


€ = dielectric constant; 
n = refractive index; 

(AY) max= quantum energy of the maximum of the F-band; 

um = effective mass/mass of the free electron. 

lo, = quantum energy of the infrared absorption maximum; 
H = half width of the /-band, 
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and the half width may be deduced. All we need for the calculation is one 
experimental result—may be the F-band maximum at very low. tempera- 
tures—to adjust for the effective mass w and the constants of the material 
€, n, ©,. The temperature dependence of the frequency of the maximum, 
that of the half width of the band, the Stokes-shift of the emission may be 
calculated. As may be seen from Table II the experimental results are in 
rather good agreement with theoretical expectation. So the theory of PEKAR 
may be considered as a good first order solution of the problem. It is not able 
to find out the ratio of radiative and radiationless transitions. This can be 
done if the movement of the single ions surrounding the vacancy is considered. 


7. — The excited center F*. 


As reported in Sect. 5 and 6 the transition of the F-electron from the 
ground state to the first excited state is the predominant transition. It has 
the highest probability. This excited state will now be discussed. 

During the optical transition the microstructure of the center is that of 
the ground state (Franck-Condon principle). The excited electron influences 
the ions surrounding the vacancy; they are polarized and rearranged. The 
coupling of these ions with the total lattice leads to the excitation of lattice 
vibrations. So the electron may transfer energy to the lattice and vice versa 
the lattice to the electron. 

At low temperatures the probability for the increase of the energy of the 
electron at the cost of the vibrational energy of the lattice is very small. The 
structure of the imperfection will be adjusted to the character of the excited 
electron. The state of polarization of the imperfection then will be given by 
the symmetry of the wave function of the electron. For a p-type-electron 
this would mean an axial microstructure of the excited F-center. During the 
displacement of the ions lattice vibrations are excited, phonons emitted and 
the crystal is heated (Sect. 11). 

The free energy of the total system being minimized the transition to the 
ground state may occur with the emission of fluorescent light (Sect. 10). 
Owing to the energy transfer from the excited electron to the lattice the emis- 
sion band is shifted to the long wave side compared with the absorption band. 

If energy is transferred from the lattice to the electron, mainly in the high 
temperature range, the excited F-center may be ionized. The electron becomes 
mobile. One observes photoconductivity (Sect. 9). 

After some time the free electron will be retrapped. It was found that 
the ionized F-centers, the empty vacancies, as well as normal #’-centers are 
effective traps for mobile electrons. If electrons are trapped by vacancies, 
F-centers are reformed. If electrons are trapped by Y-centers, F'-centers are 
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produced (Sect. 8). These F’’-centers are vacancies with two electrons in it. 
The ionization of the F’-center may be caused by optical excitation or by heat. 

At low temperature the process of retrapping electrons as -centers is 
combined with emission of light. At higher temperatures this luminescence 
is quenched and replaced by radiationless transitions (Sect. 11). 


8. — The /’’-center. 


Absorption of light in the spectral range of the #-band at low temperatures 
(in KCl below — 80 °C) reduces the F-band and produces a new band P' [17]. 
Under favourable conditions 80% 
of the electrons may be transferred 
from the F-state to the #F’-state. 

KCl with Fig. 9 represents the absorption 
1.6:10' F-centers fond curve before and after optical trans- 
formation. 

The process PF > £ may be re- 
versed by absorption of light in the 
spectral range of the F’-band. 

The quantum yields as a function 
of temperature for both processes 
FP>PF' and F’—>F are given in 
Fig. 10. Quantum yield is the 
ratio: number of electrons trans- 
ferred/number of light quanta ab- 
sorbed. The experimental results 

jE Fi show maximum values of 2. This 
| __ITI gives immediately the following 

3 en . mosey interpretation. The #'-center is for- 

hoton Energy x 
med if an electron is trapped by 
Fig. 9. - The F+P' transition in KCl. an F-center. By this process which 
has been stimulated by one optical 
excitation the state of two electrons is changed: the first which has been 
released and trapped, the second which was present in the trapping F-center 
and which has to share the vacaney with the newly trapped electron. 
Let us consider the two reactions: 


Wave length 
400 mm 600 800 1000 
r 


Constant 


Absorption 


1) The # > F' conversion is started with the optical excitation: 


F+h—>Ff*, 
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A - yaya wel & ++ 
Below — 200°C the probability for the electron to escape from the excited 
r) a * ‘ "a * . . E “7: Ù 
center #*, that is to be ionized is very small. The probability increases with 
increasing temperature and becomes 1 at about — 100 °C. The curve of the 


quantum yield is given by the 


2 
temperature dependence of the 
reaction: 
F+—. Fr+e 
= KCl with about ; 
è 6:10'© F Centers fem? 
SD 
4b A I + pi a > 
e At the beginning of the process 
= | mainly F-centers are available as 
I | 7 
Ss trapping centers for freed electrons. 
The process 
0 Temperature PtiIes>P' 


— 200 -150 -100°C -50 


Fig. 10.— The quantum yield of the processes has full efficiency in the direction 
FE" and F'>F in KCl. from the left to the right. In the 

course of time two back-reactions 

occur. One is caused by the increasing number of ionized /-centers; these 
are empty vacancies. More and more electrons are retrapped in /’-centers: 


Frte Fk. 


The other is caused by the overlapping of the absorption bands # and PF’. 
An increasing number of light quanta absorbed 
in the spectral range of the F-band is caught by 
the F’-band. This is equivalent to a destruction 
of F'-centers, corresponding to 


Pihv > Pte. 


The two back reactions account for the satu- 
ration value of the Y — F’ conversion (Fig. 11). 


2) P'->F conversion is started with the 
optical excitation of the F’-center. This process 
has full efficiency down to very low temperatures. 
This probably means that the optical excitation 
is always equivalent to optical ionization, 
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Temperature 


P'+thn>F+e. -160 -120  -60 0°C 


3 Fig. 11. - The maximum 
The small value of the quantum yield at ee the fo it cone 


higher temperatures may be understood by the version in KCl. 
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high cross-section for electron trapping of the /-center in comparison with 
the empty vacancy. 

At high temperatures the #'-centers become instable (KCl above — 80.°C), 
They are decomposed by thermal ionization. The F-centers are still effective 
as traps, but the lifetime of the F’-binding gets smaller and smaller. So all 
the electrons are finally in the F-state. 


9. — Photoconductivity. 


The F-centers as well as the F’-centers are sources for mobile electrons; 
the F-centers in the temperature range of thermal ionization of optically 
excited F-centers: the /'-centers probably in the whole temperature range of 
their existence. In Fig. 12 the photocurrent is plotted against temperature 

for additively colored KCl [18]. Four 


i sections of the curve may be distin- 
Pe Een guished : 


a) At very low temperatures (in 
Ca rin KCl below — 180 °C) the photoelectric 
foi i EE eee sensitivity is very small. It has not yet 


been cleared up whether this photo- 
current is given by a small amount 


10° E Sprea P 
of optical ionization of F-centers or by 
8a searcere meer A other imperfections. 
-250 -200 -150 -100  -50 0°C 560 
Fig. 12. — Photoconductivity in depen- b) Within a narrow range of 
dence of temperature: KCl. temperature a steep rise of sensitivity 


is observed. 


c) It is followed by a flat region with a slow falling-off which may be 
followed up to high temperatures. 
All these effects have a very small time constant. The time to establish 
the equilibrium between production and trapping of mobile carriers is less 
than 10-°s [19]. 


d) In the same temperature range a second value of the photoconductivity 
may be observed. The primary photocurrent which rises instantaneously as 
the light is switched on is superimposed on a secondary one, which increases 
slowly with time. At — 50 °C the time constant is of the order of 100 s. It 
decreases rapidly with increasing temperature. It depends on the time constant 
of the instrument used with which one of these photocurrents is measured. 


At temperatures above 200°C the photocurrent is covered by the ionic 
conductivity of the material. It should be mentioned that in the total tem- 
perature range below room temperature the crystal in the dark is an excellent 
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insulator, that means there are no carriers present. If a photocurrent is flowing 
there is no transfer of carriers from the electrodes to the crystal. As a result 
the photocurrent is polarized in a very short time, as soon as 


Old =U... 
where: Q = displaced charge, 
1 = displacement, 
d = thickness of the crystal, 


U = voltage. 


To measure the photocurrent only very small quantities of charge should 
be displaced. 

The interpretation of the photoconductive behaviour of the erystal with 
F-centers may easily be given as follows: 

The steep rise in the temperature range from — 180 °C to — 130 °C is 
given by the increase from zero to one in probability for thermal ionization 
of excited F-centers. The activation energy needed is of the order of 0.02 eV. 
Above — 130°C any optically excited F-electron will be freed. Above this 
temperature the quantum yield i for the production of mobile electrons is 
one. The soft decrease of the curve with increasing temperature may be ex- 
plained by the temperature dependence of the mobility ®. 

The first build up of the equilibrium of the photocurrent is given by the 
optical-thermal ionization on one side, the trapping of electrons by -centers 
on the other side, both these processes happening with a very short time con- 
stant. The binding of electrons in F’’-centers now may be resolved by thermal 
activation. The trapped electron may again be freed. These processes of 
trapping mobile electrons as F'-centers and freeing by thermal activation are 
repeated again and again until the electron is trapped as a stable -center. 
The time constant of the secondary photocurrent is mainly given by the life- 
time of the F’-binding. This time is long at low temperatures and small at 
high temperatures. The electron being freed several times before it gets retrap- 
ped as a stable F-center, the photocurrent d is several times higher compared 
with the photocurrent e in Fig. 14. To give quantitative values for the pho- 
toelectric sensitivity the following expression may be used: 

w 


"hy =U'T, 


where: n = quantum yield, 
displacement distance, 
E = field strength, 


v = mobility, 


I 


+ = mean life time of mobility. 
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TABLE III. 
= i = x | SS | =“ 4 - foina = È î == a 
NaCl | KCl RbCl | KBr RbBr KI 
| = [ese Su | =? 
| | 6 ii geo 
5 ; 2.0 0. ‘ «108 — 
5.0 TL le eee s0 15 | Sar | 
| 
nw/E in the temperature range of primary currents. All values have been reduced to an 
F-center concentration of 10*%/cm®. 


Table III gives a few values of 1w/H 
in the temperature range of full quantum 
yield. 

The value nw/E depends on the 
concentration of F-centers. As Fig. 13 
shows 7w/E is proportional to the in- 
verse concentration of Y-centers. This 
means the mobile electrons mainly move 
randomly, they diffuse through the 
crystal. With an applied electric field 
the component of the average free path 
is somewhat longer in the direction 
Fig. 13. — Photoconductivity in de- of the field. At a field strength of 
pendence on #-center concentration 1000 V/em and F-center concentration 

eee of 1016/cm? w is of the order of 0.2 um. 


Concentration 
10" Wal 10" 10!8/c mi 


10. — Fluorescence of excited /-centers. 


At low temperatures optically excited F-centers are transferred to the 
ground state by fluorescent emission. The experimental results [20] may be 
given in the following figures: 


— Fig. 14 shows the spectral distribution of the emitted fluorescence light 
for different temperatures. The maximum of the emission curve is near 1.1 um 
in the infrared. This means a quantum loss of about 50% (the maximum of 


the absorption curve being near 0.55 um). The fluorescence emission dis- 
appears above — 50 °C. 


— Fig. 15 summarizes the quantum efficiency of the fluorescence in de- 
pendence on temperature for a crystal with small concentration of F-centers. 
At low temperatures we observe a quantum efficiency of the order of 1. It 
drops down rapidly at temperatures above — 160 °C. 


a 
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—-— Fig. 16 gives the dependence of quantum efficiency on the F-center 
concentration at low temperature. The quantum efficiency decreases propor- 
tionally to 1/r, with r the mean distance of the F-centers. 


Wavelength 
1.0 } 


KCL with 
2:10” F-Centers/em? 


0.5 


0.4 


0.3 


0.2 


Quantum Yield of Fluorescence 


01 


Temperature dap 
-200 -150 —100 -50°C 


sui LT LA Ein 


Fig. 15. — Temperature depen- 
dence of quantum efficiency of 
F-center fluorescence in KCl. 


Intensity of the luminescence light 


The interpretation may be given 
in the following way: The optical ex- 
citation takes place at the microstruc- 
ture of the center in the ground state. 
The electronic transition is followed by 
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Fig. 14. — Spectral distribution of F- 

"he fl È, ‘n KCl at different 1faverage distance of F-Centers 
center fluorescence in KCl at di nt i i n dn 
temperatures. The scale is the same 


for the different curves, but there is 
no correction concerning dispersion 
of the prism used. 


Fig. 16. — Quantum efficiency of 
fluorescence in dependence on 
F-center concentration in KCl. 
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reorientation of the ions. So 50% of the excitation energy is used to establish 
this lattice polarization. The energy loss gives the Stokes shift. 

If there is no thermal ionization during the life-time of the excited state, 
we find fluorescence emission. With increasing temperature the probability 
for thermal ionization of the excited center increases rapidly. 

A good interpretation for the dependence of the fluorescence efficiency on 
concentration has not yet been given. So a discussion at this time is inap- 
propriate. 

Another type of luminescence has to be mentioned. Many of the F-centers 
may have been transformed into F’-centers (in KCl at — 100 °C). The crystal 
is cooled down to — 180 °C. At this temperature the electrons are reversed 
to form F-centers by optical excitation in the spectral range of the F’-band. 
The photocurrent remains very small but the process f’—> F has full quantum 
yield. The electron being trapped in the empty vacancy to form an F-center 
in the ground state emits infrared light. The efficiency of this emission de- 
creases rapidly with temperature quite similar to that of the #-fluorescence. 
The value of the quantum efficiency at low temperatures is of the order of 1. 
This seems to be a very important result: The F-center retains the ability 
of light emission if it has been ionized. The spectral distribution of this emis- 
sion has not yet been measured. The discussion of these emission effects is 
still going on and is not yet fully understood. 


11. — Radiationless transition. 


An F-center being excited optically always transfers excitation energy to 
the lattice as heat. Above — 50 °C there is no fluorescence and no luminescence. 
In addition there is no storage of energy in metastable states. In this tem- 
perature range all the excitation energy is transferred into heat. At low tem- 
peratures (as — 180 °C) part of the excitation energy is emitted as fluorescence. 
Under favorable conditions one observes in KCl a quantum efficiency of 75%. 
As a result 25% of the excited centers go to the ground state by a radiation- 
less transition. In addition to this energy loss there is a quantum loss. From 
the Stokes shift one deduces a loss of 50%. This means in KCl at — 180 °C 


0.25 + 0.75-0.5 = 63 % 


of the absorbed energy should be transferred into heat. As a result of calori- 
metric investigations a value of 61% was found [21]. 
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12. — Field ionization of excited /’-centers. 
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It was discussed in Sect. 7 that an optically excited F-center may be 
ionized if the temperature is high enough. As a result of the ionization the 
photoconductivity and the FP +’ transition were observed. From the tem- 
perature of full quantum yield (in KCl at —100 °C) the ionization energy 


can be estimated. 
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Fig. 17. — The H-center reduction by light 


absorbed in the /-band as a function of 
time for different applied voltages (KCl). 


Decrease of the Absorption Constant at the Maximum of the F-Band 


It is of the order of 10-2eV. The energy being rather 
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duction as a funetion of applied electric 
field and of temperature (KCl). 


small there is a chance to do the same by the energy of an applied electric 


field. As a result of such experiments one finds the following [22]: 


— In Fig. 17 the reduction of the #-absorption of KCl with the time under 
excitation with light of the #-band at — 180 °C at different applied voltages. 


One realizes that the Y +> F’' transition is favoured by an electric field. 


The 


initial slope of these curves gives the quantum yield of the process. 


Quantum Yield of the Decrease of the F-Band 
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— In Fig. 18 the dependence of the quantum yield on field strength is 
plotted and may be compared with the dependence on temperature (right 


hand). The left hand curves give 


È AG the same dependences for the 
D%| KCL 27:107cm° F-Centers ; : 
& ARR maximum values of F-reduction 
! . 
*70 xx or F'-production. 
dai 
A 


(ez) 
(=) 


— In Fig. 19 both the heat 
and the field energy may be com- 
pared. The curves represent the 
F-reduction as a function of vol- 
tage for two different tempera- 
tures. The temperature difference 
of 35° corresponds to an electric 
field of 6.2-104 V/cm. 


30 
/ A From 
DA x 10° Yom 
je eEa 
Ya kT = 9 
x J € 
10 ein ce 
Fa Ed Se 
Electric. Field one derives for a, the distance 


; 2 10°7m 3 in the direction of the field in 
Fig. 19. — #-reduction as a function of the ap- which the 7-electron is able to 
plied field for two different temperatures (KCl). receive field en ergy a value of 


15 A. It is the same order of 
magnitude as the lattice constant. This order has the meaning of an esti- 
mate. The local field is probably different from the applied field. 


13. — The paramagnetic moment of the /-center. 


It has been known for a long time [23] that an alkali halide crystal be- 
comes paramagnetic by the presence of F-centers. As may be seen in Fig. 20 
the increase in magnetic susceptibility is proportional to the concentration of 
F-centers. The paramagnetism is reduced by the transformation of Y-centers 
into F'-centers. This is in good agreement with the model of the F-center. 

A more precise analysis of the electronic structure of the F-center may be 
obtained by the methods of high frequency spectroscopy, the observation of 
the electron spin resonance [24]. The result is the following: At a high fre- 
quency of the electric field of 9-10°/s a KCl-erystal with (10171018) F-cen- 
ters/em* shows an absorption line at a magnetic field of 3000 Oe with a line 
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width of 54 Oe. The absorption band has a Gaussian distribution. The 
g-value is 1.995. 

The g-value is a reference to the unpaired electron. The very broad ab- 
sorption line cannot be understood either as a result of a dipole-dipole coupling 
of neighbouring /-centers or as unpaired 
electrons in a dielectric medium. Then the 
line width would be of the order of 0.1 or 
several Oe. A better result may be obtained 
by the suggestion of the magnetic interaction 


2.0 


10 


of electrons and nucleons. In a first order 
calculation one has to consider the six nearest 
neighbours surrounding the vacancy. These 
are the K* ions with nuclear spin 3. There 
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sceptibility of KBr-crystals with field, with 6 atoms, this means 4°= 4096 

different concentrations of F- different combinations. If the orbit of the 

eomter F-electron is a linear combination of potas- 

sium orbits then the paramagnetic resonance 

curve is the envelope of all these 4096 combinations. The electron being of 

pure s-type one would expect 92 Oe for the line width. The observation of 

54 Oe is understood as an admixture of about 40% p-type wave functions of 

the electron. The reason for the difference from the s-type orbit is probably 
given by the polarizing influence of the vacancy. 

There is an interesting result with KCl which has a nearly pure isotope ‘!K. 
The magnetic moment of ‘*K is only 0.563 of that of ‘°K. The half width should 
therefore be reduced to 31 Oe. The experiment gives 36 Oe. As a result one 
suggests the co-operation of the next nearest neighbours, the 12 CI -ions. 
1/6 of the electronic density has to be attached to the chlorine ions. 

All these results are in very good agreement with the model of the #-center, 
but they give a more precise idea of the electronic ground state. The remark 
should be added that recently the separation of the single lines within the 
broad resonance band could be found by a double resonance method [25]. 


14. — The diagram of the configurational coordinates. 


To summarize the most important results it may be useful to consider the 
diagram of the configurational co-ordinates. In the schematic diagram of 
Fig. 21 the meaning of the abscissa is the distance between ions surrounding 
the F-center electron. The curves are drawn for the negative ions. The ordi- 
nate is the potential energy. 
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Curve F represents the energy of the ground state of the F-center. The 
minimum corresponds to the equilibrium positions in a static lattice, with 
no vibrations. The zero point energy is given by a level jh, above the 
minimum. The different vibrational states at higher temperature then might 

be represented by levels with constant 
distance iw,. So the range of con- 
figurational co-ordinate realized at a 
given temperature is given by the num- 
ber of excited vibrational quanta. 
Curve F* represents the energy of 
the excited state. The electron of the 
| < F-center spreads out over a wider range 
of the crystal; the negative ions sur- 
rounding the vacancy have to move 
nearer to the center of the vacancy in 
order to produce an energetic minimum. 
So the curve F* is shifted towards 
Configuration Coordinate smaller values of the configurational 
co-ordinates. 

For the same reason the minimum 
of the ionized state F* again is given 
at smaller distances of the negative ions. (If the co-ordinates of the positive 
ions are plotted, the energy curves are shifted in the opposite direction.) 

The optical absorption transfers the F-center from the ground state to 
the excited state. This state is unstable and goes to its energetic minimum 
by reorientation of the ions. The excess in energy is used for the emission 
of phonons, that means to heat the crystal. A similar process happens if 
the center goes from the minimum of the excited state to the ground state 
after emission of fluorescence light. The sum of these two losses of energy of 
optical transition is observed as Stokes-shift of the fluorescence. The tem- 
perature dependence of the maximum of the F-band and the half width of 
the band may easily be understood with the help of this diagram. 

Special interest might be given to the (intersection of the potential curves. 
Such an intersection is realized at high enough vibrational states, that means 
at high enough temperatures. At these temperatures radiationless transitions 
from excited states to the ground state may be realized. But there is no 
chance to make predictions without precise knowledge of the potential curves. 
To get this information the theory of PEKAR has to be developed to the treat- 
ment of the movement of the single ions of the imperfections, but this has 
not yet been done. 


Fig. 21. — Energy level diagram. 
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1. — Introduction. 


A systematic study of irradiation effects in solids started during the war 
although such effects were known before (photographic effect, influence of 
x-particles on certain minerals and associated coloration phenomena). 

Historically the first suggestion concerning nuclear irradiation effects was 
made by WIGNER during the war, in connection with the construction of re- 
actors. He pointed out that properties of graphite, which are important from 
the engineering point of view, will be strongly affected by nuclear radiation. 

At present the motivation for the study of irradiation effects is both basic 
and applied. The applied problems are obvious in power reactors where there 
are fuel elements, moderator, coolant, etc., with materials such as uranium, 
beryllium, beryJlium oxide, uranium oxide, mica, steel, aluminum. From 
the basic point of view the interest lies in the quantitative understanding 
of the elementary phenomena and in the analysis of the secondary effects. 

The progress in the fundamental studies and in practical applications is 
still fairly independent. There is a tremendous amount of work being done 
on engineering materials which is usually very difficult to understand from a 
scientific point of view. 

The theory of irradiation effects has two main aspects: 


a) Collision theory as applied to solids. 


b) Theory of the influence of defects upon various properties of solids. 


The first part, the collision theory, is probably in a better shape than the 
second. 


(*) Supported by a A.E.C. research contract. 
(+) This text is based on Lecture Notes collected by a group of students (A. ASCOLI, 
M. Fusimoro and F. A. Levi) and revised by the author. 
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The plan of these lectures is to give first a brief summary of the theory 
and then to illustrate the various phenomena with a few examples chosen 
from the domain of metals and non-metals. 


2. — Basic phenomena. 


Particles used in irradiation studies are «-particles, protons, deuterons, 
neutrons, electrons, fission fragments and y-rays. From the engineering point 
of view neutrons and fission fragments are the most important, but generally 
we do not know well enough their velocity spectrum or their flux, so that a 
control and interpretation of the experiments in piles is difficult. The situation 
is much better with particles accelerated in cyclotrons, Van de Graaffs ete. 

What happens when a 

charged particle, for in- 

stance a proton, enters a 

a on ai Soli solid, may be pictured, 

re Se [42 .° Fig ei sthe following 

Quore io way: first of all, being 

charged, it produces a large 

amount of electronic exci- 

tation and ionization, then 

it may also make elastic 

collisions with the atoms of 

the lattice giving to them 

part of its energy. If the imparted energy is rather small it results in an in- 

creased vibration of the atoms of the lattice; if it is high it may displace 

an atom from its original position so that it moves through the lattice and 

eventually becomes an interstitial. This primary displaced atom may on 

its way collide with other atoms producing secondaries, tertiaries etc. The 

energy losses of a typical incident fast proton are roughly distributed in the 
following way: 


Fig. 1. — Defect production by an incident particle. 


Electron excitation .... . 99.9 % 
Elastic collision .... . . 205555 
Displacements e e 05°% 


At high energies also inelastic collisions may happen: the incident particle 
is absorbed by a nucleus which subsequently disintegrates. Transmutation 
by thermal neutrons should be mentioned too. Summarising we have: 
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Electronic excitation. 


Elastie collisions. 


) 
) 
) Displacements. 
) Imelastie collisions 
) 


Transmutations (thermal neutrons). 


3. — Elastic collision. 


A charged particle approaching an atom may produce a Coulomb encounter, 
the maximum energy transmitted being given by 


4M,M, 
e), 


SES, aT 
(Ge aL) 


where M are masses and # the energy of the incident particle; here as in 
the following lectures, the subscript 1 is used for the incident particle, and 
the subscript 2 for the stationary atom. 

The minimum energy required to displace an atom from its position in 
the lattice may be taken to be about E,=25 eV (SEITZ). Typical energies 
of incident particles necessary to displace an atom of given mass are given 
in the following table: 


Incident particle Me 10 M,= 100 
| 
Electron eee Ose Vai s68% LYS eV 
Proton . ey ee se! 76 | 638 
CIAO NS 31 | 169 
Fission fragment . . . | 76 | 25 


Here the values for electrons were computed using a relativistic formula, 
because relativistic energies are involved. 


4. — Rutherford scattering. 


When a particle of charge e, passes with velocity V in proximity of 
another particle of charge ¢,, it deviates by an angle 0, p being the impact 
parameter, Fig. 2. 

The distance of closest approach, 6, is 
given by the relationship 


Geom pV 
bier: te Fig. 2. - Rutherford scattering. 
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u being the reduced mass. The differential cross-section for Rutherford scat- 
tering is given by 


nb? at 
do = 4 Tua 


where 7, is the maximum transmitted energy, 7 the kinetic energy actually 
transmitted. It is important to realize that here do is dependent on 1/7”, 
which means that we have a peak at low energies. This is not the case for 
neutrons as we shall see later. The Rutherford formula is valid also in the 
quantum mechanical range, if d is bigger than the wavelength 


h 


b>Aa=—. 
we 


5. — Sereening. 


Since we are dealing with atoms, we must take into account the screening 
of the nuclear charge by the electrons. The corresponding potential is given by: 


where a, is the Bohr radius, Z, is the atomic number of the stationary atom 
and ¢ is of the order of unity. 

If the screening of the charge of the incident particle is to be taken into 
account we may use the expression suggested by BoHR: 


An 


Vasa 


a 


which, for 7, = Z,, reduces to 
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The factor V2 changes considerably the amount of effective screening present 
when two atoms collide. 

Let us distinguish between weak and strong screening, weak screening being 
when b<a, and strong screening when b>>a. If we have a weak screening, 
and if A<b<a, classical Rutherford scattering is applicable down to small 
angles of the order of 0, ~ b/a; if, however, 7>b <a, quantum mechanics 
has to be used, Rutherford scattering being valid only for angles bigger 
than 0, — A/a. These are the two limiting values of 0 for weak screening, 
that is to say when the electrons do not surround the nucleus very tightly. 
If we have strong screening, that is when b>a, then if also <a, the 
classical hard sphere approximation may be used. Fortunately this is a very 
frequent case of general applicability. For 7> a two possibilities occur: For 
À>Vab the Bohr approximation is applicable, for 7</Vab the case is very 
difficult to treat, but fortunately it does not occur in practice in the application 
to irradiation effects. 

The energy transmitted at the two limiting angles 0/ and 6) is given by 


R, M, [a,\? 
AY Fe ae ; 
Ge We MENG fe 


and 


¥. m, {a \? 
UA 
a dI Fn; 


respectively, where È, is the Rydberg energy and m, the electron mass. These 
energies come out to be of the order of 0.01 eV, and therefore are much too 
small to cause displacements. It follows that Rutherford scattering formulae 
are applicable in all cases as far as displacements are concerned. 


6. — Knock-ons. 


Let us see now what happens to the primary displaced atom. The max- 
imum energy transmitted may be expected to be below 10*eV. Usually 
b>A for light and heavy atoms. But 6 >a for intermediate and higher 
values of Z,, as for instance for Z,= 30; b<a for small Z,. This means 
that we have a weak screening for high energies # and low atomic numbers Z 
which is rather an exceptional case. In typical cases we have strong screening. 
For the majority of cases the hard sphere approximation is satisfactory; only 
in the initial part of the path of the particle, Rutherford calculation may be 
necessary, but as soon as the particle slows down the hard sphere approx- 
imation is sufficient. 

A light displaced atom in a solid starts with Rutherford collisions ending 
with hard sphere collisions which may be looked upon as a slow diffusion 
process. Heavy atoms, on the other hand, diffuse from the beginning. 
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7. — Cross section for incident particle. 
The total cross-section for Coulomb encounters is given by 


Ta? ie o = A 
Ot 


while the total cross section for displacements is given by 


lle ZZ, 
O, _ 430), iva EE , 
casa) d 


which is a fundamental formula for all calculations on radiation problems. 
From this we may calculate the mean energy transmitted, 


= ap 
Tr = aloe == (EE 
Ei 
while for Coulomb encounters 
T T l e 
== yo —— 
a a i vai 


8. — Mean free path. Displacement spikes. 


Knowing the cross-section for Coulomb collisions, we can now calculate 
the mean free path of a particle 


pe 
Noa 
where n, is the number of atoms per cm?. 

For b>, o, 107!5 em? for small Z,, 0, becomes even smaller for in- 
creasing atomic number. For db<, o,< aa? and it increases with Z,. 

According to the values assumed by o we may then have either local re- 
gions of damage distributed along the path of the particle or the regions may 
merge into an elongated damaged zone. 

We may speak of «displacement spikes » when a large number of atoms 
are displaced in the same region. An important difference between thermal 
spikes and displacement spikes is that the latter are big (104-105 atoms 
are «heated » to above the melting point) and involve a lot of energy, (H ~ T,), 
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giving rise to vacancies and interstitials, their life being of the order of 10-1! s. 
Thermal spikes, discussed in more detail later on, are smaller (less than 100 
atoms), the energy £ being of the order of 10 eV, with no interstitials and 
vacancies produced and a life time of the order of 10-!? s. 

If the hard sphere model is used, the important question arises what is 
the effective radius R of the sphere. If the screening potential is propor- 
tional to exp [— r/a], then 


R= a ine Ay ss iW ane! VISSHIEC 


In the case of small energy (E < H,), R may increase up to the actual radius 
of the atom in the lattice 7,. 

Calculating the mean free path in the hard sphere approximation we get, 
for copper, 


L Ore 


hard sphere = 

The energy of the displaced atom is then of the order of 500 eV. 

It should be borne in mind that several different approximations may be 
used; in particular BRINKMAN calculated the total energy transfer if two 
atoms encounter at a given distance. He obtained appreciably smaller values 
for L and in particular cases the mean free path appears to be as small as 
0.57,, that is smaller than atomic dimensions. This consideration is very 
important with reference to the structure of displacement spikes. 


9. — Energy loss by incident particle from Coulomb collisions. 


The rate of energy loss by Coulomb collisions is given by 


OH x AV : fh. 
Bo 3 == Ail) = lO 
0% | cou. M,V? Ubs 


which indicates that the rate of loss of energy is inversely proportional to the 
energy. 


10. — Electron irradiation. 


In the case of electron irradiation, the proper theory is relativistic, and 
quantum mechanical calculations have to be made. The screening is always 
weak. Usually no secondaries are produced and thus a comparison of ex- 
periment with theory is rather simple. 
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11. — Neutron irradiation. 


Irradiating with neutrons, the maximum energy transferred in a collision 
with an atom of atomic weight A, is given by 
4A, 


i E — yp 
7 DA 


the differential cross-section (isotropic) is given by 


aT 
dato, 7’ 
o, being the total cross-section. In contrast to Rutherford scattering there 
is no peak for low energies, most collisions transmit a high amount. of energy, 
and therefore secondaries and tertiaries are very important in estimating the 
total number of displacements. The mean free path for neutrons in a typical 
case is of the order of 1 em, which is so long that independent regions of 
energy release are created. 


12. — Electronic excitation. 


Moving atoms in a solid lose those electrons which have an orbital velocity 
lower than the velocity of the atom itself. In this way the effective charge of the 
ion changes with velocity: the faster the atom moves, the more it is strip- 
ped of its electrons. 

If we consider electronic excitation in metals, we have to take into account 
the Fermi distribution and then generally only the outside electrons may be 
excited. In the calculations it is convenient to use the reduced energy 
e=(m/M)E, which is the energy of an electron (mass m) having the same 
velocity as the atom (mass M). The values of e of primaries produced by 
neutrons are usually quite small compared with the Fermi energy. 

Total amount of losses per unit length of path due to electronic excitation 
is given by 


de | Vig m,V? 
— — = ATN = Zio log “n 
dx jel mV? 99) 


where n», is the density of atoms, and Zi is the number of electrons in the 
stationary atoms which can be excited. # is the mean effective ionization 
potential, which may be obtained theoretically or experimentally by trans- 
mission measurements. Here again the dependence on energy is of the type 
l/energy as it was for elastic collisions. 


pa 


È 
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13. — Thermal spikes and plasticity spikes. 


This problem was first treated by Brooks and by SEITZ. 
The temperature as a function of the time ¢ and of the distance 7 from a 
spot where energy QY has been released is given by the equation 


T(r, t) = ——: x c È 
Vania tot (Deo n 


where c is the specific heat, o is the density and D the thermal diffusivity. 
Typical results of this calculation are as follows: if Q in a big spike is 
about 300 eV at one point and the melting-point of the material is 1000 °K, 
then within the time #,=100%k=1071!s (fr 107 8 is the time necessary for 
thermal energy to be transferred from an atom to its neighbour) the tempe- 
rature will drop down to the melting-point at the radius r,= 10; (7,= 
=radius of atom). The material in the spike can be considered either as 
being melted or as a superheated solid. 

A different picture of these phenomena was suggested by BRINKMAN: as 
mentioned before, according to his conclusions, the mean free path of a 
displaced atom is of the order of 0.57,, so that the primary collision 
produces a large number of displacements in its immediate vicinity. If the 
energy released is of the order of (350--400) eV, a sizable void is produced in 
the material. The displaced atoms are pushed, as interstitials, into the sur- 
rounding region; and as a result of the pressure the void may subsequently 
collapse. So far no very convincing evidence for the existence of such cata- 
strophic explosions has been obtained. 

Seitz has made a very careful study of how hot spikes can affect diffusion 
processes, a problem which is extremely important in the study of solids and 
in various engineering problems. 

Let us assume that a rate process is controlled by a frequency 


PIPE) 


Vai 
LA 


where ») is the jump frequency, and the activation energy £' is of the order 
of 1 eV. The number of jumps that can occur during the lifetime of a spike 
‘an be calculated from 


vors (Q\* 
Tip) 099 Ha || 
n; = 0.093 D (2) 


For a typical case (energy ~ 300eV, E'=1eV) n; is of the order of 4 


to 5. These considerations can be applied to order-disorder reactions. The 


MST AA 
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first studies of such phenomena were carried out on AuCu,. If one assumes 
that 300 eV is released in a spike and 3 eV is the energy for interchange of 
two neighbouring atoms, one gets the number of disordering reactions per 
spike between 10 and 42. To explain the experimentally observed change of 
resistivity, the number of jumps should be 120. The discrepancy could arise 
either from a wrong assumption about exchange energy H’ or from the fact 
that migration of interstitials or vacancies should be additionally considered; 
these, however, would have to migrate for quite a long distance and produce 
an interchange with about 20 atoms. 

The possibility of «replacement collisions» has been suggested by 
KINCHIN and PEASE; these may take place when the energy of the colliding 
atom is lower than the displacement energy £; but sufficient to have one 

atom pushed out of its place, 

Q O 7, 1 Q O Q the moving one being trapped 
O into the vacancy (see Fig. 3). 

oO *@ O O © O In order to account for the 

7) discrepancy, the replacement 

Q O 7 © O > should travel for about 10 

È n atoms, and this may be too 
much to expect. 

Another type of spikes, the 
« plasticity spikes », was intro- 
duced by SEITZ, in order to account for the same discrepaney. He points 
out that the radial stresses surrounding the melted volume may: 


Fig. 3. — Replacement collision. 


a) create new dislocations; 


b) move existing dislocations. 


The latter possibility d) turns out to be unlikely in a well annealed spe- 
cimen, because the average distance between dislocations and a thermal spike 
is too big. On the other hand, new dislocation rings could be formed; these 
would then tend to collapse, the minimum radius for stability being of the 
order of 5.5 rs. The total energy spent in this process is fairly high, about 
30 eV per dislocation loop. 

If two such rings cross each other while collapsing, a permanent displace- 
ment may be produced, which cannot be removed by slip alone and which 
contributes to the resistivity. This picture is unfortunately difficult to deal 
with quantitatively. 

Calculating the temperature in a thermal spike, one has to remember that 
free electrons are excited to a very high temperature and that there is not 
enough time to establish equilibrium with the lattice. Temperature ratios 
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are of the order of 200, say 10°°K for the electrons and 500 °K for the 
lattice. If d-electrons are excited, one may expect a much shorter relaxation 
time since the repulsive forces between neighbouring atoms may be directly 
affected. 


I4. — The simple theory of displacement. 


SEITZ has calculated the total number of atoms displaced per primary, 
using the model of SNYDER and NEUFELD. This number turns out to be a loga- 
rithmic function of the energy, and for all practical purposes it may be as- 
sumed that about 5 to 6 atoms are displaced per primary collision. This 
calculation is based on the hard sphere approximation which, as pointed out 
before, is usually very well justified. 


15. — Inelastic collisions. 


Inelastic collisions are important if the energy of the incident particle is 
high (in the range of 100 to 400 MeV). In this case the incident proton can 
enter a nucleus, and make one or more direct collisions with some of the 
nucleons in the nucleus. These will be shot 
out with energy comparable to the energy 
of the incident particle. These are the 
knock-on nucleons. 

After one or more such direct collisions 
within the nucleus have occurred, the nu- 
cleus is left in an excited state, and it 
can be described as a hot liquid drop 
which cools by evaporation. The excess 
energy is distributed among the nucleons, 
so that we have a number of protons, 
neutrons and deuterons escaping with fairly Fig. 4. — Energy spectra of slow 
low energy, of the order of-10 to 20 Mey. a sey MeV ence 
The result is that, the primary particle of 
high energy, by itself not very efficient for 
producing displacements and electronic excitation, is replaced by a number 
of slow particles which are very effective in producing defects. Fig. 4 shows 
the spectrum of energy of the slow emitted particles and the very low in- 
tensity of direct knock-ons. As is shown by the two curves the number of 
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secondary «evaporated » particles increases with the energy of the incident 
proton, so that, in this case, the total number of defects should go up 
with the energy of the 
proton rather than down 
as in the formulae for elas- 
tic and electronic losses. 

This has been checked 
experimentally by PEARL- 
STEIN et al. by putting a 
tungsten wire inside a cy- 
clotron, in different posi- 
tions along its radius, thus 
changing continuously the 
energy of the incident pro- 
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0.6 


05 Tungsten 8000 


04 6000 


cm 


03 


0.2 NaCl 2000 


Energy of protons in MeV 


of Tungsten irradiated with 108 protons per cm 


Percent increase of room temperature resistance 
Number of F-center produced in NaCl by 


one proton per 


do 700 200 300 mae E tons. Fig. 5 shows the 
Fig. 5. — Energy dependence of defect formation in W results. The increase of 
and in NaCl. room temperature resis- 


tivity of tungsten irra- 
diated with 10!6 protons per cm? has been measured as a function of the energy 
of the protons and shows a definite slope upwards which is in a quantitative 
agreement with theoretical estimates. 

It contrast with this result one showd mention the work of KOBAYASHI 
on irradiation with high energy protons of a crystal of NaCl in which the 
primary phenomenon is the formation of Frenkel defects, / centres and others 
by electronic excitation. Since the energy losses by electronic excitation in 
this case are about 1000 times higher than all other losses, one expects a 
1/E dependence on energy. The number of F-centres produced per unit path 
of the incident proton was measured and is indeed almost exactly propor- 
tional to 1/E. A comparison of the two processes in the same energy range 
is shown in Fig. 5. 


16. — Annealing of defects in metals. The crowdion. 


SEITZ has already given in his lectures a very complete account of the theory 
and experiments pertaining to the production of point defects in metals by 
irradiation and to their annealing. For this reason here only the related 
question of a «crowdion » will be discussed. 

The annealing of resistivity induced in copper irradiated at 4 °K may be 
shown plotting, Fig. 6, the resistivity change Ao as a function of temperature. 
It is easily seen that there is a considerable anneal in the range of 30 °K. 
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SEITZ pointed out that this drop in resistivity is probably due to interstitial 
migration with a 0.1 eV activation energy. 

A possible complication of this picture has been pointed out by BLEWITT 
et al. Adding small amounts of Be or Au to 
copper the annealing curve is considerably changed: 
see Fig. 6. There is an almost complete suppres- 
sion of the annealing phenomena at 30°K. This 
Seems to speak against the interpretation of the 
big step as a migration of interstitials since it is 
difficult to see how a few too small or too big 30°K 
atoms could block the mobility of interstitials. Hive bh lnifiuenee of Borate 
Furthermore the annealing shows a whole spectrum Au additions on the thermal 
of energies, which is also not easily explained annealing of radiation indu- 
on the basis of interstitial migration. The Oak ced resistivity change in Cu. 
Ridge group proposed the use of the notion 
of «crowdion», originally introduced by LoMER and CoTTRELL. A crowd- 
ion is formed when an _ interstitial atom relaxes into a line of atoms 
in a close packed direction, pushing these slightly aside. This arrangement 
produces a linear defect which may move only along its line (Fig. 7). 

Inasmuch as impurity atoms and dislocations produce 
strains which may influence the mobility of a crowdion from a 


4e 
| Cu+(Be, Au) 
a 


T distance, a range of activation energies may be expected for 
| me, various distances of the impurity atom from the line. A crowd- 
A Ri ion could also be easily blocked by impurities. It should be 
“rica 3 : À 

# pointed out that the very existence of a crowdion as a con- 


Fie.7._ Crowd. figuration of lower energy than an interstitial is theoretically 


ion formation. aS yet unanswered. 


17. — Calculations of H,. 


HUNTINGTON, using a simple model with free s and p electrons and a closed 

d shell, and with a Born-Mayer potential, calculated 

the values of £, for various directions of displacement 

in the lattice of Cu. The atom may be removed either 

along the cubic diagonal, or along a cube-edge (Fig. 3). 

In the first case he got H, = (18 ~ 43) eV, in the second 

E,= (14 + 34) eV. His results are not in disagreement 

with experiments. Fig. 8. — Displace- 
Calculations for Ge have been made by KoHN. We ment directions in 


shall refer to them later. a cubic lattice. 


per 
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18. — Number of defects. 


On the number of defects introduced by irradiation in metals there is a 
considerable discrepancy between theoretical and experimental values. MARX, 
HENDERSON and Cooper calculated the change in resistivity for copper 
irradiated with 1017 deuterons at about 100°K, using Seitz’s value of about 
6 atoms displaced per one primary, and the early theoretical value of resisti- 
vity per defect pair. They found Ag = 1.16 pQ cm, while the observed 
value comes out to be 0.23 ul cm. 

An electron bombardment of Cu was made by EGGEN and LAUBENSTEIN 
with 810 keV electrons, which is just enough to produce displaced atoms without 
any secondaries. The theoretical result is in this case Ao = 2.5-10-§ © cm, 
the observed result Ao = 4.4:10-® Q cm; so there is again a factor of 5 to 6 
between them. 

Both theoretical and experimental deductions are based on theoretical 
values for number of displaced atoms per primary, and on theoretical values 
for defect contributions to resistivity. 


19. — Other effects of irradiation on metals and alloys. 


There are various other ways to detect experimentally radiation induced 
defects in solids. A change in mechanical properties was studied at Oak Ridge 
measuring the critical shear stress (minimum shearing stress required to produce 
plastic deformation in a single crystal) in 
pure copper. It increases rapidly with ir- 
radiation, see Fig. 9. The observed behav- 
iour may probably be explained by pin- 
ning down of dislocations and of Frank- 
Read sources. The influence of temperature 


@ x10" 
SL i 


10 
Fig. 9. — Critical shear stress of 
Cu as function of neutron flux. 


was also studied; critical shear stress in Cu 
as a function of temperature is shown in 
Fig. 10for different values of theintegrated neu- 


tron flux @. 

Lattice expansion as observed by X-ray 
diffraction is in an approximately linear 
relation to the integrated flux, showing the 
influence of interstitial atoms. 

A particularly striking effect was observed 
in AuCu which in ordered condition is tetra- 
gonal (a > c) and in complete disorder is cubic 
(a= e.) Bombardment modified the parameters 
in such a way as to bring them gradually to 
the same value: it is therefore possible to 


o kg/mm” 


80 160 20 320 £00 


Fig. 10. — Critical shear stress of 
Cu as function of temperature at 
various neutron fluxes. 
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estimate in this way the value of the total flux that produces complete 
disorder, see Fig. 11. 

Studying the electric and magnetic properties of Ni,Mn disordered by fast 
neutrons, ARONIN found experimentally an average of 5000 disordered atoms 
per collision. This result may be compared with 
the calculated 1300 direct displacements and 6100 


= < replacements by the Kinchin and Pease mechanism, 
iS] 

2 which amount to a total of 7400 disordered atoms. 
S 

H It appears thus that in this case the Kinchin and 

È S Pease model is applicable. For gold-copper alloys 

the results are not so good as far as comparison 

è with experiment is concerned. 

x Phase change in th mbarded metal ma 

Wig. 11.- The lattice con- oe is ey : y 

stants of AuCu as funetions be also observed; KONOBEEVSKY. (Geneva Confe- 

of neutron flux. rence) first reported phase changes in a neutron 


bombarded uranium-molybdenum alloy. Similar 
experiments were also made by BLEIBERG and LUSTMAN who studied 
carefully the changes in electrical resistivity. It appears that a 9% 
uranium-molybdenum alloy quenched from a 
high temperature retains the body-centered 
structure of the y phase, which is stable at 
high temperature, see Fig. 12. Bombarding 
a mixture of x and e phases, stable at room 
temperature, at the same composition, trans- soc 
forms it back to the y phase. This is pro- 
bably a consequence of melting and quench- 
ing which takes place in various spikes 
which are produced by high energy fission 
fragments. Fio. 12. — The diagram of ura- 
i nium-molybdenum alloys. 


a“ 


Another evidence for thermal spikes has 
been obtained by GONSER and OKKERSE 
on single crystals of several compounds, such as GaSb and InSb, irradiated 
with deuterons. X-rays diffraction lines produced by the irradiated sections 


(a) (6) 
Fig. 13. — X-ray diffraction lines from InSb in an (a) unirradiated and (b) irradiated 
(in the central portion) condition. 
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of the crystal appear distorted and weak, while the lines from the non- 
irradiated region are straight and sharp (see Fig. 13). This effect is probably 
due to the local shrinking which occurs as a consequence of local melting 
in hot spots and subsequent quenching into an arrangement denser than 
the very open normal ordered crystal structure of these compounds. 


20. — Alpha brass. 


It is usually assumed that « brass is a random solid solution containing 
up to 33% Zn in Cu. A study was made of the change of its resistivity as 
measured at 80°K on specimens which had been irradiated, for about a 
month, both at 80 °K and at room temperature in a pile. The results, in 
micro-ohm em, are as follows: 


o/ 7 Low temperature Room temperature | 
Yo Zn | i ca : co | 
irradiation irradiation | 
0 + 0.037 — 
10 | + 0.057 | — 0.031 
20 +- 0.019 — 0.062 
| 30 + 0.124 | — 0.078 


The most plausible interpretation of these results is that at low tempe- 
rature, vacancies and interstitials produced on irradiation increase the resis- 
tivity by lowering the periodicity of the lattice. At room temperature, on 
the other hand, the mobility of defects introduced by irradiation accelerates 
the effective rate of diffusion, and the lattice approaches a state of short range 
order which exists at these temperatures. This lowers the resistivity. Measu- 
rements at 4 °K confirm the change of the residual resistivity. One would 
expect that for a long irradiation the increasing concentration of defects would 
eventually increase the resistivity even at room temperature. 

KEATING, using neutron diffraction has checked that the long range order 
parameter in irradiated 30% brass is S < 0.03, but there is a possibility of 
the existence of short range order, corresponding to a quite low critical tem- 
perature. 


21. — Alkali halides. 


Lithium fluoride, exposed to a neutron flux, undergoes an internal bom- 
bardment due to the particles released in the reaction 


‘Li(n, «)*H 
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the energy of each particle being of the order of 2 MeV. The change of 
lattice constants as observed by X-ray diffraction is in close agreement with bulk 
dilatation. It may be concluded that 
the formation of Frenkel defects is 
the main consequence of irradiation. 
With increasing integrated neutron 
flux, the lattice expansion reaches a 
maximum (PERIO) after which, at still 
higher fluxes, it drops down nearly 
to zero (Fig. 14). A possible expla- 
nation of this reversal may be found — 17 TAL si 
in the coalescence of defects in plate- Fig. 14. — Change of lattice constant of 
lets, which join the lattice so that the LiF as function of neutron flux. 
Stresses are relieved. Small angle 
X-ray scattering and streaks in Laue diagram confirm the existence of clusters 
of vacancies and of flat defects presumably made up of interstitials (GUINIER). 
The production of defects in alkali halides 
by ionizing radiation may be explained by two 
mechanisms: «evaporation » of vacancies from 
dislocation jogs (SEITZ), where an equal number 
of positive and negative vacancies are pro- 
Fig. 15. — Jog in an incom- duced (see Fig. 15), and the mechanism 
Dic Viane ob sons ot an edges snepested. by VARLEY. (In this? case amule 
dislocation. RAR aca nen : 
tiple ionization of a negative ion may leave 
it with a positive charge, so that it finds itself 
in a configuration of high energy, and can be easily shifted into an inter- 
stitial position by thermal agitation. In this way only negative vacancies 
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a 
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Fig. 16. — Varley mechanism of defect formation. 


could be produced (Fig. 16). Actually the lifetime of the positive halogen 
ion may be too short to allow the occurrence of this phenomenon. 
Effects of proton irradiation on alkali halides were observed by KoBa- 
YASHI by studying changes in several different properties. The ionic con- 
ductivity of crystals irradiated at room temperature was measured as a 
function of gradually increasing temperature. Contrary to a naive expectation 
it increases by a factor up to 100 and then returns to normal values (Fig. 17). 
The release of stored energy shows a peak at about 200 °C, which coincides 
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CORSISTI eee 700200 300 400%C. 
Fig. 17. — Ratio of resistivities of irra- Fig. 18. — Stored energy released 
diated and non-irradiated NaCl as a func- upon gradual heating of irra- 
: i ee 
tion of gradually rising temperature. diated NaCl. 


with the first resistivity drop (Fig. 18). From the total energy thus re- 
leased one obtains the number of defects produced per incident proton, 
which is of the order 2000 to 3000. 

Absorption spectra give evidence of the production of #, M and V, centres 
upon irradiation. Assuming the usual oscillator strengths, it is possible to 
evaluate the number of defects, which in a particular case was found to be 


3200 negative ion vacancies 
and 1300 positive ion vacancies 
that is 4500 defects formed per incident proton per cm path. 
The above results may be also correlated with density measurements which, 
using a flotation method, can be carried out with an accuracy of 2-10 5. Here 


again one finds 2000 to 
3000 defects per proton. 


“2 8 With increasing temperature 
x the density change behaves 
o as shown in Fig. 19, which 
È, indicates that while, up to 
I 200 °C, no defects were an- 
È 2 nealed out, many rearrange- 


ments took place. In par- 


0 mi FARETE II aE te ticular, clusters (centres M 
100 200 300 400 °C 

Annealing temperature and fk’) are formed. This 

Fig. 19. — Annealing of density change of an irra- would account for the in- 


diated NaCl erystal. crease of resistivity on an- 


nealing, since there are more 
negative than positive ion vacancies present, and the clustering eliminates 
the current carriers (i.e. positive ion vacancies) present in the crystal before 
irradiation. It seems thus that in order to account for the effects here 
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observed one needs both the «jog» mechanism and the Varley mechanism 
to be operative. 

A change of elastic constants of KCl was observed with high energy proton 
irradiation, CU,;; being reduced by 1 to 2%. Conclusive evidence has however 
not yet been obtained on this point. 


22. — Semiconductors. 


The threshold energy for displacement in germanium was determined first 
by KLonTZ using electron bombardment at low temperature and measuring 
the change in conductivity. He found 


Hiya 3l1 ev. 


LOFERSKI and RAPPAPORT, on the other hand, measured the lifetime of 
minority carriers at n-p junctions. As a result of their experiments a con- 
siderably lower displacement energy 


E, = 13.9 eV 


was obtained for the same material. 
Theoretical calculations of this value by KOoHN give the result 


E,= 7 to 15 eV 


for an atom pushed through a triangle of nearest neighbours. Displacement 
in the cubic direction may require 


E,= 20 to 30 eV. 


In interpreting these results it should be remembered that the lifetime of 
the displaced atom may be different in the various interstitial positions, and 
there is a possibility that some of them may not exist long enough to affect 
the resistivity. Furthermore, different types of defects could be responsible for 
the change of resistivity and for the variation of lifetime. More recent measure- 
ments of resistivity made at Purdue University lowered the observed 
displacement threshold to 


Bye 10M. 
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According to a more refined theory the probability of displacement should 
be assumed to be zero at H,, and to rise with increasing energy reaching 
unity at an energy H’. This may account for the long tail in the experi- 
mental curve (Fig. 20). 


Two donor and two Conduction band 


acceptor levels are in- | 
troduced in bombarded aye oe An 
germanium; the energy Ria 4 sir” 
level scheme may be 0.20 È 
pictured as in Fig. 21. pas CEI 
The donors are asso- fi TO 
ciated with intersti- hel 
tials, the acceptors Fig. 20.— Resistivity of ger- Fig. 21. — Donor and ac- 
with vacancies. manium as function of ener- ceptor states introduced in 
gy of incident electrons. germanium by irradiation- 


Conductivity of an 
n-type Ge is first re- 
duced, then after a sufficiently long bombardment the crystal shows an 
increasing p-type conductivity. At the minimum of the curve the number 
of defects produced just about balances the number of 
electrons originally present. The number of carriers 
lost per defect, as may be deduced from the initial 
slope of the curve, is roughly 1 to 2 (Fig. 22). The be- 
haviour of p-type semiconductors under bombardment 
varies considerably. An example of the curve of con- 
ductivity as a function of total flux is also given 
in Fig. 22. 

F ; An indium atom, in Indium Antimonide bombarded 
Fig. 22. — Conductiv- È 
RE by thermal neutrons, may undergo a transmutation 
germanium as a fune- into tin which is an impurity acting as donor. Shield- 
tion ef irradiation flux. ing with cadmium cuts out this effect, as expected. 


23. — Graphite. 


Neutron transmission measurements on graphite made by DreNES and 
co-workers using long wave-length neutrons made possible an accurate eval- 
uation of the total number of defects since they act as well known scat- 
tering centres. One obtains a concentration of displacements of 2.6% for 
an integrated damaging neutron flux equal to 1.1-102°n/em?. The di- 
screpancy with theory, by a factor of 2, is definitely lower than the discre- 
pancy by a factor of 5 found in resistivity measurements and may be due 
to the lack of knowledge of the exact neutron flux and its spectrum. 

Stored energy release as a function of the temperature of annealing is 
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given in Fig. 23; different curves correspond to different integrated neutron 
fluxes. It may be observed that with increasing flux the energy reaches a 
maximum at about 200 °C and then decreases. An 
interpretation of this phenomenon may be based 
on the assumption that interstitials produced 
by heavy irradiation, 
coalesce to form large 
stable clusters, not 
easily annealed. At 
low fluxes defects are 
distant and anneal out 
individually. Complete 


Percentage expansior 


annealing of heavily 
irradiated graphite is 


00° È 
è Sea 1 ; 4 } only possible wellabove 
Pio. 23. — Release of stored Fig. 24. — Expansion of gra- 3 
i A SRI Sn 3 Dr ; 1000 °C. 
energy from irradiated gra- phite as function of neut- 
phite as function of tempe- ron flux at various tempe- Measurements of 
rature and increasing flux. ratures. percent expansion as 


a function of integrated 
neutron flux were made both at 150°C and at 30°C. As is shown in 
Fig. 24 the expansion at low temperature is bigger, but if after irradi: tion 
at 30 °C the temperature is raised to 150 °C the curve falls, giving a striking 
evidence of annealing during irradiation. 


24. — Uranium. 


Neutron irradiation of «-Uranium single crystals (orthorhombic) produces 
an increase of the lattice parameter in the (010) and a decrease in the (100) 
direction. This effect is very important in practice; its mechanism is not yet 
completely understood, but could be related to the formation of additional 
linear chains of atoms produced by interstitials while the vacancies migrate 
along the (100) direction until they disappear at the surface. 
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1. — Formal theory. 


For the conventional formulation of Hooke’s law the relation between an 
applied force F and the resulting displacement D is regarded as both linear 
and simultaneous. Thus 


D(t) ~ Fit). 
More precisely, 


(1a) Di) = CF), 


where C is the appropriate compliance constant. In the development of Hooke’s 
law three generalizations have been made. 

Firstly, Eq. (la) may be generalized into a tensor equation relating the 
strain tensor to a stress tensor. We are thereby led to the conventional theory 
of elasticity. 

Secondly, Eq. (1a) may be generalized by relaxing the linearity condition. 
We are thereby led to the theory of non-linear elasticity. 

Thirdly, we may generalize Eq. (1a) by relaxing the simultaneity condition. 
Thus we may generalize (la) into 


(1b) D(t) = C'F(t) + [ae — t') F(t’) at’. 


This generalization leads to the theory of anelasticity, the subject of these 
lectures. 


A material which obeys (1b) rather than (1a) is said to be « anelastie ». 
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It behaves as if it had a memory. Such behavior is in fact merely a mani- 
festation of the existence of certain hidden parameters. As an example, sup- 
pose the relation between force and displacement is given by the following 
set of instantaneous equations with the hidden parameter P: 


D(t) = CF) + « P(t), 
(2) 
P(t) =— 1-1 P(t) —AF(t). 


The solution of this set of simultaneous equations leads to 


t 


(3) D(t) = CF(t) — aa Jew 


= les) 


Fit’) dt’. 


(—?)] , 
sas 


This solution contains no evidence of the hidden parameter P. This simpli- 
fication has however been purchased by the loss of simultaneity in the relation 
between force and displacement. Eq. (3) may finally be put into the form 
of Eq. (1b) by integration by parts. 


(4) D(t) = (C— ad) Fit) + - exp | 


We shall find that the memory function may in fact be interpreted in terms 
of hidden parameters. The discovery and the investigation of these hidden 
parameters is in fact the justification for the study of the field of anelasticity. 
The precise differential equations which govern the behavior of the hidden 
parameters vary from case to case. These differential equations determine, 
of course, the precise dependence of the memory function upon its argument 
t—t'. In this lecture we shall study those properties of a material which are 
dependent only upon the general characteristics of this function. 

Towards this end we shall introduce the normalized memory function 


Bt—T?), 
Ba a6)/ [060 ; 


having the property 


foo} 
. 


| Boras sik 


0 
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Thus in our above sample 
B(s) = 1-1 exp [— s/t] . 


We then rewrite Eq. (1b) as 
È 
(1e) DO) BOC) aC | Bu —v) F(t’) dt’. 


- DD 


As a reflection of the fact that the effect of a force applied at t= 0 for 
a short interval dt must gradually become smaller and smaller with time, the 
unit memory function must be a monotonically 
decreasing funetion of time. Such a time depen- 
dence is illustrated in Fig. 1. 

Now suppose that an F is suddenly applied 


and maintained constant at this value. The defor- 


mation thus suddenly jumps to the value CF. ©’ a 


is then the unrelaxed compliance constant. It will s 


hereafter be referred to as C,. After the instan- Fig. 1.—Time dependence of 
taneous rise to C,,F, the deformation will gradually the unit memory function. 
«creep » to the asymptotic value of (O'+ O")F. 

The quantity C’+ 0” is called the relaxed compliance constant, and will be 
given the notation C,. Thus Eq. (lc) may be written as 


(1d) DI) — CPW) + (Ce 6.) | BUC) PE) ae 


— 


The phenomenon of creep is illustrated in Fig. 2. 

A creep experiment provides us with a method not only of determining 
the two constants €, and €,, but also the precise form of the unit memory 
function B(t). Thus upon differentiating Eq. (1d) under the conditions of a 

creep experiment, we find 


Dt) = (C,— 0.) FBG). 


# 
(Oa I t 
ihe Now let us suppose that after the deforma- 


tion has attained its asymptotic value the 
| force is suddenly removed. The deformation 

then suddenly drops by the amount C,F, and 
Fig. 2. — Time dependence of thereafter gradually relaxes towards zero. Upon 
deformation in creep. taking the origin of time as the time the force 
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is removed, we obtain from Eq. (1d), 
D(t) =— (Gas C,,) FB(t) 


This «creep recovery » gives us a second experimental method of determining 
the remembrance function. From the experimental point of view this method 
is preferable in that it is easier to maintain the 
force constant at the value zero than at any finite 
value. Creep recovery is illustrated in Fig. 3. 

From the concept of creep, and of creep 
recovery, we arrive at the concept of hysteresis. 
Suppose we perform the following experiment, 


D(t) 


po 


(Ca- Cy | 
poni e 
si OE rapidly apply F, 

Fig. 3. — Creep recovery. Ue UK) Ue let F’ remain constant, 
i KO tes rapidly remove F. 


The D-F plot will then have the general form of Fig. 4. The area of the closed 
loop is just the work performed upon the system by external forces. From 
the second law of thermodynamics this work must 
be positive. The specimen cannot perform work 
upon the external world. The memory function 
G must therefore be positive. From inspection 
of Eq. (4) we therefore conclude that the product 
aA of the constants in Eq. (3) must be posi- 
tive. Likewise the constant C” in (5) must also be 


positive. Fig. 4. — Force-defor- 
The positive character of the memory function mation relation in me- 
may be regarded as a reflection of Chatelier’s chanical hysteresis. 


principle. Thus suppose we suddenly increase the 
displacement from 0 to a constant value D,. The force is then given by 
the equation 


t 


OSGVi=2D 1 GE2=F FO) de 3 1240) 


0 


The readjustment of the hidden parameters thus reduces F’, i.e. opposes 
the original force. 

Hysteresis is commonly measured under conditions of periodic variations 
in force. In order to analyze this situation, we rewrite Eq. (1d) as 


(co) 


(le) Doe (di) [ar ele 


0 
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Upon replacing F(t) by Fy cos ot, we obtain 


(1f) DUI C44 (€,-= C,) C(0)} Fy cos ot + (0, — Cy) S(w) Fy sin at, 


where Cl (0) and S(@) are the cosine and sine transforms of B(t), respectively. 
This solution is plotted in Fig. 5. The parallelogram gives D vs. F for 


F(t) DEGIE 


D= {Cy* Cw)(Cy- Cu) F 


Fig. 5. — Special cases of mechanical- 
hysteresis loops. 


the case where fF suddenly reverses bet- 
ween + F,, the time between each re- 
versal being sufficiently long as to obtain 
complete relaxation. The ellipse gives 
D vs. F for the. case where F varies 
sinusoidally with time. 

The area of a hysteresis loop is 
given by 


Area = yD F = 1(C, — C,) Mw). 


We are usually more interested in a 
dimensionless measure of the hysteresis, 
Such a dimensionless measure is provi- 
ded by tga, where « is the angle by 
which deformation lags behind the ap- 
plied force. In deference to electrical 
eingineers, we shall denote tga by Q-1. 


When Q-! is very small compared to unity, we have from (1f) 


OT = AgS(0) , 


where 


AG 


is known as the relaxation strength referred to the compliance constant. 
Under the conditions of small Q7 this quantity may likewise be interpreted as 


Area of hysteresis loop 


(5) Q> 


Under these same conditions, 


— 27 maximum strain energy ‘ 


Q*=7n* logarithmie decrement. 


In the literature Q-1(m) is referred to as the «internal friction ». 
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Simplified expressions may be obtained for Q7!(©) in the two extreme. 
cases 
OTKA1 and DETAIL 


where the relaxation time 7 is given by 


[co] 


(6) T = fismar. 
Thus, referring to Fig. 6 
Bt) co 
senwt (7) S(w) ~|/ ot B(t)dt = ot, WTK I 
0 
and 
ft > 
wt=7n/2 
: B(0 
: (8) S(@)=|[sintB(0)dt= — di) EAT 
Fig. 6. 0) 
0 
In addition, the following integral relation is obtained, 
) i sin wt 
jee aw =| [20 settle dtdo= [BO di, 
(62) (0) Li 
0 0 0 0 
and hence AI 
© 0° ww) {Area 4 
Iv / 3 si \ 
(9) [sta no = 3 hen \ 420 
i I osi 
These relations are represented in Fig. 7. Da Rot 
In the particular case that our hidden Fig. 7. — Frequency depen- 
parameter is governed by Eq. (2), dence of the internal friction.. 
(10) 0,—0,=«A, 
(11) B(t) = exp [—t/t]/t 
and 
C bs aiden 
(12) ea tein)? 
OT 


(13) ,; S(@) = PGE 
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2. — Thermal relaxation. 


The first hidden parameter we shall consider is temperature. The analysis 
of this parameter requires no new concepts, and its effects have been subjected 
to rigid experimental tests. 

If the changes in stress within a material occurred so slowly that the 
temperature remained constant throughout, Hooke’s law would prevail, and 
the isothermal compliance constant would be appropriate. On the other hand, 
if the changes in stress were so rapid that no appreciable heat flow took place, 
Hooke’s law would again be valid and the adiabatic compliance functions 
would be appropriate. In the general case changes in stress cannot be re- 
garded as taking place either isothermally or adiabatically, and the anelastic 
equation (1d) must be used. As in all anelastic materials, two quantities are 
‘of importance, the relaxation strength, and the remembrance funetion or one 
‘of its transforms. We shall first consider the relaxation strength. 

Let X, and X, be the isothermal and adiabatic compressibilities, respec- 
tively, corresponding to the relaxed and unrelaxed compliance constants of 
the previous chapter. We are to evaluate the relaxation strength 

A, = (Apr AIA 


x S iS 


‘Towards this end we write the set of equations 

dv = X,(- dP)+fdT, 

dS = B(—aP) + (C/T)AT, 
where dv and dS refer to an element having a unit volume under standard 
conditions. Here f is the volume thermal expansion coefficient, O is the 
thermal capacity per unit volume. The identity of the cross coefficients is 


insured by the fact that 


d(— oP + ST — «) = o(— dP) + SdT 


is a perfect differential. 
We thereby obtain 


27. — de TB2/C ’ 
‘and hence 


(1) A, = TB/CX,. 


o 
Or 
—_ 
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For a monatomic gas one deduces 


In order that we may obtain a physical feeling for the order of magnitude 
of A, for metals we shall write the above equation as 


A ae (BT a)(B/CX )(L/ Ln) . 


x 
Now all close packed metals have essentially the same value for the first factor, 
namely 
+ BIZ = 0.064 - 0.0%; 
The second dimensionless factor occurs frequently in physics. It is called 
Griineisen’s constant, and is given the symbol y. The physical interpretation 


of y is obtained by considering that thermal expansion is generated by an 
internal pressure arising from the thermal energy. According to this view, 


1 ov 


B= MEV ($P;n./3U)($U/$T). 


We therefore identify 
p = OPE 00) a 


Again, for close packed cubic metals, y clusters about a common value: 


Y _ 2.95 = 0.08 . 


(Ca is an exception.) 
For these metals we therefore obtain 


A, 018(T/Tn) . 


The coefficient is somewhat smaller for b.c.c. metals. 

The relaxation strength for thermal relaxation in uniaxial tension is ob- 
tained from Eq. (2.1) upon replacing f by the linear expansion coefficient «, 
and X, by the compliance constant for uniaxial tension. Now the bulk mo- 
dulus A and Young’s modulus Y are nearly identical, being precisely identical 
for a Poisson ratio of 3. We thereby obtain 


We next proceed to obtain the remembrance function for a particular case. 
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The case we shall choose is that of a reed vibrating transversely. It is more 
convenient in this case to regard the tensile strain e as the independent variable 
rather than the stress o. The governing equations for this system are 


o = Ye—AAT, 
(2) ATS DY AT, 

e = €0(£/4d) cos at. 
Here AT denotes the fluctuation in temperature from its mean value, D is 
the thermal diffusion coefficient, d is the thickness of the reed, and © is the 


angular frequency of vibration. 


In order [1] to evaluate Q-'(m) we introduce the normalized characteristic 
solution U,(X) of 


DV AT =r AT, 


grad, AT = 0 at surface. 


The boundary condition corresponds to a zero heat flux across the surface. 
We then expand 


Equation (2) then becomes 


O, = Ve, — AAT? 
AI =— TT! AT,— ur, 


€, = €,(t), known function. 
Using the definition for Q-1(m) given by 1.5, we obtain 
(3) Q'(0) = Ay » h8x(@) . 
k 
Here f, is a weighting function having the property 


Sipe, 
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or 
Or 
w 


Specifically 
J, = 960-*(2k 41), 
la 0.9865 fy = 0.012, je—= 0.00164 
Due to the very rapid convergence of the f’s, only a negligible error would 


be introduced by neglecting all weighting functions other than the first. One 
thereby obtains | 


3 OT 
4 j_1 E A dre 
(4) Q ARIE 
with 
50 yrs 
C— (he dD). = 
40-5 
è 
A careful experimental test of Eq. (4), 30 S 
È ° (SÌ 
or more accurately of Eq. (3), is given ea 
“| 


in Fig. 8 after BERRY [2]. The solid curve 
is the theoretical equation (3) with no 
adjustable parameters. 

The elastic anisotropy of the indivi- 
dual crystallites in a single specimen’ Fig. 8. — Frequency-dependence of 
gives rise to microscopic thermal cur- internal friction of four annealed 
rents between adjacent crystallites [3]. eae Ho na dra 4 n 
Again a straightforward calculation may damping f,. The curve is given by 
be made for the time of relaxation as @ theory with no arbitrary parameters. 
function of grain size G and thermal dif- After BERRY. 
fusion coefficient. Thus a spherical crystal- 
lite of radius a, subject to a constant temperature on the surface, has a 
thermal relaxation time given by 


=i) =10 ek =0:5) 0 05 1-0 15 


Ti OF GC? ie 


But the customarily measured grain size G is related to a by 


a 


Ga x f(ae— ue?) da / far == (23)ma%, 


0 


A maximum internal friction would therefore be obtained at a frequency 
p= 1 j2nt, 1.€., at 


PO Daag 1B Ss Seo « 
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The observed maximum is indeed found [3], within experimental error, to 
occur for just this value of the dimensionless parameter 1a?/D. 

Our physical insight as to the mechanics of damping through thermal 
flow may be furthered by a closer examination of our basic eq. (1.2). For 
this examination we shall regard the stress P and temperature fluctuation AT 
as the independent variables. Thus 


Se OO Ns 
AT = DV AT— 4s. 
We now note that the rate of change of entropy density, S, is given by 
SS DINI 


where k is the thermal conductivity, C the specific heat per unit volume. 
The second of the above equations may thus be rewritten as 


S = (04/Dé + (O/T)AT. 
Our fundamental set of equations is therefore 


See Cine VEE 
dS = (CA/T)o + (C/T)AT. 


From the requirement that 
dH = cade + T7388, 
be a perfect differential, we establish the identity of the cross coefficients, 
(CAPD) — 0 
Our fundamental equations thus assume the symmetrical form 
e= (00 + «AT, 
dS = do + (CjT}AT. 


Physicists are accustomed to two types of symmetrical relations. On the 
one hand, such relations occur between displacements _Y;, and the applied 
forces, f., 

AG == > Cisti» Cy = Ck 7 
3 
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providing no irreversible processes are occurring. On the other hand, such 
relations occur between fluxes J;, and the corresponding driving potentials g;, 


J; = > Ci5; 4 C;; — C;; 9 
. i 


provided the potentials are so normalized that 


S= Deal 
2 
Our set of equations belongs to neither of these two classes. Our ¢ corresponds. 
to a displacement rather than to a flux. However, the increment of 5S during 
a complete cycle is itself a measure of the irreversibility of our processes. 

Let us now look at the energetics of the dissipation of energy during one 
cycle of vibration. We shall consider the cycle as beginning at a time at 
which o=0, and as ending at the second time at which o returns to zero. 
The work SW done upon an element of volume $v is then 


di = dote = xbadt 


So 


The net heat enflux 3Q into the same element of volume is given by 


Sab tas ad P30 + oper, 


or 69 = —dSW+ CAT, where AT is the net change in 7 during cycle. Now 
in the system we have considered, the heat flux across the boundaries is zero. 
Hence the integral of 3Q over the entire specimen is precisely zero. Upon 
performing this integration we obtain 


net work performed = OAT dv. 


Further insight may be gained by examining directly the entropy increase 


x 30 
asd 


feta pres RAVAN Ls 


per cycle, 


Set 


Thus 
Asa Md P30. 
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Now under cyclic conditions 
Q—— AP 


and hence the total heat which has flowed into the element, AQ, is 90° out 
of phase with AT. We thereby obtain 
AS = (1/T%) NI ATI e 


0 


Now when 


y =>, AS + 0 because AT. > 0. 


max 


On the other hand, when 


v>c0, AS+0 because AQ +0. 


max 


3. — Interstitial atoms in body centered cubic lattices. 


The most widely studied type of relaxation is that associated with inter- 
stitial solute atoms in body centered cubic (b.c.c.) lattices. The physical 
origin of this relaxation may be readily interpreted. The interstitial sites in 
b.c.c. lattices have tetragonal symmetry. They are located at the centers of 
cube edges, or at the crystallographically equivalent positions at the centers 
of the cube faces. These sites are of three types, corresponding to the three 
principal axes to which the tetragonal axes may be parallel. In the absence 
of an externally applied stress, the three types of positions are energetically 
equivalent. The equilibrium distribution of atoms among the three types of 
positions is thus a random distribution. When, however, a tensile stress is 
applied along one axis, say the x axis, the interstitial sites associated with this 
axis now have a lower potential energy than the sites associated with the 
other two axes. The equilibrium distribution is then one in which more inter- 
stitial atoms are in the preferred sites than correspond to a random distribution. 
The unrelaxed modulus £, is observed under conditions in which the distri- 
bution does not have time to relax. The relaxed modulus EH, is observed under 
conditions in which the equilibrium distribution is maintained. 

One reason for the exhaustive studies of this type of relaxation is the 
wealth of useful metallurgical information which such studies can give. Thus 
the relaxation strength A, is proportional to that concentration of foreign 
atoms which are in solid solution, in contrast to the concentration of foreign 
atoms which are in some sort of precipitate. Through an appropriate study 
of A, one may thus derive useful metallurgical information in regard to the 
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saturation concentration as a function of temperature, the mechanics of pre- 
cipitation, ete. Again, the relaxation time 7 for the establishment of equi- 
librram is essentially the mean time 7 a foreign atom resides in a given inter- 
stitial site before jumping into an adjacent site. A study of the variation 
of t with temperature thus leads directly to the temperature dependence of 
the diffusion coefficient. 

A second reason for the exhaustive studies of this type of relaxation is 
that the very simplicity of the relaxation, combined with the ease of re- 
producing identical specimens, renders such experiments a convenient method 
of comparing with experiments the results of detailed theoretical deductions. 

Particularly precise experimental work has been made on interstitial dif- 
fusion in b.c.c. lattices. Whereas essentially precise agreement has been ob- 
tained with theory, this theory was in fact based upon assumptions which 
have not heretofore been justified. In this chapter the theory for interstitial 
diffusion is examined once again, and it is found possible to-base this theory 
upon firmer foundations. 

Our first task will be to see if the relaxation of the distribution function 
is governed by a single relaxation time. Towards this end we denote by M,, 
M, and M, the number per cm? of interstitial atoms in sites of type 1, 2 and 3, 
respectively. We denote by è.M,, 5M,, 3M, the deviation of M,, M,, M, 
from values corresponding to a random distribution. Now every site of type 1 
has two nearest neighbors of type 2 and two nearest neighbors of type 3. 
Corresponding relations hold for the other two types. If 7 denotes the mean 
time an interstitial atom remains in a particular site before jumping, then 


TOM, = SM, aa (3)($.M, lo 5 Ms) ’ 
with corresponding relations for 5M, and 56M;. We now set 
OM A exp |— t/t] 


and solve the secular equation for t. One root is oo, and the corresponding 
solution for (A,, A», 43) is the trivial solution (0, 0,0). The other two roots 
of t are identical, and have the value 


(1) t= (BF. 


Now t may be determied from anelastic measurements. The mean time of 
stay 7 is then deducible from (1). 

We next determine [4] the diffusion coefficient from the interstitial atoms 
in terms of 7. We consider diffusion occurring along the «x axis, and number 
consecutive planes j, j+1,.... If N,(t) denotes the number of interstitial 
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atoms on plane j at time t, we find by crystallographic inspection 


N;(t +t) = {NW + Mul} +80). 


Nyt +7) — N,(t) = 44 Nj) — 2050 + Ma}, 


or, upon dividing by T, and recognizing that the distance between planes is 
half a lattice constant, 


ON oN 
E | peu 
ot da?” 
where 
(2) De == AP 247)\ 


Here A is the lattice constant. We thereby obtain D in terms of the experi- 
mental time of relaxation 


(2a) D = A?/(36t) . 


Our next task will be the theoretical calculation of the mean time of stay 7. 
In this calculation we shall assume that the mass of the interstitial atoms is 
sufficiently large that quantum effects may be neglected. Now 


(3) 1/z =4r, 


where r is the initial rate at which an interstitial atom escapes into a par- 
ticular neighboring site. This rate is given by 


i MA LE 


where Pdx is the probability that the diffusing atoms be on the appropriate 
saddle position within the element of distance 57, and V is the mean forward 
velocity of the atoms in this element of distance. We have taken x as the 
co-ordinate joining the two interstitial sites, and s as the saddle position. 

In a previous discussion of this problem, the author assumed without dis- 
cussion that P, could be represented by the Boltzmann distribution. This 
assumption leads to the equation 


(4) r= exp AGIO 


si RR PR ry , WI 
Keak eh h te un 
e 
a ac . \ 
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where v is the frequency of vibration of the interstitial atom in its equilibrium 
position, and where the work function AG is defined as follows. We consider 
the interstitial atom to be confined to a vibration in a plane normal to the 
v axis. The AG is the work we perform in adiabatically moving the confining 
plane from a position passing through the equilibrium position to a position 
passing through the saddle point. Since 


AG = AH TAS 


(5) 
r =v exp [AS/k] exp [— AH/kT]. 
Since 
d(AG/T) 
aaa 


irrespective as to whether AH is a function of 7, the quantity AH , in eq. (5) 


~ 


is the heat of activation for diffusion. Upon combining (2)-(5) we obtain 


(6) D = Dy exp[— AHJET], 


De ares y exp Asse”. 


Since D, can be measured with considerable accuracy, it is worthwhile to 
estimate its value. The frequency v may be estimated on the assumption 
that the work function G is a sinusoidal function of x. The entropy AS may 
be estimated on the assumption that the work AG goes primarily into straining 
the lattice, and that the temperature dependence of this work comes from 
the temperature dependence of the elastic 
modulus. Now D has been measured [5] QI, 
for carbon in iron over 14 cycles of ten as. gel 
illustrated in Fig. 9, resulting in a very 
accurate measurement of D,. The D, ob- 
tained from. the above assumption is in 
complete agreement [4] with that obtained 
experimentally. 

In spite of the success of the above theo- 
retical treatment for D, we must worry 
about the basic assumption leading to our 

AN, E NO RATE Sr 
expression for D,, namely that the proba- 52 38 34 30 26 22 18 14 10 06 
bility function P, may be represented by an rig. 9. - Diffusion coefficient of 
equilibrium Boltzmann function. One may carbon in «iron. (After WER®T [5]). 


560 C. ZENER 


in fact reason against this assumption as follows. Just before our diffusing 
atom had sufficient energy to arrive at the saddle position, it had a some- 
what lower energy H,. Since every atom arriving at the saddle point 
passes out of the initial interstitial site, the distribution of atoms having 
the energy £, below the Boltzmann distribution will in turn result in a 
lowering of P, below the Boltzmann value. 

Reference to Fig. 10 will help clarify the above dilemma. A highly excited 
interstitial atom will have an accommodation coefficient x such that after 
each half cycle of vibration 
its energy is, on the average, 
equal to its original energy 
times « A highly excited 
atom with energy £, will 
have a very great probability 
of losing an appreciable 
fraction of its energy during 
the next half cycle. It will 
A 9 have only a very slight prob- 
ability of absorbing energy 
from the lattice, and the- 
reby arriving at the saddle 
point. The slight drain of the population of the energy state £, via the 
saddle point will thus have only a negligible effect upon the population 
of the state H,. 


a 
> 


Fig. 10. 


4. — Grain boundary relaxation. 


Acting upon a suspicion that the grain boundaries of polycrystalline metals 
behave in a viscous-like manner, the author [6] estimated in 1941 the influence 
of shear stress relaxation across these boundaries upon the observed Young’s 
modulus. Subsequent experiments on anelasticity of metals have verified the 
essential correctness of this assumption of viscous-like behavior of grain bound- 
aries at least in those cases where the grain boundaries are free of slip inhib- 
iting precipitate particles. In recent years this viscous slip across grain 
boundaries has been recognized as of particular practical importance at ele- 
vated temperatures in giving rise to stress concentrations at the junction of 
three grains, and thereby initiating fracture. 

In order to render a polycrystalline system amenable to calculation, the 
author considered a typical grain to have a spherical shape. Even with this 
simplification the calculations were very lengthy. Now the existence of an 
Airy stress function for two dimensional systems greatly simplifies our problem 
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when we pass from a three to a two dimensional model of a polycrystalline 
aggregate. Because of the current use which is frequently made of the concept 
of viscous-like behavior of grain boundaries, it is believed appropriate to present 
the simplified calculation for the two dimensional model. 

We consider a two dimensional polycrystalline aggregate subjected to an 
applied shear stress 2. The strain energy dnesity €, and the shear modulus G, 
are related to one another through the relation 


(REI 


We now consider in detail two extreme cases. In the first case no shear stress 
relaxation takes place across the grain boundaries. Stress and strain are then 
uniform throughout the entire specimen, and consequently the energy density 
is uniform even on a micro-scale. The observed shear modulus is then iden- 
tical with the shear modulus of the individual grain, and will be denoted 
by G,. The second extreme case we shall consider is that in which complete 
shear stress relaxation has taken place across the grain boundaries. The stress 
system, and hence the strain energy density, will be highly inhomogeneous 
throughout the individual grains. It is the purpose of this section to calculate 
the average strain energy density in this case, and then to evaluate the re- 
Jaxed shear modulus G, through the relation 


A typical grain will have the shape of a hexagon. In order to simplify 
calculations, we will replace this shape by a circle. The stress system we 
shall attempt to find is then that in which 


BO 
X,=Y,=0, 


Gn = ON aly A, 


where A is the radius of the grain under consideration. We start our search 
by assuming an Airy stress function corresponding to our unrelaxed stress 
system: 


Y= — yey = — (y/2)r? sin 20 . 


Upon utilizing the relation 


No ab) 
Oy? . 074 È OP. 
XG La Y=“, Ay = — a ’ 
Oy? On dx OY 
—~ 9 lo 
Oy a WES y71 
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we see that y, satisfies the first two conditions but not the third. In fact 
Or = y cos 20. 

We now add to y, an Airy function x, which just cancels the above Or, at the 

same time satisfying the condition that X, and Y, be zero. Such an Airy 

function is 


2 = (y/3A?)(ay + xy*) = (y/6A?)r* sin 20. 


Now yx, gives a shear stress Y, whose average is — y/2. The Airy function 
which satisfies all our conditions is thus 


9 ae 2(%1+ Y2) . 


A straightforward calculation now gives the average strain energy density 
of the grain as 


€ = (y*/2){(8/27)K-' + (14/9)G,'} = (y*/2)@ 


From the relation 


3(1 — 20) , 1 


Rab awe. meta U 
9(1 7426) i 


where o is Poisson’s ratio, we obtain 


As o ranges over the physically permissible range from 0 to 0.5, the ratio 
G,/G, changes from 0.5 to 0. 644. In particular, for the typical case of o = 4, 


(A EEN e =n: 


The experimental values of this ratio are given in the following table. 


Metal G,/G, References 
Al 0.66 [7] 
Fe 0.70 [8] 
Brass 0.70 [9] 
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5 A relaxation closely re- 
e °° lated to grain boundary 
Sa relaxation, but not yet com- 
S 20 R 
= 1 rete pletely understood, occurs 
2 15 99.991" 4/ A 
>* 95% RA in cold worked metals [10]. 

Na 250°C Anneal for 2 Hours As illustrated in Fig. 11 


~ and 12 when a cold worked 

0 2000 4000 6000 8000 10000 12000 0 20 40 60 È ; , 
Time in s (at 200°C) Time in h Specimen is annealed just 
Fig. 11. — Creep and creep recovery in cold-worked below the recrystallization 
aluminum presented on a linear scale. (After Ki [5]). temperature, very large an- 
elastic effects are manifested. 
Relaxed moduli, only one ninth of the unrelaxed moduli were found. More 
recent experiments [11] from Crussard’s laboratory confirm these results, 
and demonstrate that the 
observed relaxation is indeed 
associated with a polygo- 016 


0.18 


nized structure. = 99.991 A/ 
eS ee 95% RA 

012 § 

Ss 
5. — Electron relaxation. o10— È aig 

; 0.08 £ Annealing 
An elastic strain changes È 
os > 


the equilibrium distribution 
of electrons in k space. The 004 
attainment of equilibrium 0.02 
will be governed by a relax- 
ation time, t,. The equilib- 
rium distribution may be Fig. 12. — Influence of temperature of measurement 
and temperature of anneal upon internal friction 
of previously cold-worked aluminum. (After Kf[3]). 


pa PT) 
0 50 100 750 200 250 390 \350 400 450 


changed in several ways, 
each way having a charac- 
teristic t,. If the angular 
frequency of vibration © is such that 7,0<1, the equilibrium distribution 
will be essentially maintained. In the other extreme case of 7,@©>1, no 
essential changes in the distribution will take place. Irreversible effects 
will be largest in the intermediate range T,@~ 1. 

The first type of relaxation we shall consider is that associated with the 
distortion of the Fermi surface by strain. Thus a tensile strain would change 
a spherical surface into an ellipse. The first question to be answered is under 
what conditions can we obtain t,@~1. Under conditions usually encoun- 
tered, 7, is orders of magnitude smaller than the period of oscillation. Now 
the product t,@ can be raised both by going to lower temperatures, and thereby 
increasing t,, and by going to higher frequencies. Both methods raise the 
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ratio l,,/A, where l,, is the mean free path of the electrons with respect to mo- 
mentum transfer, 2 is the wave length of the elastic wave. In order for 
relaxation to occur, it is necessary that this ratio be less than unity. We must 
thus satisfy the two conditions: 


(1) To ls 


(2) Zi 


Upon dividing the second condition by the first, we obtain the condition 


to CO 

(3) di <K dI nia 

where v is the mean velocity of the electron, O is the velocity of sound. 
If we have only a single Fermi surface, 


AE) 
and (3) becomes 
(4) 2nC lo 1 . 
Now for electrons 


v = 60-10% E° cm/s , 
where H is the electron energy in electronvolts, while for sound waves 
C220 620° cm SE 


In metals the condition (4) is not satisfied, and hence conditions (1) and (2) 
cannot be satisfied simultaneously. 

Now in semi-conductors the velocity of the electrons may be reduced simply 
by going to lower temperatures. Upon taking the case of Si, where © is 
~ 1.0-10° cm/s, condition (4) becomes 


SEIN Ae 


We shall now investigate the relaxation strength to be associated with such 
relaxation. A free electron gas with a spherical energy surface has a zero 
shear modulus. Any elastic distortion which leaves the volume unchanged 
leaves the kinetic energy of the electron unchanged. This would not be true, 
however, if the quantum numbers of the electrons were to remain unchanged. 
Thus the change in the kinetic energy per unit volume (K.E.) of the electrons 
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associated with a shear in P space of the type 


ITALO 
P,=P, 
Pie 


A K.E. = 4(2K.E.)y?. 


Tf the electrons did not relax to new quantum numbers, their contribution to 
the shear modulus would thus be (3) K.E.. The shear relaxation strength would 
thus be 


Tye Ra 
. G 


As an estimate of the value of A, for a typical metal, we shall consider the 
case of silver. Here the pertinent physical parameters are 


Kee =o 1-102 ere cme 5 
Cy 4 1 02ers ems 


4 (C1, — Cio) = 1.5-101! erg/em?. 


The unrelaxed shear modulus 4$(0,,— 0) would therefore be more than twice 
as great as the relaxed value. We now pass from a metal to a semiconductor 
at, say, 100 °K. In order to estimate the relaxation strength under such con- 
ditions, we note that the concentration of charge carriers must be below the 
value at which the electron gas begins to become degenerate. We thereby obtain. 


n~ Ti 


and hence 


7 


AK.E.~ nT ~ T?. 


Now the degeneracy temperature for silver is 60000 °K. If we therefore re- 
duced the temperature to 100 °K, and also reduced the concentration of elec- 
trons so the electron gas would no longer be degenerate, A, in silver would 
be reduced by a factor of 10’. Such relaxation strengths are too small to be 
measured by present techniques. We therefore conclude that it would not 
be profitable to search experimentally for relaxation associated with the dis- 


tortion of single Fermi surfaces. 
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We now consider the case where the Fermi surface is not singly connected, 
as in the Fig. 13 below. Such a case is of particular importance to us since 
now T,, and t, need no longer be comparable. In fact 
it is possible that 


Tp << Uno 3 


Thus let K be the closest distance in K space 
between the two surfaces. Then in order for an 
electron interchange to take place via a phonon Fig. 13. — A non-singly 
interaction, the interacting phonon must have a connected Fermi sur- 
frequency v of at least s-K, where s is the velocity face. 
of sound. At low temperatures this interaction will 
become very small, in fact 

hy 
Tg eXp bal : 

The second type of electron relaxation we shall consider is that associated 
with changes in the equilibrium number of holes and electrons induced by 
strain dilation. 

The t associated with such a relaxation is essentially the lifetime of mi- 
nority carriers, and ranges from micro to milliseconds, depending on the purity 
of the specimens. There should therefore be no difficulty, through proper 
preparation of the specimen, in passing from the essentially unrelaxed vibra- 
tions at wt >1 through ©Tt=1 to essentially relaxed vibrations at @T< 1. 

We shall next investigate the order of magnitude of the strength of such 
relaxations. Towards this end we start with a unit volume having the equi- 
librium number of holes and electrons. We next include the dilation 0 by 
means of an externally applied stress, the number of electrons and holes being 
kept constant. We finally allow the number of holes and electrons to relax 
to their new equilibrium values, and estimate the change in dilation 0 asso- 
ciated with this relaxation. The final quantity for which we wish an estimate 
is the ratio 


If we denote by dn the number of electrons per unit volume transferred 
from the valence to the conduction band during the relaxation, and 3P the 
difference between the internal pressure exerted by one electron in the con- 
duction and valence bands, then 


30 = 8ndP/K , 
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where K is the bulk modulus. Now an estimate of dP is 
SP = OL, | 00, 
while 
dn = (0n/0E,)(0E,/00) . 
Hence 


Ax = (0n/0E,)(0E,/00)*/K . 
For an intrinsic semiconductor 
n= 2(2//,)? exp[— E,/2kT], 
where 4, is the wave length given by 
An = h/VmET . 
We thus obtain 


CR E, |\ | én E, |? 
Ax fi “i ESSI DO | 


The last factor is of the order of magnitude of unity. The middle factor has 
a maximum value which is also of the order of magnitude of unity, namely 
4exp[— 2], or 0.54. We are therefore primarily concerned with the first 


factor. 

Without further calculation we can conclude that tlre first factor is extre- 
mely small. Thus k7 is very small compared to KQ, where 2 is an atomic 
volume, and Z} is many orders of magnitude greater than 2. Specifically, 
at room temperature 


heirs ae 10=teere”, 
K =1.0-10” erg/cm?, 


To AU cm, 


Z 


giving for the first factor the value of 1.3-10-5. We thus conclude that the 
relaxation in semiconductors associated with dilation induced changes in 
electron and hole concentrations has a strength too small to be measured by 


present techniques. 
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Dislocations in Ionic Crystals. 


S. AMELINCKX 
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1. — Introduction. 


In this paper we will discuss the geometry of dislocations in ionic crystals 
and we intend to demonstrate how observation has confirmed many details 
predicted by theory. A short review of recent work will be presented, although 
no attempt is made to give a complete account. 

The simple ionic crystals are well suited not only for the study of dislo- 
cations in these compounds, but also to be used for a « Model Versuch » con- 
cerning dislocations in metals. In the alkali halides for instance the con- 
figuration of Burgers vectors is the same as in the face centered metals, and 
their dislocation geometry should as a consequence not be too different. The 
major reason for their choice as a material lies in their obvious advantages 
as compared to metals: they are transparent to visible light so that one can 
look into them, and it is easy to prepare uncontaminated surfaces by cleavage, 
which allow the easy application of etching techniques. 

The silver halides have been the first to be studied making use of their 
unique photosensitive properties [1]. The alkali halides were, however, most 
intensely studied [2-6] because they are easily available as monocrystals. Re- 
cently calcium fluoride has proved also to be a suitable material for this kind 


of study [7-9]. 


29. — Dislocations in the simple ionic structure. 


91. The NaCl structure. — Macroscopic deformation tests lead to the glide 
elements (110), [110]; which is in accordance with the fact that stable dis- 
locations have Burgers vectors which connect neighbouring ions of the same 


sign (a/2)[110]. 
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There is some reference in the older literature to other glide planes, (100) 
and (111), which would operate in special circumstances. Recently GILMAN 
and JOHNSTON [6] have found in special cases limited dislocation movement 
in (100) planes in LiF. The geometry of glide elements in the NaCl structure 
has a striking peculiarity; it is practically impossible to operate by deformation 
less than two glide systems simultaneously. 

For the silver halides, pencil glide is very often found. In NaCl there is 

evidence for prismatic 


gets VEEL glide in the [110] di- 
rection, at high tem- 


perature. 

There is some in- 
dication (see Sect. 61.2) 
that a[100] disloca- 
tions are alsostable and 
} can be generated by the 

Ct Oor / reaction (a/2)[110] + 


+ (a/2)[110] > a[100]. 


Hf; Ys yp LS ) ; A 
J SS SA Yo \* (2) Stored We present here a 
4 © es schematic view (Fig. 1) 


Fig. 1. — Edge dislocation with (110) glide plane and of the pure edge dislo- 
(a/2) [110] Burgers vector in the NaCl structure. cation with (a/2)[110] 
Burgers vector and 

(110) slip plane and of the pure screw dislocation with the same Burgers 
vector in the sodium chloride structure (Fig. 2). For the edge dislocation we 
represent only one plane; the ions in the second plane have exactly the same 
positions, but opposite sign; the third plane is again the same as the 
first, etc. It is clear that the 
edge dislocation can be thought 
of as made by introducing 
two supplementary half planes 
of the (110) type, whilst the 
screw dislocation consists of 
two interleaved helicoidal sur- 
faces. The two half planes are E Z 


Z = a UO] yi iy 
necessary to maintain charge Cy) = 


balance. For the same reason © a EI 
©. Ee 


[170] 


UE 


AE < 


[110] 


-© 


Y yy) 


Z 


IW 


the half planes are adjacent; 
the dislocation is not extended —_ | 291 “pp & 
like in the f.c.c. metals; the Ne D = ui 

energy of a twin interface 


> oO a i si Sarl DI . . . 
being probably much too high. Fig. 2. — Serew dislocation in the NaCl structure. 


“eo e 


Fig. 3. — Edge dis- 
location in the CaF, 
structure. The glide 
plane is (001) and 


th 
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Detailed calculations, to determine the configuration of ions in the dis- 
location core and the energy of dislocations in the NaCl structure, have been 
made by HUNTINGTON, DICKEY and THOMSON [10]. They find the results 
summarized in the following Table I. 


TABLE I. — Elastic energies at 80 °K and 1000 °K of dislocations in (110) slip plane as 
a function of the angle 0 between the normal to the line and the Burgers vector (a/2) [110] 
(9=0: edge; 9=90°: screw). 


Eso = (0.454 + 0.061 cos 20) In (R/ro) | 
Ecco = (0.214 + 0.032 cos Ba 1 (R/to) | 


ro: Inner cut-off radius (size of the core of the dislocation). 


| 
| 
| 
R: Outer cut-offradius (or the distance between dislocations). 
| Units are eV/atomic distance. 


It turns out that the screw dislocation has the smallest energy. 

The same authors have also tried to derive on theoretical basis whether 
the a[{100] dislocation would be stable. They find, taking into account the 
elastic energy only, that a @[100] edge dislocation will not be stable with 
respect to dissociation into two mixed (45°) a[110] dislocations. On the other 
hand the a[100] screw dislocation would be stable. This seems to be confirmed 
by our observations (see further Sect. 6'1.2). 


22. The CaF, structure. - Much less work has been done about the dis- 
locations in this kind of structure. The stable dislocations have Burgers 
vectors (a/2)[110], and in the same circumstances as in the NaCl structure 
the a [100] will presumably be stable also. The glide plane reported in the 
literature [11] is (001). A schematic view of the edge dislocation with a (001) 
glide plane and Burgers vector (a/2)[110] is shown in Fig. 3; it contains again 
two supplementary half planes. 


[110] 
@ 
Ca 
@” 
el 
F 
N 


e Burgers vector 
is (a/2) [110]. 
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23. The CsCl structure. — In this structure the configuration of Burgers 
vectors is the same as in the primitive lattice; the smallest Burgers vectors 
are a[100] and connect again the nearest ions of the same kind. The stability 
of 4[110] and a[111] is doubtful although it is to be expected for reasons of 
analogy with NaCl that a[110] should occasionally form. The glide planes 


Fig. 4. — Edge dislocation in the CsBr structure. The Burgers vector is a[100], the 
glide plane (110). 


in this structure appear to be (011). A schematic representation of the edge 
dislocation in the CsCl structure, having a (100) as a Burgers vector and (011) 
as a glide plane is given in Fig. 4. Pencil glide is possible in this structure, as 
two different glide planes pass throught the glide vector. 


3. — Specific properties of dislocations in ionic crystals. 


3'1. Effective charges. — In ionic crystals charges are associated with jogs 
and other discontinuities in dislocations. Sertz and Morr [12] have inde- 
pendently shown that an effective charge of e/2 is associated with a jog. This 
«can be demonstrated quite simply by considering a situation as shown in Fig. 5 
which refers to the edge of a dislocation in the 
NaCl structure. It is clear that there is one 
negative charge in excess; from symmetry it is 


Fig. 5. — Edge of supplementary half planes of the edge 
dislocation of Fig. 1. Note the incipient vacancies sur- 
rounded by squares; they have an effective negative charge. 
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clear that this is equally distributed between the two endpoints of the row, 
i.e. between the two jogs. It is immediately clear that the addition of one 
positive ion to the row displaces the jog sideways and inverts the sign of the 
effective charge at the jog. This 
again shows that the effective 
charge is + e/2. Similar jogs can 


be considered in the other ionic r 2} 4 yh vr 
structures; Fig. 6 shows the si- = 
er ice E ep raat sal nîo] fae \ Fan 
pu auon, in the CsCl structure (*). [001] MEVPNE\ELE 
According to SETz [12] this [mo 
effe ati 7a G Pore 7 POS i n 
ciiniefclargozis rospongibletfor Fig. 6. — Edge of the supplementary half 


speck formation during the print 
out process in the Ag-halides. 
The same concept was also used to explain the coagulation of F-centers into 
colloids along dislocations in additively coloured NaCl crystals [2, 3]. 
SEEGER [13] has pointed out that the jogs, referred to above, are different from 
the ones formed by the intersection of screw dislocations; the latter kind of 
jog contains two rows of ions and has no effective charge. An activation energy 
of the order of 0.2 eV is necessary to dissociate this jog into two charged jogs. 

Jogs are the preferred sites where point defects are created or annihilated, 
SEITZ calls them «incipient vacancies ». Incipient vacancies are shown in 
Fig. 5 by means of the squares. 

Effective charges can be associated to other discontinuities in dislocation 
lines. Experimental evidence presented by KANZAKI [14] suggests that the 


planes of the edge dislocation of Fig. 4. 


Fig. 7. — To illustrate the effective charges associated with the emergence points in 
the (001) plane of edge dislocations in the sodium chloride structure. 


(*) It is clear that again an effective charge is associated with the jogs. 


37 - Supplemento al Nuovo Cimento. 
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emergence points of edge dislocations in the (100) plane but not in the (110) 
plane of the NaCl structure are effectively charged. This can be demonstrated 
intuitively by means of Fig. 7 and Fig. 8. The first shows the two kinds of 


emergence points in a (001) plane, one positively and one negatively charged. 


suggests that the site 


The conservative motion of the 
dislocation does not change the 
effective charge at the emer- 
gence point. On the other hand 
the addition of one row of ions, 
by climb e.g., inverts the sign 
of the effective charge, which 
above 
the emergence point has an ef- 
fective charge of about e/2. On 
the other hand, the emergence 
point in (110) (see Fig. 8) does 


not present any singularity for 
the charges. 

According to KANZAKI also 
node points of the dislocation 
network should have an effec- 
tive charge. 


Fig. 8. — To illustrate the emergence point in 
the (110) plane of an edge dislocation in the 
sodium chloride structure. 


3°2. Dislocations and ionic conductivity. — GUYLAI and HARTLY [16] have 
found a sudden increase, by a factor of the order of 100, in the conductivity 
of NaCl crystals after deformation at 39°. The increased conductivity decays 
in about 20 min at room temperature. New pulses can be produced by further 
plastic flow. The explanation advanced by SEITZ [17] considers the rise in 
conductivity as being due to an increase in the number of carriers for ionic 
conductivity. These carriers, vacancies of both signs, would be produced by 
the intersection of dislocations. Although the vacancies are initially produced 
in pairs, they would disperse as a consequence of the local increase in tem- 
perature as the dislocation passes. The positive ion vacancies should have 
sufficient mobility at room temperature to drift afterwards to negative ion 
vacancies and form neutral pairs, which no longer contribute to the con- 
duction process. This would explain the rather slow decay. 

JOHNSTON [18] has found in AgBr a permanent increase in ionic conductivity, 
after plastic deformation. The increase varies linearly with strain (for small 
strains). The anisotropy of the effect indicates that it is greater parallel to 
the slip plane than perpendicular to it. The activation energy for conduction 
in the disordered region is less than 4600 cal/mol compared to 18450 cal/mole 
for the intrinsic conductivity. The regions of disorder are assimilated with 
piled up groups of dislocations. 
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4. — Dislocation nets in the simple ionic structure. 


We will now derive what one has to expect for the geometry of dislocation 
nets in these structures [19, 20]. Experiment has shown that one and two 
dislocation boundaries form the major part of the networks. Dislocations of 
a third kind can generally be treated as singularities in two dislocation nets. 


41. One dislocation boundaries. — If only one kind of dislocations is present 
in a boundary, Frank’s formula [21] shows that the plane of the boundary 
is perpendicular to the Burgers vector. If the dislocations are confined to 
their glide planes the rotation axis is uniquely determined also; it is the line 
of intersection of the glide plane and the boundary plane. If climb can occur 
the rotation axis can have any orientation, provided, it is in the boundary 
plane. Table II gives the characteristics of one dislocation boundaries in the 
simple ionic structures. 


DAsBrE LT: 
perce ti Burgers Gide Boundary | popes axis gli of ne 
TA | vector |. plane plane | climb | glide | 
NaCl | (a/2)[110] | (110) (110) | [www] | [001] | 
CaF, | (a/2) [110] (001) (110) [uw | | [110] | 
CsCl | ai 100 N INNO (100) [Ovw | | [011] 


42. Two dislocation boundaries. — We call the Burgers vectors of the two 
sets of dislocations b, and b,, and the unit vectors perpendicular to the glide 
planes a, and a,, w is the rotation vector and v the unit normal on the contact 
plane. One has to distinguish two cases. 


42.1. The dislocation lines are all parallel. — Using Frank’s for- 
mula one can show that w is parallel to the direction of the lines and that v 
is parallel to w <(b, xb,), i.e. the boundary plane is the plane determined by 
w and b,xb,. If dislocations have to be confined to their glide planes, w 
has the direction of a, xa, and the direction of the unit normal on the 
boundary plane is then given by (a, <a) x (b, x b,). 

The boundaries are pure tilt. boundaries. For the particular structures 
considered here one obtains as possible boundaries the tilt boundaries in 
Table III. 


42.2. The dislocation lines are not parallel. — It can be shown 
that the rotation vector w is unambiguously determined: it is parallel to 
b, x b,; the boundary plane has a certain degree of freedom, it is only subject 


AMELINCKX 


8. 


| [d+4% 2 2] (0772) 
[ott] ‘Tott] gsta9g omd | [100] [100] Cad Rasy poxnu È [100] 
| | ur | laa) [ort] =*4 ‘[100] =%» 
low] | 94 Lory] [04] [man] | (0=2+ ny) 419 Lory] [man] | fort] ='@ ‘[100] = 
| | | (4) "ato 
— | = — = [tar] Ta11]| 98149 omd [111] [TIT] | osvo peroedg 
Ly ‘(4+%) — ‘al OFAI+4+4 
fort) Tit poxtul [tto] di RE A poxtul [4] CLord | 
OO Oo lia [ror] =*¢ ‘[totrl—= 
[TIT] aLe) SESNELO] ager «| [man] | WH [24] [man] | [ott] ="a ‘[ortl="v 
[ott] ‘Lort] | 9gst43 omd | [100] [100] | [ott] ‘Lort] sug and | [100] [100] | esvo qewods 
[y+ 2% (041) lyty 4 ‘2 (0770) 
{aaa 2 | ma | DOSI (ul | [100] 
ie poxtui [242] [100] | ARA | [ott] =*@ [ori] ="v 
[100] | WI | Coy] [1001 | [man] (0=@4+ NY) 44 Lory] [man] | [ort] =‘'@ ‘lol1] =" 
| | | | (x) TORN 
PARERI ody, A o | POT fo od Ay, A nm | 
UO01ZOIIT(] | UO1Z99IT(] SUOT}BOO|SIP JO 
ar "ta “DA a ; S}UNUIET® OPIT) 
opis omg pomogge quit]. 


“savuwpunog UOYMIOSUT Om], — TI aTAV 


CRYSTALS 


DISLOCATIONS IN IONIC 


‘p syium Ul SI1B S10490A SIOBINE (1) 
*Z/p sqrun ur age s10999A SIOSING (+) 


(Arepunoqg | (opi]ò [toued) | 
UOTZBOOISTP QUO | [oor]= "4 [tto] =" | 
| ATOATPOIIJO ST | | 
[110] ‘[T1o] Wu | [ooT] [mao] [mao] Arepunog) 311) Loot] [mao] | Loot] ="9 ‘[110] =" 
| | 
— "i = =" Loto] ‘[oot] qsta cond [100] [100] | aseo yeroodg 
| | 
(071) | 
foro] ‘Loot], = astAg [100] [100] [yor] “T20] poxtut [244] [100] 
| [oto] ="9 [tor] ="v 
| 0 = y+ ny | 
ICE N wy [OLE T ELLIS [man] WH [044] [man] | [oortJ="9 ‘Lito] =" 
| (+) TOSO 
| ani zati] qsImg omd [ttt] fan] aseo qemwadg 
| | | Cy (44) —- “y] —OFAI+Y+Y | 
[oto] [100] poxru LOOT hit) Ee ok ave poxtur [244] am 
| [tot] =*@ î[oto] ="v 
o=%+a4+m{ | 0=1+9+4 x * USE 
[001] 4 [To] LOOT] [man] | HI | Ly] | [aan] [ott] ="2 ‘[100] ='» 


578 S. AMELINCKX 


to the condition v*(b, x b.) 40. The dislocation lines with Burgers vector b, 
and b, have respectively the direction b, xv and b, xv. In the planes for 
which vx%(b, xb,) = 0 the boundaries are pure twist boundaries; in the general 
case the boundaries have mixed character. 

Tf dislocations are confined to their glide planes v has to be parallel to 
(a, Xx ba) x (a, x bi). 

Table III summarizes the characteristics of the boundaries of this type 
for the specific structures here considered. 


43. Stability considerations. — The simple geometrical models just derived 
do not necessarily represent stable configurations. We will now discuss the 
actual shape, towards which the described configurations will evolve. 

Consider first the nets with a [111] rotation axis in the NaCl structure. 
The geometrical model in the simplest case of a (111) boundary plane is a 
lozenge shaped net as shown in Fig. 9(a) in dotted line; this is however not 
stable. The elastic energy associated with the net can be decreased by the 
formation of additional segments of dislocation according to the reaction 
(a/2)[110] + (a/2)[101] — (a/2)[011], in the way shown in Fig. 9(a) by means 
of full lines, This process 
not only reduces the total 
length of dislocation line 
by a factor V3/2 but also 
brings all the dislocations 
involved into the pure screw 
orientation, which has the 
smallest energy per unit 
length [10]. If the contact 
Fig. 9. — a) Formation of the hexagonal network in plane is not (111) it is easy 


a (111) plane. 6) Shape of meshes of the hexagonal to check that the net is such 
network in the cube plane. 


that its orthogonal projec- 
tion on (111) is again the just 
described net. For the special case of a (100) plane, which is the usual obser- 
vation plane in the case of the NaCl structure, the net has the shape shown 
in Fig. 9(b) according to the projection rule. The short segment remains a 
pure screw dislocation, whilst the other segments acquire mixed character, the 
ratio c/a being 3. Minimizing the total line energy of the net leads to a value 
for the angles at node points which is in accordance with this shape. 

The net with a[001] rotation axis and a(100) contact plane is a square 
net with lines parallel to [110] and [110]; it is stable to a first approximation. 
There is however a slight tendency for the formation of additional segments 
of a [100] dislocation at the intersection points by means of the reaction 
(a/2)[110] + (a/2)[110] > a[ 100]. 


oer. 
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This reaction may diminish the elastic energy for certain orientations of 
the lines involved. This tendency becomes more pronounced if the plane of 
the net is inclined with respect to (001), because the meshes then become 
lozenges and the two segments which have tendency to combine, come nearer 
to the parallel orientation; they acquire moreover an orientation of higher 
energy. These nets may as a consequence also become hexagonal. The dif- 
ference with the previously described nets should however be evident from 
the difference in angles at the node points. Whereas in the first case angles 
are all approximately equal to 120°, in the present case one angle should be 
much smaller than the two others (see photograph). 

For the CaF, structure similar considerations apply; observation of nets 
in (111) planes is now favoured as a consequence of the (111) cleavage. 
Hexagonal nets should now be observed undeformed whereas the nets with 
a a[001] rotation axis and a(111) boundary plane would have rectangular 
meshes, their lines being parallel to [110] and [112] and the ratio of the sides 
being 1/3. Small segments of a[100] dislocation would probably form at the 
intersection points. 

In the CsCl structure one would expect square nets in the cube plane, the 
lines being pure screws parallel to the cube edges. The same argument used 
above allows to predict that in oblique planes the meshes may become hexa- 
gones by the formation of segments a[110] according to the reaction 
a[100] + a[010] > a[110]. The angle at the node points should again deviate 
appreciably from 120°. The observation of threefold nodes in a CsCl type 
erystal would be sufficient to conclude to the stability of the a[110] dis- 


locations. 


44. Junctions of grain boundaries. — The cellular substructure of single 
crystals is built up by nets of the type just discussed. The main features in 
this structure are nodal lines, where three boundaries intersect, and inter- 
section points of four (usually non-coplanar) nodal lines. Under certain sim- 
plifying assumptions the geometry of grain boundary junctions has been studied 
in the NaCl structure [20]. It turns out that there is only a limited number 
of ways of joining three dislocation nets in a way which satisfies the following 


requirements: 
(i) The three boundary planes have to intersect along a line. 
(ii) Rotations have to be conserved. 


(iii) The dislocation content has to be conserved, i.e. no dislocation 
lines can end at the junction line. 


(iv) Every boundary has to have a stable configuration so that no far 


reaching strains remain. 


580 S. AMELINCKX 


Relations have also been derived between the densities of emergence points, 
in a given plane, of the dislocations in three intersecting grain boundaries. 
For example for three tilt boundaries with Burgers vectors [110] and [110] 
the following relation should exist between the densities of emergence points 
o; in the (001) plane 


Ke 


(4°4.1) > 0:/(cos g; + sin g,) = 0, 


where g; is the angle between the trace of the boundary plane and [110]. 
Relations of this type can easily be checked by means of etch pit counts [22-24]. 


5. — Observation methods. 


We will only focus attention on such methods which can be termed directly. 


51. Surface methods. — In principle growth and evaporation phenomena 
can be used to locate emergence points of dislocations, as centers of growth 
or evaporation spirals. Although they have effectively been used for the alkali 
halides [25, 26] it should be noticed that they can only be applied to dislocation 
with a screw component. They furthermore necessitate the use of very well 
prepared growth or evaporation surfaces and refined optical methods. 

The study of the geometry of cleavage faces can also be of interest and 
provides [25, 27] e.g. a simple mean of distinguishing tilt and twist bound- 
aries: to twist boundaries cleavage steps are necessarily attached, whilst 
this is not the case for tilt boundaries. 

The most convenient surface method however consists in producing etch pits 
at the emergence points. Ionic crystals have special advantages in that it is 
easy to produce an uncontaminated surface by cleavage. In these circum- 
stances a suitable etchant is able to attack immediately the stressed region 
around the emergence point of the dislocation and produce an etch pit, without 
necessitating the presence of some concentration of impurities around it. Such 
etchants will then preferentially etch freshly formed dislocations. Dislocations 
with an atmosphere will be attacked less because the stresses have been re- 
lieved partially. Other etchants may attack the impurity region around grown 
in dislocations and they will then less well mark newly formed dislocations. 

Etch pits have been used since many years to study the symmetry of 
crystals and useful information concerning the composition of etchants can 
be found in the older literature. 

They have, however, only these last years been explicitely used to detect 
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emergence points of dislocations. Some etchants suitable to reveal dislocations. 
in specific ionic crystals are tabulated here: 


TABLE IV. 


— = — — —= - : 
Substance Etchant | Etching time | References | 
fees ai 3a ca E TT rega 7 ree 
| 
NaCl | Anhydrous Methylalcohol | As short as possible | AMELINCKX [22 | 
| (attacks better « grown 
| in» dislocations) | 
2 ee 
AgCl | | 3.5 n aqueous solution of MITCHELL [28] 
AgBr f | Hyposulphite 
Lik | 1 part HF cone. | 30-60 seconds GILMAN and 
| 1 part glacial acetic acid + | (attacks all disl.) | JOHNSON [6] 
1 vol. per cent of cone. HF | | 
saturated with FeF, | 
aqueous solution of FeF; | 2 min. | ) 
(1.5-10-4 molar) | (attacks better fresh 
| dislocations) 
i. — | —_——_————— — — 
CaCO, diluted acetic acid 30 seconds | — 
CaF, | concentrated H,SO, 10-30 minutes BONTINCK [9] 
| 


In contrast with the decoration methods to be described in the next sec- 
tion, the etch pits do not pin the dislocation. It is thus possible to observe 
the displacement of a dislocation by successive etching. 

An easy check on the effectiveness and reproducibility of an etch is ob- 
tained by comparing the etch pattern of two halves of a cleaved crystal: the 
patterns should be mirror images apart from small detail. This was found 
to be the case for NaCl [2, 22] and LiF [6]. This allows to have two identical 
surfaces for what concerns their dislocation configuration; one of them can 
be subject to some treatment and compared with its « replica ». 

Continued etching, eventually with intermediate polishing, allows to follow 
the dislocation line in depth. 

The one to one correspondence between decorated dislocations and the 
etch pits centered on them, has been verified for NaCl [2] and AgBr [28]. 


52. Decoration methods. — Direct observation of the dislocation lines, using 
decoration methods is best suited for a detailed verification of all geometrical 
aspects of the theory. This method has been applied with success to AgBr, 
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AgCl [1, 14, 29], NaCl [2-5, 31], KOl and KBr [5, 30]. All decoration 
methods are based on the segregation along the dislocation line of some entity 
which forms observable particles. This implies the introduction of, either 
some impurity, or an excess or defect of one of the constituents of the crystal. 
Table V summarizes the characteristics of some decoration methods which 
have been successful in revealing dislocations. For the details of the methods 
we refer to the original publications. 

_ These methods also bring evidence for the interaction of point defects and 
dislocations. 


DISLOCATIONS IN IONIC CRYSTALS 583 


6. — Results of observations. 


61. Dislocation nets. — We will now discuss some typical results obtained 
by the various methods referred to above. 


61.1. Etch patterns. — Prior to the use of decoration methods, etching has 
been used to study the geometry of dislocations in NaCl and to mesure their 
density. Usually values of the order of 10° or 106 per cm? are found for an- 
nealed NaCl erystals. Carefully prepared single crystals of NaCl may contain 
as little as 104/em? dislocations; the same applies to LiF, for which 104/em? 
dislocations were found [6]. The number of pits within the subcells is an 
order of magnitude smaller than the number of pits in the boundaries. 

A detailed study of the geometry of pits along the boundaries may reveal 
the character of these boundaries. The particular shape of a pit gives infor- 
mation concerning the inclination with respect to the observation plane of the 
line on which it is centered. The sense into which the deepest point of the 
pit is displaced with respect to the center of the periphery is also the sense 
of inclination of the line. The assumption is that the pit is on every moment 
centered on the dislocation line. For a tilt boundary all pits have the same 
shape; for a twist boundary on the other hand successive pits will have dif- 
ferent shapes as shown in Fig. 10. Such etch patterns were observed in NaCl [2]. 


KKKKK KE KM 


(a) 
(b) 


Fig. 10. — Shape of etch pits: a) at a tilt boundary; 6) at a twist boundary. 


Measurements of dislocation densities in three meeting boundaries con- 
firming equation (474.1) have been made in NaCl [22]. 

61.2. Dislocation nets in NaCl and KCl studied by decoration 
methods [30]. — The specimens are cleavage lamellae from crystals treated 
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in the way summarized in Table V, method 4; the plane of observation is 
the (001) plane. Specimens are observed in ultramicroscopy. 


(i) Parallel lines. Sets of parallel lines characteristic of tilt bound- 
aries are observed in a variety of planes and directions, proving that climb 
is important. Photograph 1 reproduces an example. Specially simple tilt 
boundaries can be introduced artificially by bending a crystal about an axis 
parallel to a cube edge and annealing thoroughly. The crystal polygonizes and 
dislocation walls perpendicular to the glide planes result. The dislocation lines 
are parallel to the axis of bending. They are the one dislocation boundaries 
referred to in Table IT. 
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Photo 1. - Tilt boundaries in KCl erystal. The microscope is focussed on their emergence 
point in the surface. 


This was verified in the case of NaCl by means of etching and by decoration 
methods [2, 4, 5]. Photograph 2 shows a set of polygonization walls. The 
lines are seen as dots because they are perpendicular to the plane of 
observation. 


DISLOCATIONS IN IONIC CRYSTALS 585 


Photo. 2. — Polygonization walls in a bent and annealed NaCl crystal. Axis of bending 
was perpendicular to the plane of observation. 


(ii) Square nets. In accordance with the theoretical predictions 
square nets were found. When lying in the cube plane the directions of the 
lines are very approximately [110] and [110]. In general no observable segments 
of dislocation line with Burgers vector a[100] are formed at the intersection 
points. Photograph 3 represents an example observed in KCl. Nets of this 
type lying in oblique planes were also found, and in such cases observable 
segments of a[100] were often found in the acute angles of the lozenge shaped. 
meshes in accordance with theoretical speculation (photograph 4, see arrows). 


We will now consider some typical singularities which are frequently found 
in square nets. The most common among them are.the zig-zag lines as e.g. 
visible on photograph 5. They originate in dislocations which have a Burgers 
vector which forms an angle of 120° (or 60°) with the Burgers vector of the 
set they intersect. Additional segments then form at the intersection points 
and this transforms the originally straight line into a zig-zag line. The distri- 


bution of Burgers vectors is best described by means of a lettering pattern 
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Photo. 5. — Zig-zag lines in square network in KCl. This pattern is analysed 
in Rio. 11 and 12. 


of the kind first used by FRANK [19] and which is based on Thompson’s no- 
tation for Burgers vectors in the face centered cubic lattice. Such a lettering 
pattern is given in Fig. 11. 

The same photograph also shows another interesting feature. Although 
no visible segments of a[100] are present at the majority of intersection 
points of the square net, such segments 
systematically form at places where 
the just described zig-zag line jogs from 
one row of square meshes to the next. 
We believe that the presence of the 
singular dislocation line catalyzes the 
formation of such a segment. To de- 
monstrate how this may happen con- 
sider the crossing of the lines CD of the 


; ; Fis. 11. — Zig-zag lines and the for- 

5 i ar line C o. 12). Si SEI ; 3 ; 
powandobthesingular line UA‘ Eig. 12) mation of af[100] dislocations in a 
Their interaction is such that a torque square network. This figure can be 


is exerted which tends to bring the compared with photograph 5. 
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lines locally into the antiparallel configuration. In the letter notation this 
means that the dislocations will bend in such a way as to try to form parallel 
geements in the sector which has the same lettering for both dislocations. 


(b) A 


8 (e) 


(9) (d) 


Fig. 12. To illustrate how the presence of 
a singular dislocation CA may catalyze 
the formation of « [100] dislocations at the 


This is shown for CD and CA, as 
well as for BA and CA in Fig. 12. 
It is now clear that the presence of 
the singular line CA causes the lines 
CD and AB to adopt the parallel 
configuration, which facilitates them 
to combine. The dislocations CA 
and BA have adopted hereby an 
orientation which deviates from the 
initial screw orientations, and which 
has a higher energy (see Sect. 2:1); 
this makes it profitable for the two 
segments to combine into a segment 
of approximately pure screw dislo- 


intersection points of a square network. cation with a[100] Burgers vector. 


From the calculation of HUNTINGTON, 
DIickEY and THOMSON [10] it was to be expected that this dislocation would 
be stable. 

On the other hand the line CA is subject to two torques of opposite sense 
‘and in the ideal case they would be of the same magnitude, so that finally 
the line CA would remain straight. As dislocations with Burgers vectors larger 
than a[100] are not stable in the sodium chloride structure, there is no reason 
why an additional segment should form at the intersection point of the 
-a|100] dislocation and the CA dislocation. A satisfactory explanation for 
the observed configuration is thus obtained. A check on its validity is obtained 
by considering what happens when the zig-zag line jogs back to its original 
row, as can be observed on photograph 5. From the corresponding lettering 
patterns of Fig. 12 it is clear that now a line with Burgers vector DA and 
having a direction roughly perpendicular to the one of the segment CA, crosses 
the intersection point. A quite similar reasoning as above, shows that there 
is again no net torque on DA, and that AB and CD are forced into parallel 
positions in the right directions. 

(iii) Hexagonal networks. Hexagonal networks characteristic of 
a[111] rotation axis were observed in a variety of planes. Of special interest 
for our purpose are nets lying in a cube plane parallel to the observation 
plane: such nets can be observed undeformed over a large area. The ratio 
cla (see Fig. 9(b)) was measured for a number of nets and the mean value 
was found to be 2.8 in fair agreement with the theoretical value. Nets of 
this kind are shown in photographs 6 and 7. It is found that the shortest 
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We will now discuss a few typical singularities which are usually found in 
hexagonal nets. We first consider the line marked by (1) in photograph 6. 
It is clear that this line intersects perpendicularly a set of parallel segments 
of the net. The inter- 
pretation is straightfor- 
ward: the line has a 
Burgers vector which 
is perpendicular to the 
Burgers vector of the 
intersected set of lines. 


Such a line may jog 
Fig. 13. — a) Configuration of lines giving rise to the pattern. from one row of mes- 
b) Compare with photographs 6, arrows (1) and (3). 


hes to the next; this 
happens in the point 
marked [3]. When analyzing this configuration in terms of Burgers vectors one 
gets the pattern of Fig. 13(b). If this line changes direction and intersects now 
segments of the net having another Burgers vector, a supplementary row 
of hexagones results (see 2, photograph 6). In this area nothing would reveal 
the presence of a singular line if the change in direction were not present. 
The hypothetical original configuration of dislocation lines Fig. 14(a) which 
would give rise to the observed pattern Fig. 14(b) is shown also. 


Fig. 14. — a) Configuration of lines giving rise to the pattern. b) Compare with photo- 
graph 6, arrow (2). 


(iv) Other singularities in nets. We will now discuss in some 
detail the pattern shown in photograph 8. This pattern may be considered 
as a square net containing singular lines. In the left top part the singular 
line with Burgers vector AC intersects the node points of the square net. 
As a results segments of a[100] dislocation are formed, according to the mech- 
anism discussed before (see (ii)). Afterwards the same line forms a zig-zag 
line which bends over 90° downwards and now forms a zig-zag line in the 
direction of the second set of dislocations of the square net. It apparently 
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ends at the point where two curvilinear hexagones are visible. A second sin- 
gular zig-zag line starts in the point marked 4 and intersects the dislocation 
of the square net in between node 
points. No segments of a[100] dis- 
location are formed in such a case, 
but the configuration shown in 
Fig. 15(b) results. The zig-zag line 
apparently ends also at the point 
where the two curvilinear hexagones 
are visible. Looking more closely 
one finds that the zig-zag line in 3 
is exactly the prolongation of the 
zig-zag in 4 and similar relations 
‘an be found between other lines of 
the pattern. From these we can 
conclude that the original configu- 
ration of lines was something like Photo 8. —, Network containing zig-ZA9 
shown on Fig. 15(b). The singular lines and «holes». See also Fig. 15. 
lines having the same Burgers vec- 

tor, annihilated mutually where intersecting, and this has given rise to the 


elongated curvilinear hexagones. These are in fact «holes» in the net in 
the sense described by FRANK [19]. The curvilinear shape of the longer 
side of the hexagones, results from the tendency of maintaining angles 
of 120° at the node points. 
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cat 
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J 
ala Bla 8 ac 
CA 
(a) (b) 
Fig. 15. — a) Configuration of lines giving rise to pattern b), which can be compared 


with photograph 8. 


62. Olimb phenomena. — Climb in ionic crystals evidently implies the emis- 
sion or the absorption of numbers of vacancies or interstitials of both kinds 
in their stechiometric proportion. The two planes have to lengthen or to 
shorten simultaneously or alternatively in order to maintain charge equi- 
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librium. If diffusion takes place by means of pairs the first condition is auto- 
matically satisfied for the NaCl and the CsBr structure. 

The decoration methods have made possible a number of interesting ob- 
servations concerning climb phenomena, which may also have some bearing 
on the origin of dislocations in melt grown crystals. Dislocation lines having 
a helical shape have been observed in CaF, [8, 9, 32] and in NaCl [5, 33]. The 
axis of the helix is in all cases, within experimental error, parallel to a pos- 
sible Burgers vector. Sequences of prismatic loops are sometimes associated 
with the helical dislocations. In CaF, they are in general situated on the same 
cylindrical surface as the helix itself (see photograph 9). In NaCl [5] they 


Photo 9. — Helices in CaF, at small magnification (after ref. [8, 9]). 


occur more or less independently of the helices; they are situated on a double 
cone, whose top seems to be a cavity, and whose axis is again parallel to a 
Burgers vector. Whereas the helical dislocations predominate in CaF,, the 
systems of loops seem to be more numerous than the helices in the crystals 
of NaCl studied by BARBER et al. 

There is agreement that these features have to be interpreted as being 
due to climb phenomena accompanied by prismatic glide. Two different ex- 
planations have however been proposed: 


(i) The first theory [32] considers the helix as the primary phenomenon 
and the loops as secondary. According to this explanation the helix is ge- 
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nerated when a dislocation of nearly pure screw character climbs. The mecha- 
nism is related to the mechanism for the formation of Spiral prismatic dis- 
locations described by Srrrz [17]. The main difference is that the repulsion 
between successive turns is taken into account, so that instead of the formation 
of a double conical cavity, which is equivalent to a helix with a step equal 
to one atomic distance, a helix with a large step is developed as a consequence of 
prismatic glide. The prismatic loops which are sometimes observed would result 
from the intersection of the helix with a dislocation of the same Burgers vector. 


Photo 10. — Helix in CaF, at larger magnification (after ref. [8, 9]). 


(ii) The second explanation advanced by BARBER et al. considers the 
helix as being generated from a system of loops which has been intersected 
by a dislocation of the same Burgers vector. The loops themselves would be 
generated, starting from the central cavity by the Bardeen-Herring mecha- 
nism [34]. 


MITCHELL (private communication) believes that in the case of the NaCl 
crystals, studied by his collaborators, the loop systems may have their origin 
in the decoration process (thermal decomposition of gold halide). In the case 
of CaF, it could be shown that helices and sequences of prismatic loops are 
present in crystals «as grown». This was deduced from the presence of two 
kinds of etch patterns on (111) cleavage faces. 


(i) Double rows of etch pits having a [110] direction, which on continued 
etching approach one another, coalesce and finally become flat bottomed. 
They are evidently due to helices or sequences of loops which have their axis 
parallel to the plane of observation (Photograph 11). 

(ii) Regularly terraced pits of the kind reproduced in Photograph 12. 
It was shown that they are due to helices parallel to a [110] direction which 
intersects the (111) plane [35]. The step height of the terraces is related to 


the step of the helix. 
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The fact that helices and sequences of loops are present in crystals as grown, 
suggests strongly that their origin lies in the precipitation of vacancies, even- 
tually combined with deformations due to thermal stresses. 


Photo 11. - Etch pattern on (111) plane of CaF,, as grown, due to a helix having its 
axis parallel to (111) (after ref. [33]). 


A mechanism based on the precipitation of vacancies, and which would 
account for the production of loop systems of the kind observed in CaF, and 
NaCl was suggested independently of the observations of BARBER et al. [5], 
and will be summarized here [36]. 

Suppose that during precipitation of vacancies a first dislocation ring 
is formed in a certain area. In a certain volume around this, the 
probability for the nucleation of 
a new ring is small, so that we can 
divide schematically the crystal 
into small regions containing each 
one ring at the start. The size of 
these regions will depend on the 
supersaturation at the moment of 
nucleation of the rings. Thermal 
stresses will deform some of these 
rings by prismatic glide, in such 
a way that some screw parts are 
formed, as e.g. shown schemat- 
ically in Fig. 16(b). The ring will 
now climb further as more vacan- 
cies precipitate; the screw parts 
will hereby adopt a helical shape 
(as described previously [8, 32]). 
The ring will thus acquire the 

shape shown in Fig. 16(c). Further 

Photo 12. — Etch pattern on (111) plane of o 7 - : 5 
CaF,, as grown, due to a helix having its SLU combined with prismatic 
axis inclined with respect to the observation glide will ultimately lead to in- 
plane (after ref. [35]). tersection of the two helices, giving 
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rise to closed loops, all of the same Burgers vector, in the way shown in Fig. 16(d). 
AS a consequence of repulsion between dislocations of the same Burgers vector 
loops will in general be « blown off» in the direction of the Burgers vector 
by prismatic glide and one obtains a situation 
as shown in Fig. 16(d). It is clear that this 
mechanism is similar to the mechanism postu- ALLA 5 = 
lated by BARDEEN and HERRING [34]. It has 
however the virtue that it avoids the difficulty (ft - — 
inherent to the latter mechanism, namely to a 
necessitate the addition or substraction of extra 
material between successive lattice planes. It Cos 
is clear that the dislocation «sources» just £Î CAMS) 
described can provide in a restricted area a suf- TO) (d) 
ficient number of dislocations of the same kind 1 

; i Fig. 16. — The generation of 
to allow the formation of fairly regular net- loops of prismatic dislocation 
works. If some rings fail to develop into a as a consequence of the pre- 
«double cone source » because they remained cipitation of vacancies in a 
purely prismatic, they may nevertheless be taken melt grown crystal. 
up into a net and become singular dislocations, 
or they may interact with other single loops and form a part of the three- 
dimensional network. It is clear that the same mechanism could originate 
also from a glide loop formed at a cavity; this could be the case in the crystals 
studied by BARBER et al. In the case of a cavity the source need not be double, 
a simple cone may result. MITCHELL (private communication) has indepen- 
dently thought of a similar mechanism. 

There is further evidence supporting this assumption. 

« Double cone sources » and helices on one hand, and networks on the other 
hand, are usually not found in the same crystal. Crystals which contain helices 
and sequences of loops, as well in CaF, as in NaCl only rarely contain well 
developped networks. Vice versa the crystals of NaCl and KCl studied for 
networks, contain only isolated loops and rarely helices. In the case of NaCl 
this appears to be correlated with the way the crystals were grown. Our 
crystals containing networks were grown using a Czochralski method, in a 
small gradient, and were cooled slowly. The crystals containing the double 
cone sources on the other hand, were grown with a Bridgman method, in a 
large and steep gradient (MITCHELL, private communication). In the first 
case as a consequence of the relatively small supersaturation of vacancies, 
only few sources are nucleated per unit volume. Each of them has however 
a large number of vacancies at its disposal and can develop, whilst cooling, 
many and large loops, which on intersecting will form regular nets. The re- 
gularity of the observed nets would be difficult to explain on the basis of a 


random precipitation of loops. 
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In the second case, the large and steep gradient, will cause a high super- 
saturation of vacancies; a large number of sources will be nucleated per unit 
volume. Every one of them has however only a limited supply of vacancies 


Photo 13. — Etched cube face of sodium chloride. Note that dislocations in slip traces 
parallel to [110] are piled up behind the intersection points with slip traces [110]. 


to grow further and develop loops; they will remain in the embryonic stage; 
very few will be able to produce large loops. The production of cavities is 
presumably also a consequence of the high supersaturation of vacancies. The 
cavities may become unstable in some later stage; they can then transform 
into rings, by means of the mechanism described, by the distillation of va- 
cancies from the cavity towards the rings. In the CaF, the supersaturation 
seems to have been somewhat smaller. 

Climb phenomena have been studied also by means of etching techniques 
in Lif. GILMAN and JOHNSTON [6] found that on anneal glide bands breaks 
up and dislocations are displaced perpendicular to the glide bands. This is 
in fact the first stage in polygonization. The same has been observed by 
means of decoration methods in NaCl. 


63. Glide phenomena. — We will discuss here only results obtained by 
methods involving direct observation. 
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Although the decoration methods discussed before are in principle suited 
to reveal dislocations immediately after deformation, and hence make de- 
ductions concerning the deformation mechanism, there is a practical limi- 
tation in that it is necessary to give a certain amount of anneal to the crystals 
(at the exception of the silver halides) in order to decorate the dislocations. 
This may disturb their configuration. To minimize the disturbance one looks 
for an impurity which diffuses rapidly by means of interstitial sites, already 
at a temperature somewhat lower than the temperature where climb begins 
(and preferentially lower), and which precipitates, on lowering the temperature 
as small but observable particles. This practically limits the choice to ions 
which are easily reduced and form metallic colloids. Silver in KCl [30] and 
gold in NaCl and KBr [5] probably satisfy this requirement. 

Nevertheless striking results comparable to those obtained by DASH [37] 
in silicon, have not been found as yet in the alkali halides. The silver halides 
were studied by MITCHELL [29]: owing to the softness of the crystals and the 
occurrence of pencil glide, the patterns are very complicated and not easily 
interpreted. 

On the other hand it was pointed out [22] that glide phenomena and the 
motion of individual dislocations could be studied by means of etch pits. Some 
results were obtained in the case of NaCl [22], but the method has. been used 
with considerable success for Lik [6]. We will summarize some significant 
results of these experiments. 


(i) Work on sodium chloride. Piling up of dislocations was found 
at the intersection point of glide traces (110) and (110) as observed in the (001) 
plane but not at the intersection points of (110) or (110) and (101). This can 
for instance be deduced from photograph 60 of ref. [26]; reproduced here as 
photograph 13. It is clearly visible that the density of etch pits diminishes 
suddenly after intersection points of the first kind, but not at those of the 
second type. We believe that the piling up is due to the formation of an a[100] 
dislocation at the intersection line. Although this is not a real sessile dis- 
location, it would in any case be much less mobile under the influence of the 
shear stress that made move the first two dislocations. 

From the study of nets could be concluded that this kind of dislocation 
is stable, at least in the screw orientation. In this case it has however the edge 
orientation, of which the stability is doubtful according to theory [10]. The 
applied stress will however contribute to its formation. At the other inter- 
sections no such dislocation could form. 


(ii) The work on lithium fluoride. GirmMANn and JOHNSTON [6] 
have developed an etching and polishing technique for Lik, of which they 
prove that it reveals all dislocations (see characteristics in Table IV). They 
also worked out a method for introducing small fresh dislocation half loops 


598 S. AMELINCKX 


into the crystal. This is done by rolling a steel ball over the surface, and 
polishing away a layer of material such that only the deepest half loops remain. 
It is found that on subsequent stressing of the crystal, glide bands develop 
in the plane of the small loops, proving that some multiplication process 
starting from the small loop is operating. A more detailed study of the mul- 
tiplication process reveals that the loop is only capable of creating the con- 
ditions which will allow multiplication, if it has been expanded to a size ex- 
ceeding some critical size, which appears to be of the same order of magnitude 
as the average distance between dislocation in LiF. Loops which were made 
to collapse by reversing the stresses, after having been expanded to a smaller 
size, did not give rise to glide bands. It was also found that in the glide plane, 
in which a loop had been expanded above the critical size, loops were left 
behind by the moving dislocation. All these observations seem to support 
the idea that dislocation interactions are the sources of the defects responsible 
for dislocation nucleation. 

The same authors also made estimates of the lattice resistance to glide of 
the dislocation; they find 4-10’ dyn/cm?, the stress needed to expand a 
half loop being 6-107 dyn/cm? and the stress nedeed to contract it being 
2-10’ dyn/cm?. The stress needed to nucleate dislocation loops in apparently 
dislocation free material is found to be about 1 kg/mm?. 
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Mobility of Electrons in the Silver Halides. 
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1. — Introduction. 


The silver halides are convenient materials in which to study the inter- 
action between conduction electrons and the ionic lattice. In a polar crystal 
such as AgCl it is believed that electrons are scattered mainly by the longi- 
tudinal optical mode of vibration of the lattice rather than by the acoustical 
modes. The strength of the electron-lattice interaction is fairly high, high 
compared to a material such as PbS for example, where the interaction is 
weakened by electronic polarization [2]. Theoretical calculations of the tem- 
perature dependence of mobility in polar crystals have been given by Low 
and PINES [3] and they emphasize that their results are applicable at temper- 
atures below the Debye temperature corresponding to the longitudinal optical 
mode, @ = 280 °K for AgCl. 

An unusual property of AgCl and AgBr allows the determination of mo- 
bility by the measurement of the time of transit of electrons across the thick- 
ness of a crystal. It has been found that in properly prepared single crystals 
the mean free time before trapping, 7, can be of the order of microseconds 
giving rise to values of schubweg per unit field w/E=10-* to 10-* cm?/V. 
This property arises because of a very low density of deep trapping levels 
(~ 10" cm~*) or because of small trapping cross-sections (~ 10-17 em?) or both. 

Recently a study has been made of the factors which influence this lifetime 
in AgCl by means of pulsed fields, pulsed light measurements at room temper- 
ature [4]. The long lifetimes are shown to be characteristic of crystals grown 
in air from a moist starting charge. On the other hand, crystals grown in 
vacuum, halogen or an inert atmosphere show lifetimes before trapping of 
10-* s or less, more like the case of the alkali-halides. Crystals of both types 


MOBILITY OF ELECTRONS IN THE SILVER HALIDES 601 


have been prepared with a very low concentration of metal impurities of the 
order of 0.1 parts per million, as determined by spectrochemical analysis. 
Table I shows values of lifetimes for comparison. 


TABLE I. 
Substance Lifetime (s) 
AgCl (air) | 10-5 | 
| AgBr (air) I=" 
| AgCl (vacuum) | Go 
| KCl | 5-10-10 


2. — Primary currents. Transit time method. 


Imagine a sample of the silver halides cooled to low temperature to mi- 
nimize ionic conductivity and placed between plane parallel electrodes sepa- 
rated by a distance 1. The time constant of the crystal capacitance and pre- 
amplifier input resistance is large so that integrated charge is measured. he 
amplifying system is wide band so as to faithfully reproduce the time depen- 
dence of the collected charge. If », electrons are released at time t= 0 at 
the cathode X= 0, they are swept into the volume by the electric field, 
E=V/l, until they are either trapped in the volume or collected at the 
anode. Recombination is usually unimportant since the holes remain on the 
surface adjacent to the cathode. Assuming an uniform distribution of deep 
traps the number of electrons free at any time t is n= % exp [— t/T], where 
T is the mean trapping time. During a time dt the charge induced on the 
electrodes is 


d 
dq = ne ; 
where 
de = uEdî. 


The total charge q(t) is 


Using w= ET and integrating we get 


Ny Ww 
(1) ae (1 — exp 


which is applicable for t<l/wH. 
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For times greater than l/uH# the total charge is 


NeW 


Q(co) = (1 — exp [—//w]), 


which is an expression for the saturation curves characteristic of primary 
photoresponse. In the case that trapping is less important so that @>wuEt 
equation for g(t) reduces to 

newt 


a 


Here the charge pulse has a linear rise until a time 7 = l/uÉ corresponding 
to collection of the n, electrons. In practice this condition can be achieved 
over a wide voltage range in selected crystals so that one can determine mo- 
bility from the risetime of the pulse. 


Recent measurements by Prof. F. DART and the author [5] have been 
made by means of a pulsed photon beam of less than 2.5-10-8s duration. 
The crystal 1.5 cm in diameter and 0.23 cm thick is arranged between electrodes 
one of which is transparent to pulses of strongly absorbed ultra violet light 
provided by a high speed rotating mirror (2000 rev. per s) and a water 
cooled mercury are. A helium cryostat capable of holding the sample at any 
desired temperature to 4 °K was designed. Since the risetime may be as short 
as 107? s the amplifying equipment has a response time of 1.8-10-8 s and will 
allow the observation of charges as small as 10-14 coulombs induced across the 
crystal capacitance. 


The transit time is usually long compared to the light pulse duration and 
the amplifier response time. However, the latter two quantities are constant 
with respect to the applied voltage whereas the transit time varies as 1/V. 
In fact the observed risetime is given by 


12 
To = T + Tinst. » 
pu 


In practice the crystal is held at constant temperature and the average 7, 
recorded for 10 to 25 pulses at each of several voltages. Mobility w is then 
determined from the slope of the 7, versus 1/V plot whose slope should be 
constant at high voltages and which has a y intercept equal to the instrument 
time, T;,... This method of analysis also has the effect of separating out the 
time spent in shallow trapping states if these are not present in too high 
a concentration. 
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3. — Results and discussion. 


Earlier experiments on mobility in AgCl were carried out down to liquid 
nitrogen temperature using B-rays to release charge carriers. From these mo- 
bility 4 was shown to have an approximate 7~* dependence down to 86 °K. 
Such a dependence would be in agreement with scattering by the acoustic 
modes rather than optical modes. It is 
also interesting to note that Hall mobility 
determined by the Redfield technique lies 600 
just a little above these drift mobility sol 
values at 86 °K. 


Results using pulses of light extend to 
very much lower temperatures and are 100 
shown in Fig. 1. Notice that a maximum 80 
in mobility occurs near 250 em?/Vs at POF 9342-196 b (Kyropoulos) al 


È 40 | foes) 
80 °K for one crystal grown by the Bridgman SOTA 
a: = . 4Reed Data({-rays) 
echnique, whereas a maximum of about DOlLEe Ha ynet<Snocnioy ei 


480 cm?/Vs was found at lower temper- | | 
DESIO 


atures in the case of a crystal grown by e TI 
the Kyropoulos technique. The data for 
this latter crystal from 65 to 110 °K lie Fig. 1. 


well above the w= 2.54-10° 7 * dependence 

shown to fit the older points (Reed data) down to 90 °K. It is not possible 
to obtain a good fit to the data for either crystal in the intermediate tem- 
perature range by combining any reasonable low temperature scattering law 
(f, ©? or T?) with a TÈ dependence at higher temperatures. 

Apparently a strong imperfection scattering mechanism dominates at low 
temperatures. If this scattering were due to ionized impurities, it would appear 
to require in the vicinity of 10!” to 10 per em’, at least in the case of the 
Bridgman crystal [7]. This is more than the total metal impurity content 
which is thought to be more nearly 10!5 to 10!° per cm. Dislocations may 
play a role in this scattering. 

If we combine reciprocal mobilities according to 


il 


1 


s 1 

Ho Myo fa 
a good fit to the data for crystal H 342 can be obtained for u;,= 10.57 and 
uo = 30 (exp [280/T] — 1). Admittedly this method of combining inverse mo- 
bilities leads to error in the intermediate temperature range, but it is the best 
we can do until we know more about the energy dependence of the low tem- 
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perature scattering mechanism. The data strongly support a mobility theory 
in which the electron is scattered by optical modes of vibration. The theory 
of Low and PINES gives the following expression in c.g.s. units for average 
mobility as a function of temperature in the range 7 < 0: 


\3 
= a = (1) f(a) exp [(0/T) — i]. 

In this expression « is a constant which can be expressed in terms of the long 
wave longitudinal mode frequency w = (e/e0)?2776/7, and the ratio of electron 
effective mass to free electron mass m/m,. This latter quantity m/m, may 
in fact be considered an adjustable parameter of the theory. The polaron 
effective mass has been shown to be m* = m(1+ «/6). Comparing experi- 
ment, My = 30 (exp [280/7] —1), with theory we arrive at the following value 
of effective mass for AgCl, m/m,= 0.215, from which the polaron effective 
mass and interaction constant are calculated: 


We have used the residual wave data to compute © and from this 0 = ho/h. 
Uncertainties in this value of 0 probably introduce an error in the above 
figures somewhat greater than 10%. The effective mass we deal with here is 
of course averaged over direction and applies for slow electrons near the bottom 
of the conduction band. 
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1. — Introduction. 


The dynamical dielectric constant e(@)= e'(0) — te"(m) of polar materials 
characterized by a single relaxation time t is given by the well known Debye 


formulae [1] 


Es — € 
‘aks Riga s 5 
1 ot? 
ANG s HT 
(10) ev = == (és — 80) sf 
a) 1427? 


Here e, and e_ denote the static and high-frequency dielectric constants, 
o, is the direct current conductivity and @ stands for the angular fre- 
quency. 

On the other hand, the relaxational behaviour of these materials is described 
by an exponential decay function exp [— t/t], which describes the decay of 
the dielectric displacement when an electric field is suddenly applied or sud- 
denly released. 

For the present purpose we will not distinguish between the (macroscopic) 
relaxation times 7 introduced above and the microscopic relaxation times 
characterizing the molecular processes involved. This will be a fair approx- 
imation in systems where the dipolar contribution to the dielectric constant 
is only small. 

Equations (1) are easily generalized for systems characterized by several 
relaxation times, the decay of the dielectric displacement then being given 
by a sum of exponentials. Hach of the terms wt/(1+q?*t?) is represented by 
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a curve of type A in Fig. 1 in a plot of e" or loge’ against log» 
(Debye curve). In such a plot, thus, one obtains a kind of absorption 
spectrum. 

Originally equations (1) were used for discussing the dielectric properties 
of systems containing dipolar 
es molecules but there is theoret- 
POS ical and experimental evidence 
that Debye’s equations can also 
be used for describing the die- 
lectric properties of non-ideal 
solids. For solids the two-poten- 
tial-well model where a charged 
ion can move between two po- 
$ tential wells separated by a bar- 
1° rier has been discussed by FROH- 

LICH [2]. BRECKENRIDGE [3] 


Fig. 1. = A= dielectric losses resulting from used Debye’s equations for ex- 
dipoles, B= conductivity losses, C=total losses, < 
DE=half-value width of the Debye peak. 


107? 
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plaining the dielectric properties 
of lattice defects in crystals. 
A sodium vacancy in NaCl as- 
sociated with a chlorine vacancy is a complex with dipolar properties which 
can orient itself in an electric field. The dielectric losses due to this type 
of lattice defects could not be identified with certainty but for alkali 
halides with divalent cation impurities losses of the Debye type were found, 
which were ascribed to associations of positive-ion vacancies with positive 
divalent ions. 

The latter type of dielectric losses has been found for NaCl containing small 
mounts of CaCl, or MnCl, (HAVEN [4], JAcoBS [5]), for KCl containing SrCl, 
or PbCl, (BURSTEIN, DAVISSON and ScLAR [6]), for AgBr containing CdBr, 
(TELTOW and WILKE [7]) and for several other alkali halides containing di- 
valent impurities (DRYDEN and MEAKINS [8]). Moreover, in several other 
substances dielectric losses were found which possibly may be ascribed to a 
similar type of associations between lattice defects (cf. FREYMANN and FREY- 
MANN [9]). In these examples the experimental loss curves are all of type C 
wae IO Ile 

From these examples it appears that the study of the dielectric losses may 
be a method for studying lattice defects in crystals. In this paper we shall 
discuss some relations between the relaxation times and the molecular para- 
meters characterizing the lattice defects (jump probability, spatial configura- 
tion of the defects, etc.). We shall discuss the dielectric properties of NaCl 
containing some CaCl, in terms of «relaxational modes », as was already indi- 
‘ated in a previous letter [10]. 
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2. — Relaxational modes. 


Consider a NaCl crystal with a small number of independent systems con- 
sisting of a fixed Ca?* ion associated with a Nat-vacancy. The vacancy is 
Supposed to move on twelve equivalent sites round the Ca2+ ion. In equi- 
librium each of the twelve sites neighbouring the Ca?+ ion is occupied with 
equal probability by the vacancy and then the probability distribution of this 
system has the cubic symmetry 0,. A probability distribution deviating from 
the equilibrium one will decay until equilibrium has been reached. This decay 
can be described with the help of exponential functions of the form exp [— t/t], 
where 7 is a decay or relaxation time, and a convenient description can be 
obtained by introducing relaxational modes [10]. By a relaxational mode 
we understand a probability distribution (for the vacancy in the present case), 
which on all sites decays with one and the same relaxation time. It can be 
shown, that, for a given finite system, a finite number of relaxation modes 
suffices to describe any decay. 

There is a close correspondence between relaxational modes and the vibra- 
tional modes as introduced for the description of the vibrations of atoms in 
molecules [11]. The two types of modes are compared in Table I. 


TABLE I. — Comparison of relaration and vibrational modes. 
Relaxation | Vibration | 
| | 
| x = E 
Behaviour of free system | Decay function | Periodic function 
5 e | — ; 
as function of time exp [— t/t] exp [— imp] 
| cs . . . . ie “7. . . . 
Describing deviation from | Equilibrium distribution Equilibrium positions 
| (probability) | (spatial) 
Number of sites or atoms | N N 
Number of modes N 3N 
« degree of freedom » | 


For the more simple systems the relaxational modes are easily derived and 
it is not even necessary to introduce the concept of mode. For the more 
complicated systems, however, especially of high symmetry, it is useful to 
discuss the dielectric properties in terms of relaxational modes. 

In the case of high symmetry the results of group theory may be used. 
The relaxational modes correspond with the irreducible representations of the 
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corresponding symmetry group. For instance, the changes in the probability 
distributions brought about by electric fields are described by modes 
that belong to the same irreducible representations as do polar vectors 
(cf. also FALK and MEIXNER [12]). These modes are called electrically 
active modes. 


3. — Relaxational modes of the (Ca?*-Na‘ vacancy) system in NaCl. 
The relaxational modes of the system of a fixed Ca?* ion in NaCl with a 


Na-vacancy in one of the twelve neighbouring Na-sites (symmetry group 0,) 
are shown in Fig. 2. The Na-vacancy is assumed to jump from a site to a 


Fig. 2. — The five relaxation modes of the Ca++ vacancy system in NaCl. The Ca2+ 

is in the center of the cube; the Na-vacancy is distributed over the twelve midpoints 

of the edges. O. @ and e denote distributions that are equal to, larger or smaller than 
the equilibrium distributions, respectively. 


given neighbouring site with a jump probability k (thus making 4k jumps 
per second). 
The mode A,, (Fig. 2a) is the equilibrium distribution, where the vacancy 
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is with equal probability on any of the twelve sites. The relaxation time is 
given by 1/7=.0. 

The three-fold degenerate mode 7,, (Fig. 2b) is an electrically active re- 
laxational mode, which will be excited by application of electric fields. Its 
relaxation time is tT=1/2k, so that its maximum energy absorption lies at 
a frequency f = 2%/27 of the applied electric field. 

The two-fold degenerate mode E, (Fig. 2c) as well as the three-fold de- 
generate mode T,, (Fig. 2d) are the so-called mechanical relaxational modes. 
The mode £, will be excited by the application of a unidirectional stress along 
the c-axis (or a- or b-axes) and will have its maximum energy absorption at 
a frequency f= 6%/27 of the applied stress. The mode 7., will be excited 
by application of shear stresses and has its maximum energy absorption at 
a frequency f= 4k/27 of the applied stress. 

The mode T,, (Fig. 2e) is of a more complicated nature, with a relaxation 
time t=1/6k. There is no method for exciting this relaxational mode with 
the aid of homogeneous fields or stresses. 

The results of Fig. 2 show that there is in this system only one electrically 
active, but two mechanically active relaxational modes. In the present example 
the relaxation times are in the proportion t(T,,):t(£,):t(T.,)=1:4:4. We 
are not aware of examples, where the dielectric and mechanical relaxation 
have been measured on the same sample (cf., however, BRECKENRIDGE [3b]). 
To a certain extent some published measurements on quartz crystals can be 
used for such a comparison. VOLGER, STEVELS and VAN AMERONGEN [13] 
found in quartz (plate parallel to the major rhombohedral face; normal at 
52° to the c-axis) a dielectric relaxation peak at 32 kHz and 38.5 °K, whereas 
an extrapolation of mechanical loss measurements on quartz (AT cut normal 
at 55° to the c-axis) by BOMMEL, MASON and WARNER [14] gives a relaxation 
peak at 93 kHz and 38.5 °K. Thus the two relaxation times are in the pro- 
portion T.,.4:Tnean = 3:1 (Subject to a rather large uncertainty). 

So far we had assumed the Ca?+ ion in the NaCl-CaCl, system to be in a 
fixed position. Removing this restriction, one can notice, firstly, that neither 
the number of sites round Ca?+ available for the vacancies is altered nor their 
symmetry properties. Therefore, the relaxational modes are the same whether 
the Ca?+ is assumed to be mobile or not. If the Ca?+ ion jumps with a prob- 
ability %,, from one site to a given other, one derives from Fig. 2a the re- 
laxation frequency 1/7 to be 1/7 = (2k+2k,,) for the electrically active mode 
T,, (Fig. 2b). The jump frequency of the Ca?+ ion, however, does not enter 
into the expressions for the relaxation times of the two mechanically active 
modes H, and T,, (Fig. 2b and 2d). Therefore, an accurate measurement of 
the electrical and mechanical relaxation times may make possible a sepa- 
ration of the jump frequencies of the Ca?* and Na* ions in an associated 
complex. The relaxation time for the 7,,, mode (Fig. 2c) will be 1/7 =(64+-2k,,,). 
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4. — More refined dipole-centre models. 


If the Ca?+ ion is taken at site (000) and the twelve neighbouring Na-sites 
are (110), etc., then the next nearest sites are the six sites (200) ete. Let 
the six sites (200) be accessible to the Na vacancy with equal probability as 
the twelve (110) sites. Then, the number of degrees of freedom is 12+6 = 18, 
so that one has to look for six additional relaxational modes. 

One finds the equilibrium mode A,,, as before, and a second relaxational 
mode A,, which represents a distribution (p,+p,) on all sites (110) and 
(po — 271) on all sites (200), where p, denotes the equilibrium distribution. 
The latter mode has a relaxation time t=1/2k and it can be excited by 
hydrostatic pressure. 

There are now two three-fold degenerate electrically active modes 7,, with 
relaxation times t = 1/2k and 7= 1/6%. In the first mode the probability distri- 
bution is (p)+p,) on (110) and (p,+2p,) on (200), with (po — p,) on (110) and 
(Po — 2p,) on (200), ete. In the second mode the distribution on the four sites 
mentioned above is (~o+71), (Po — 221); (Po — Pr), and (Po +27:), respectively. 
The electrie moment connected with the latter mode, however, happens to 
be zero, so that also in this case only one electrical relaxational mode plays 
a part. 

Furthermore, there are two two-fold: degenerate modes H,, which may be 
excited by unidirectional stresses (along a-, b-, or c-axes). The relaxation 
times are r= 1/(6++/6)k and += 1/(6 — v6)k. 

The two modes 7,, and 7,,, found in the previous section will not be changed 
and not be doubled by the addition of the (200)-sites. The relaxation times 
of the two modes are t=1/6k and t=1/8k, respectively. In these modes 
the sites (200) keep their equilibrium probability distributions. 

The case where the sites (200) and (110) have different equilibrium occu- 
pation probabilities will not be considered in detail and we give only some 
results pertaining to the two electrically active relaxation modes 7,,. 

Let the probability for a jump between neighbouring (110)-sites be % in 
either direction, and let for a jump from an (110)-site to a neighbouring (200)- 
site the probability be kp, and k/p in the opposite direction. The equilibrium 
distribution on a (200)-site will then be p? times that on an (110)-site. 

The relaxation times, obtained by solving the secular equation, are given by 


Mfr, = k2 + p + p+ {(2 + p + p*)?— 8p — 4p} ]/p 
OF iL p< I 
1/t, = (4/p + p)k, 
Ajr = (2 + ple. 
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If the ratio of the excess of the probability distribution on a (200)-site 
and the excess on an (110)-site is denoted by R, we find for the two roots 


pes 94 D+ p? + {(2 1» 4 py? Sp Ap}, 


or if p is small 


Ry =—4+2p 4+ p?, R= p?. 


If an electric field is applied the contributions to the polarization of the (+) 
and (—) mode are in a proportion of 4+p?:1, respectively (for small values 
of p). 

These results show that by application of an electric field mainly one of 
the two electrically active relaxational modes will be excited, the frequency 
having been shifted slightly from the relaxation frequency obtained in the 
preceding section. 

For a value of p= 0.5 the contribution to the polarization of this second 
mode is about 7% of the excitation probability of the first one, the equilibrium 
distribution on (200) being about 0.25 of that on (110). 

From this result one may conclude that it will be difficult to draw conclu- 
sions from dielectric loss measurements, as to the detailed structure of the 
dipole centres. 
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1. — Introduction. 


Tf alkali halide crystals are irradiated with X-rays, many types of light 
absorbing centers, so called color centers, are produced. The relative abundance 
and the production rates of the various types of centers depend upon the 
conditions of irradiation (e.g. dose, wavelength, crystal temperature) as well 
as upon the imperfections of the crystal (impurities, vacancies and interstitials, 
dislocations). The detailed structure of most of these color centers is not known, 
because a powerful experimental tool was lacking for a long time. However, 
plausible models were deduced from the properties of the crystal containing 
color centers. For example, a model for the F-center was proposed by DEBOER. 
as early as 1937 [1]. It consists of a halide vacancy at which an electron is 
trapped. It was not until 1953 that this model was confirmed through the 
electron spin resonance experiments by Kip, Kirrer, LEvy and Portis [2]. 
It was shown that the trapped electron is shared, essentially as a valence 
electron, by the six alkali ions surrounding the halide vacancy. 

The F’-center is another color center the nature of which was recognized 
early. Pick demonstrated experimentally that it consists of an F-center that 
has trapped an electron [3]. 

Models for other electron excess centers (P-type centers) were proposed 
by SEITZ [4]. They all consist of simple vacancy aggregates that have trapped 
one or two electrons. Direct experimental confirmation of these models is 
still lacking. 
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The presence of electron excess centers in X-rayed crystals implies the 
existence of electron deficient centers. These are called V-centers because 
their optical absorption was found on the violet side of the absorption bands 
of the electron excess centers. SEITZ [4] proposed that the V-centers are the 
«antimorphs » of the F-type centers. Their models are obtained from the 
models of the F-type centers by replacing the trapped electrons by holes and 
the halide vacancies by alkali vacancies and vice versa. These models are 
rather speculative because not enough experimental work has been done. 
Also, it is difficult to see why a hole, an electron deficiency in the otherwise 
filled shell of a halide ion, should behave like an excess electron, attached as 
a valence electron to the closed shell of an alkali ion. 

Conventional paramagnetic resonance techniques can be applied very suc- 
cessfully to the study of V-centers because the hyperfine interaction of the 
incomplete electron shell with the halogen nucleus is rather large. Further- 
more, it turns out that trapped holes can be much more localized than trapped 
electrons so that the hyperfine splitting is readily resolved. In this paper we 
summarize the main results of the structure determination of a V-center by 
means of paramagnetic resonance. A detailed description and analysis of the 
spectra has been published elsewhere [5, 6]. 

The V-center to be discussed here was present in pure synthetic alkali 
halide crystals (*) KCl, NaCl, Lif and KBr upon X-irradiation at 80 °K. 
In KCl and KBr it anneals out roughly in the same temperature region where 
the optical V,-band bleaches [7]. This might suggest a correlation between 
the two processes (*). However, this point requires further experimental 
investigation since we did not measure simultaneously the optical absorption 
and the paramagnetic resonance absorption (*). The concentration of these 
V-centers is roughly of the same order of magnitude as the concent ration of 
the F-centers created simultaneously. In the cases of Lif and KCl we con- 
vinced ourselves that the V-center is also present upon X-irradiation at 20 IE 

The X-rayed crystals contain several different types of electron excess 
and electron deficient centers that are paramagnetic. However, in most cases 
the conditions of the experiment can be chosen so that the observation of the 
paramagnetic resonance of a particular type is at least strongly favored. For 
example, the paramagnetic relaxation times of the various types differ sub- 
stantially. Therefore, it is possible to choose a temperature and a radio- 


(*) Obtained from the Harshaw Chemical Company, Cleveland, Ohio. 

(+) In the early stages of this work we believed to observe the paramagnetic re- 
sonance of the V,-center [8]. 

(«) Note added in proof. — Recently DeLBECQ and YustER showed that this V-center 
is not identical with the V,-center. It is a new center, which gives rise to an optical 
absorption band that is close to the V,-band (private communication). 
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frequency power level such that « undesirable » resonances do not show up, 
either because of complete saturation or excessive broadening. The resonance 
absorption of the V-centers under consideration is readily observed at 80 °K 
with a microwave magnetic field H, not exceeding 1 gauss. 


2. — The results of the analysis of the paramagnetic resonance spectra. 


21. The model of the V-center. — The study of the hyperfine splitting clearly 
showed that the paramagnetic resonance was due to an electron deficiency 
(hole) equally shared by two equivalent halide 
ions. This imperfection is best described as a 
halogen, molecule-ion. To a good approximation 
it is axially symmetric. The axis (i.e. the line 
joining the two nuclei) is exactly a [110] axis of 
the crystal. The six [110] axes of the crystal 
are equally populated with molecule-ions which 
may be regarded as frozen in at 80°K. We 
expect, however, that jumps from one halide pair 
to another may occur if the molecule-ion is opti- 
cally excited. In the more detailed paper [5] evi- 
dence has been presented that the molecule-ion 
} probably is not associated with vacancies or 

impurities but possibly might be regarded as 

a self-trapped hole. Fig. 1 schematically depicts 

Fig. 1. — Orientation and the position of the molecule-ion in the crystal 

principal axes of the halo- lattice. It seems likely that the hole never mi- 

a ae At Rao grated through the lattice, but stayed trapped 
molecular bond is symbolized near or at the site where it was created. 

by a heavy line. 


vi 
I 


© ALKALI 


HALOGEN 


22. The spin Hamiltonian. — The hyperfine 
splitting in the paramagnetic resonance spectra 
depends upon the angle 6 between the axis e’ of the molecule-ion and the 
magnetic field; it decreases with increasing 6. Since axial symmetry is a 
good approximation the following spin Hamiltonian gives an adequate de- 
scription of the spectra 


g 
hye 2S, al: S 4 61:85 
JoPo Io È u i 


where /, = Bohr magneton, 


J = Spectroscopic splitting factor of free electron, 
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g = Spectroscopic splitting factor of molecule-ion for orientation vis- 
ualized (very close to go), 


ANISTON 
2’ = molecular axis, 


1 =I,-I,, with I, and I, the nuclear spin operators of the two nuclei 
in the molecule-ion. 


The transitions resulting from this spin Hamiltonian were calculated and 
the constants a and d chosen to fit the experimental spectra. Their values 
are listed in Table I. For angles 0 below 75° second-order perturbation theory 
is sufficiently accurate, whereas for 0 > 75° a more rigorous treatment is 
necessary [6]. The sign of the constant a could not be determined by these 
calculations; other considerations led us to favor the positive sign. 


TaBLe I. — Constants of the spin Hamiltonian. 


(The sign of a is undetermined in the analysis of the spin Hamiltonian. Other con- 
siderations, however, seem to favor a positive value [5)). 


Crystal Isotopes ane la 
gauss gauss | 

LiF 1p) 197 887 59 

KCl | 3501 —35G1 101 | 9 

NaCl | 85C1 — 85C1 98 | 9 

KBr SUE mel 455 80 


3. — The wave function of the unpaired electron. 


In the LCAO approximation the orbital ground state of the unpaired 
electron of the halogen; molecule-ion is a linear combination of two atomic 
orbitals y, and gy, each centered on one of the two nuclei of the molecule-ion. 
The resulting orbital may be considered as an antibonding orbital since it 
weakens the bond of the halogen, molecule. The atomic orbitals gy, and %, 
are primarily of p-character because the molecule-ion may be thought of as 
created by removing a p-electron from the noble gas configuration of the halide 
ions (2p, 3p and 4p for the fluorides, chlorides and bromides respectively). The 
degeneracy of these p-functions is lifted through the formation of molecular 
orbitals. The ground state corresponds to a p,, function (2’ designates the 
molecular axis). This means that the orbital moment is quenched. The ani- 
sotropy of the hyperfine splitting arises from the classical interaction between 
the electron magnetic moment and the nuclear magnetic moments. 
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A considerable admixture of s-type function has to be expected because 
the two halide ions involved in the molecular bond polarize each other 
electrically. We assumed that the s-type function admixed to the np-function 
is a (n+1)s-function and calculated the fractions x* and f? of p and s-char- 
acter from the observed anisotropy of the hyperfine interaction (from the 
constants a and b of the spin Hamiltonian). The results are listed in Table II. 


TABLE II. — Fraction of p and s-character of the atomic orbitals g, as calculated from the 
values of the constants «a» and «b» of the spin Hamiltonian. The result is given for 
both signs of the constant «a». (The positive sign is more likely to be the correct choice). 


Crvstal Sign of Fraction Fraction 

die of a | of p-character | of s-character 

LiF | _ 0.49 | 0.51 

| — | 0.59 0.41 

KCl AM 0.62 0.38 

= | 0.74 | 0.26 

| | 

NaCl | ~ 0.62 0.38 

— 0.75 0.25 

KBr | at | 0.57 0.43 

ue | 0.72 0.28 


4. — The excited states of the halogen, molecule-ion. 


The observed spectroscopic splitting factor deviates slightly from the free 
electron value. Table III gives the measured g-tensor referred to the axes 
x'y'2' of the molecule-ion (see Fig. 1). The component g_,, is very close to the 
free electron value g) = 2.00229. The components g, and g, Show a sub- 
stantial positive deviation from g), indicating that the resonance arises from 
an electron deficiency in the noble gas configuration of the halide ions. 

In terms of perturbation theory the g-shift is a second-order effect and 
hence involves the admixture of orbitally excited states. In order to find 
these we first build up a «pseudomolecule » consisting of two halide ions. 
There are twelve np electrons to be accommodated. The following levels have 
to be expected [9] 


wy (PO); (pri, (pr), (npo,)?, 
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TABLE III. — Components of the g-tensor, measured at 9.3 kme. Polycrystalline «, a-diphenyl 
B-picryl hydrazyl (DPPH) served as a standard. The g-factor corresponding to the point 
of zero slope of the absorption curve was given to us as 2.0034. The experimental error 
in this table does not include a possible error in the g-factor of the reference standard. For 
LiF and KBr the uncertainty in the g-factor is mainly due to overlapping lines. 


Crystal ie Ix Gy gz! Maximum error 
| LiF | 2.0227 2.023 4 2.003 1 +0.0010 
| KCl | 2.0428 | 2.0447 2.0010 + 0.0001 
NaCl | 2.048 9 2.0425 2.0010 +0.0001 
| KBr | Dalia 290715 1.980 + 0.001 
| 


In the ground state the hole is in the npo, level and the configuration of the 
halogen, molecule-ion is then 


eg (mpo,)?, (pri, (np), (npor). 
The symmetry of the crystalline field makes the x’ and y' axes non-equivalent 


(see Fig. 1). Thus the z-levels are slightly split into two levels associated with 
p, and p, functions. The level scheme 


is shown in Fig. 2. Among the molecular 
levels shown in this scheme it is only eae e. p-function 
npa, which can give a contribution DP os Cao ap ee 
to the g-shift. Levels outside the (i 
ones noted here are probably too far Bo 
away to affect the g-shift signi non] = n Je E) 
ficantly. IT (xy ~ XQ) 
Using the perturbation proce- È | 
dure proposed by Pryce [10] one ee | A 
E Violet | | 
peat 
(a 
Fig. 2. — Schematic representation of | | 
the orbital energy levels of the halogen, di pena 
molecule-ion. The broken arrows repre- n pa du nas 
sent the (optically forbidden) transitions 
that produce the g-shifts, and the full 
arrows represent the allowed optical 
transitions. npog Gz 25) 
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obtains in second order and neglecting overlap integrals the following 
expressions for the g-shifts 


The spin orbit coupling constant A can be taken from optical data on halide 
ions, and the fraction «? of p-character from Table II. The transition energies 
are labelled as in Fig. 2. A more elaborate calculation of the g-shifts was 
made by INUI, HARASAWA and OBATA [11]. These authors took into account 
the change of the wave function due to the spin orbit interaction which results 
in the addition of (negative) 1/H? terms in the above expressions for the 
g-shifts. Using this refined formula and the experimental g-values in Table III 
one calculates the E values listed in Table IV. The transitions npo, > npo, 
and npo, > npa, are optically allowed transitions, the former being in the 
violet, the latter in the infrared. The violet transition is of particular interest 
here since V-centers are known to absorb in this spectral region. The cal- 
culation of the energy of these transitions is not a simple matter and has not 
been carried out. However the level scheme depicted in Fig. 2 suggests the 
following limits for E 


violet 


E, (or E.)< E 


Y 


<2E, (or 2E,). 


violet 


TaBLe IV. — Excited states of the halogen, molecule-ion computed from the g-shifts. 
(Note that the positive sign of the constant «ay is more likely to be the correct choice). 


| 


| 
| C | | Sign By | Hy limits for TLS wick | 
| dar e 104 em! 10* cm! 104 em | 
LiF | + | 1:23 1.28 1.23< E, < 2.56 
= 1.49 1.54 1.49 < E, < 3.08 
KC] to 1.66 | 1.74 1.66 < E, < 3.48 
e 2.00 | 2.08 2.00 < E,<4.16 | 
| | DIR | | 
| NaCl | + | 1.74 | 1.52 1.52< E,< 3.48 
| Ca 212 | 1.84 1.84< E, < 4.24 
| Aer i eee 1.73 | 1.64 1.64<E,<3.46 | 
| hi 5005 tee DI Bo dee 
| i | “ep 
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It is interesting to note that among the predominant optical V-bands 
(Vi, Ve, Vs, Vi) it is only the V,-band that falls within these limits (*) [4]. 


5. — Other V-centers. 


The V-center described in the preceding sections is the simplest electron 
deficiency in alkali halides we have encountered so far in the course of our 
paramagnetic resonance work. The structure determination of two more com- 
plicated V-centers is well under way. The first of these is a halogen; mole- 
cule-ion associated with a vacancy aggregate (probably a vacancy pair). The 
second[13] consists of an electron deficiency shared by three halide ions. We 
know that the three nuclei form a flat, isosceles triangle. The plane of the 
triangle is a (001)-plane and its base is parallel to a [110]-axis of the crystal. 
It appears that the structure of this center corresponds to the model which 
SEITZ proposed for the V,-center [4]. 


(*) This contradicts the conclusion reached by M. H. Conen [12] who erred by 
a factor of 2 in calculating the energies of the excited states. 
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1. — Introduction. 


In recent years there has been an increasing interest in the kinetics, as 
distinct from the phenomenology of. diffusion in crystalline solids. In the 
phenomenological theory of diffusion one uses Fick’s law 


“ab j=—DVe, 


where j is the current density and c the concentration, together with the con- 
servation equation 


Pe OCW rm 

(1.2) NEE Be eg il 
Results are expressed in terms of D which is left as an unknown macroscopic 
parameter. In the kinetic theory of diffusion one aims to relate D to the atomic 
parameters which describe the diffusion mechanism, and, conversely, to use 
experimental information on D to give insight into these mechanisms. One 
feature of this problem which has recently excited interest is the spatial cor- 
relation which may exist between successive movements of a diffusing atom; 
this is an essentially geometrical feature of the diffusion mechanism and in 
favorable cases is one which may be isolated from the other factors which 
make up the observed diffusion coefficient (e.g. atomic jump frequency). Rather 
direct information about the nature of the mechanism can thereby be obtained. 
Let us consider the problem in slightly more detail for the example of an 
isotope diffusing by a vacancy mechanism. The usual elementary treatments [1] 
provide an expression for the diffusion constant in an isotropic lattice which 


(*) Now at the Department of Physics, University of Reading. 
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can be written as 
(1.3) DE = Dgr x 


where r is the distance moved by the atom in each jump (nearest neighbour 
distance) and J’ is the average number of jumps made by each isotopic atom 
in unit time. In arriving at this formula it is assumed that the isotopic atoms 
make a three-dimensional random walk through the crystal: the jump fre- 
quency J’ is the product of the probability that there is a vacancy next to 
the isotope with the frequency that the isotope jumps into such a vacancy. 
However, although on the average the isotopic atoms do jump equally fre- 
quently in all directions, when we look at the movements of an isotope over 
short times, say a sequence on several jumps, we see that successive move- 
ments are dependent on the directions of the jumps which have gone before. 
Take the case where the isotope has just arrived at position P from <P) 27 O8 
necessity the vacancy is still neighbour to the isotope so that although the 
vacancy makes random jumps, the next jump of the isotope is most likely to 
be back to P’ and least likely to be another jump in the forward direction. 
This correlation between the directions of successive Jumps of an atom has 
been omitted in arriving at equation (1.3). Its inclusion leads to another 
factor, which we call the correlation factor, f, in (1.3), 


(1.4) D, = Ir. 


We note that this factor f will only appear when the diffusing atom is moved 
by the intervention of another « particle », in the above example the vacancy. 
It does not appear in the diffusion coefficient of interstitial solutes, e.g. C in 


iron, where successive jumps are strictly random and independent of one 


another. 

In this paper we r 
different diffusion mechanisms. The recent interest in these calculations has 
arisen largely because in ionic conducting solids the J” factor in D, can effecti- 
vely be determined independently (from conductivity); reliable experimental 
values of f have thereby become available. The steps in our development are: 


eview the calculations of f which have been made for 


1) a random walk theory is used to obtain an expression for D, 
(equation (1.4)); the jump frequency J’ involves the product of the defect 


concentration and jump frequency (there may also be a numerical factor) ; 


heory also provides expressions for the diffusion 


2) a random walk t 
D,,, involving their jump frequency but 


coefficients of the defects themselves . 
not their concentration; 
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3) these diffusion coefficients can be related to the corresponding con- 
tributions to the ionic conductivity o,, through the Einstein relation 


(1.5) sl 


where » is the number of defects per unit volume and e their charge; 


4) elimination of the defect jump frequency and defect concentration 
between the three equations so obtained yields a value for the quantity 
kTo/Ne?D, (N=number of normal lattice ions per unit volume). This quan- 
tity is characteristic of the defect mechanism assumed and may be compared. 
directly with the observed value. It is not equal to unity as a naive appli- 
cation of the Einstein relation would lead one to suppose. This is essentially 
because the Hinstein relation applies only to a dilute solution of charged parti- 
cles whose distribution in an external potential follows the exponential Boltz- 
mann law. We can therefore apply this relation to the defects themselves (1.5) 
but not to the normal ions. 


Calculations corresponding to step 1 are reviewed in Sect. 2, 3 and 4. 
Steps 2, 3 and 4 which allow one to make contact with experimental results 
are discussed in Sect. 5. Sect. 6 contains experimental results so far obtained 
and Sect. 7 considers some possibilities for future work on ionic conductors. 
The material of this account is largely drawn from references [2-7]. 


2. — Diffusion coefficients, general. 


Firstly we shall consider the approach leading to equation (1.4). In the 
random walk theory of diffusion one begins by supposing that an atom is 
initially at the origin of co-ordinates and that after a time t it has made n 
Jumps ri, T:,..., rn, the total displacement being R(t)= > r,. If a large 
number of atoms were initially at the origin a distribution of displacement 
vectors R(t) would be obtained. Such a distribution could also be described 
by the macroscopic laws of diffusion, (1.1), and (1.2), so that, knowing the 
jump frequency of the atoms and the probability of jumping in the different 
directions, a comparison of the two descriptions can be made. The macro- 
scopic description gives the solution for this case as 


R? 


1 
2.1 kh, t)dR = — exp |— —— 


—— R 
(2Va Dt)? i 


for the fraction of atoms in the volume dR at R. The second moment of this 
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distribution is 
(2.2) R(t) = 6Dt. 


We will now compare (2.2) with the mean square displacement calculated 
directly and so derive an equation for D; but we will not consider the further 
question of the consistency of the higher moments, i.e. we shall accept Fick’s 
law (1.1) as always valid for isotropic diffusion in an ideal system. We write 


(2.3) R(t) = (Dr)? 


DU PAS VII 


g=1i=1 


For situations where all jump vectors are of equal length the first term in (2.3) 
is simply nr?. If this term alone were present then (2.2) and (2.3) give (1.3) 
when we set n/i= /, the jump frequency. It is the second term which exe 
presses the correlation effects; its magnitude depends on the mechanism w- 
consider and the crystal lattice in which diffusion is taking place. 


3. — Diffusion coefficients for isotopes and foreign atoms, vacancy mechanism. 


When a vacancy mechanism is operative in a lattice where all jumps are 
equivalent (e.g. cubic lattices) the average value of r;-1r;,,; is clearly independent 
of i. Equation (2.3) can then be written as 


n—1 


(3.1) R2(t) = nr? + 27? Y (n — J) così, (vacancy) . 

fst 
Further, it is not difficult to show (5) that when there is two-fold or three-fold 
rotational symmetry about the jump vectors then 


(3.2) cos 0; = (cos 0)! (vacancy) , 
so that for large n (3.1) becomes 


= ‘al + cos 0) 


a3 h(t) = nr? (vacancy) 
(8:9) i (1 — cos 6,) 


By (2.2) therefore 
(1 + cos 0) 


Ta (vacancy) . 
(3.4) 6° (1— 6080) 
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The computation of the correlation factor in these cases is therefore reduced 
to the determination of the average cos 0 between one atom jump and the 
next. One carries out this evaluation by following the jumps of the vacancy, 
noting the probabilities of return to the atom from the different directions 
allowed by the lattice. Analytical methods and methods based on the analogy 
with eleetrical networks. (electrical currents taking the place of vacancy cur- 
rents) have been elegantly exploited by ComMPAAN and HAVEN who have de- 
rived almost all the recent results in this field. Some of their results are given 
in Table I. 


TaBLe I. — Correlation factors for isotopic diffusion via free vacancies 
(after CoMPAAN and HAVEN [5]). 


| on ve Se SEE ie eke ee ae 
| | 1 — cos 0; 

2 dimensional | 
honeycomb layer 4 4 | 
Cona) CO OT 0.363 28 | 0.467 05 | 
hexaronal ila veri Re ow 8 0.282 00 | 0.560 06 

3 dimensional | | 
digmamadi WANE. << ele os 6 2 6 e 4 È 
angie uiaie lena 5 6 2 4 5 5 46 & 0.208 10 0.655 49 
body-centred cubic lattice . . . . . 0.16178 0.721 49 
face-centred cubic lattice . . . . . | 0.122 68 | 0.781 45 


It may be noted [2] that in a linear chain there is no diffusion; cos 6; is 
necessarily (—1)’ and it is seen that the correlation term just cancels the 
leading term nr? (n even). This is an example where correlations are over- 
whelmingly important. 

Another example where correlation effects may make an important change 
in the diffusion coefficient is provided by the diffusion of foreign atoms which 
bind vacancies to themselves, e.g. in the alkali halides divalent ions may 
strongly attract vacancies for essentially electrostatic reasons [8, 9]. If we 
suppose that we have a face-centred cubic lattice (which could be one gub- 
lattice in a NaCl or zine blende structure) and that the distance between 
nearest neighbours is \/2 a then the impurity diffusion constant is found [5, 6, 10] 
to be 


a Me Ub bie 
(3.5) De 
3) Wy ae 
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where w, is the jump frequency for impurity-vacancy exchange and ww, is 
the jump frequency for an attached vacancy going from one position to another, 
The correlation factor is w,/(w,-+w,) and shows that unless the vacancy can 
circle round the impurity then the 


impurity atom just jumps back and +0) Correlation Factor 

forth with no net displacement, 09 

similarly to the one-dimensional “al ihe Ace) Brass.” 

example. OE MIN (cani: 
The symmetry required for Call 

equation (3.2) to follow is present in Ed aaa 

the examples discussed above, i.e. Li | 7 oe 

isotopic diffusion by free vacancies Po | agro 

or impurity diffusion by bound va- RA oF 

cancies. An example in which it is ae eal 

not present is provided by isotopic a 

diffusion caused by vacancies bound di frequency. fat ei ei 

uO NEN atoms. The presence of Fig. 1.— Correlation factors for isotope diffu- 

the impurity atom destroys the sion in a NaCl lattice caused by impurity- 

rotational symmetry about the iso- vacancy pairs (lower curve) and cation 

tope-vacancy axis which would vyacancy-anion vacancy pairs (upper curve). 


The jump frequencies of the bound cation 
and anion vacancies are w, and w_ respec- 
tively. (After Compaan and HAVEN [5]). 


have existed otherwise. In such 
cases one must work with the full 
equation (3.1) and the calcula- 
tions become correspondingly more 
involved. CoMPAAN and Haven [4] were however able to obtain unmerical 
values for the correlation factor by using appropriate electrical analogues. 
Their results are shown in Fig. 1. It would be interesting to know the simple 
limiting forms of these correlation factors for small w,/w, and w_/wy. 


4. — Diffusion coefficients of isotopes, interstitial mechanism. 


It is known from electrical conductivity studies that AgBr and AgCl display 
predominantly cationic Frenkel disorder [11, 12] and we therefore consider 
the correlation effects which may appear in connection with interstitial mecha- 
nisms. Firstly as we have remarked above, interstitial solid solutions show 
no effects, the solute atoms jumping randomly by themselves from one site 
to another. Likewise, diffusion of Agt isotopes in AgBr will take place without 
correlation effects if the interstitials move directly and randomly from one 
interstitial site to another. 

However it has always appeared. possible and now seems confirmed [3, 7] 
that the Ag* interstitials in AgBr and AgCl move by the so-called « intersti- 
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tialey » or «indirect-interstitial » mechanism. In this the interstitial ion moves 
to one of the surrounding normal sites and pushes the normal ion there into 
the next interstitial position. Clearly if the isotope is present as the first 
interstitial its next jump, after the move to the normal site, is going to be 
quite strongly correlated with the first. For, the first move of the newly 
created interstitial may be straight back to its previous position (probability 4 
in the AgBr lattice). On the other hand when the isotope is present initially 
as the normal ion which is displaced into the interstitial state then its next 
jump is uncorrelated with the first. In this example then only alternate pairs 
of jumps are correlated (i.e. pairs of the type interstitial + normal — inter- 
stitial). Hence of the terms r;-r,,; in equation (2.3) all those with j> 1 
are zero and of those for which j= 1 only alternate ones are non-zero. Hence 


(4.1) R2(t) = nr2(1 + cos Oe (indirect-interstitial) 
so that 
(4.2) D = 1Tr(i--+ cos 6), 


where cos0 is the average cosine of the angle between consecutive inter- 
stitial > normal and normal + interstitial jumps, and as before is a negative 
quantity. 

For the NaCl type of lattice (AgBr, AgCl) cos 0 has [13] the value — + 
if we consider only acts in which the two atoms move in one line e.g. (4 $4) > 
—> (111) > ($33). However inspection of the NaCl lattice shows that two 
other possibilities exist, namely acts of type (444) > (111) — (438) and of 
type (+33) > (111) > (433). It has been shown [14] that if only the first 
of these two types occurs then cos 0 is — 0.030303 whilst if only the second 
occurs then cos#=— 0.03617. The effect is smaller for the non-collinear 
jumps because for a given movement of the first ion there are three equivalent 
movements for the second, whereas for the collinear jump there is only one 
movement. 


5. — Electrical conductivity and its relation to the tracer diffusion coefficient. 


By following the random walk of a vacancy or of an interstitialey we can 
derive diffusion coefficients for the defects themselves. Equations (2.2) and (2.3) 
can be employed and, since there are no correlations to be considered, we get 
simply 


(5.1) D,, = Dr. 
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Hence by the Hinstein relation the corresponding contributions to the ionic 
conductivity are 


(5.2) Cog ean’ One. 

By adding up these contributions we obtain the total conductivity which may 
then be compared with the total tracer diffusion coefficient calculated from 
equations (3.4) and (4.2). 

Let us make this comparison for the Frenkel model applicable to AgCl 
and AgBr. We assume first that the collinear interstitialey mechanism ope- 
rates. Then / for the tracer ions (equation (4.2) is 2n,/’;/N, where N is the 
number of normal ions per unit volume. The factor 2 appears since two ions 
move in each interstitialey jump and either may be a tracer. If a is the anion- 
cation separation the jump distance of the tracer is V/3a/2. Hence, substi- 
tuting the value 3 of the correlation factor (4.2) gives 


n; 
= a Oe 


il 
5.3 Dee 
( ) Ti 6N 


The jump distance of the interstitialcy is v3a so that (5.2) yields 


T';n;e*a% 


eo e 
so that 

lo) Ne? 
5.4 (=3-,. 
dea DIRMI 


The coefficient 3 is made up of the correlation factor 3 2 in the denominator and 
of (opposed) terms coming the fact that the SO jump distance is twice 
the tracer jump distance and that the tracer jump frequency is twice n, JANE 
More generally when all three types of interstitialey jump are operative—in 
proportions p, for collinear, ps when the two displacements are at cos (3) 


and p, when they are at cos (— 4)—we have 


5.5 i 
(9,5) DLE 
where 
(1 + cos 0) 
5.6 i a Do gie i . 
8) Is = 9(p, + 2p:/3 + Pal)’ Pep iin Ps ig 


FRIAUF [7] has evaluated cos 0 approximately as a function of p./p, when 
p3= 0. More extensive calculations have recently been carried out by Com- 
PAAN and HAVEN for the complete range of pi; Ps) Ps values. 
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Before closing this section we should note that a rather different model 
for the Frenkel disorder in AgCl has been put forward by Hove [15]. It was 
suggested that the stable interstitial configuration might be a sort of dumb-bell 
arrangement of two ions about a normal lattice point. These dumb-bells would 
have (111) orientation, and movement would occur by a jump of one of the 
ions of the pair to another normal site of the lattice cell where the new dumb- 
bell is formed. It was shown independently by McComBIE and by COMPAAN 
and HAvEN that this model leads to the same equation (5.4) as does the col- 
linear jump model for the conventional interstitial. 

The observed values of o and D, will include contributions from the va- 
cancies as well as the interstitials, 


(5.7) O» Ne? 
D7 a ee 
Dig 
Hence 
o) 0; + 0, Ne 1 


Dr DietDey kL (tif t teh)’ 


where ¢; and t, are the interstitial and vacancy transport numbers. 


6. — Experimental results for AgBr and AgCl. 


103 gre aes ‘ia MO 7 The results of Compron and MAURER [3] 
obtained on AgCl show quite unambi- 

> guously that the ratio kTo/Ne?D, is greater 
than unity in the region of intrinsic con- 


1077 


310° = duction (Fig. 2). The ratio is about 2 at 
> 200 °C decreasing to about 1.7 at 350 °C. 
= The fractions of current carried by the 
È interstitials and vacancies, ¢; and t,, can 
Cao! | easily be obtained from the mobility ratios 
Ò 

Ò 

E 

È i : 

S10 sl Fig. 2. — Diffusion coefficients in AgCl plotted 


against the reciprocal of the absolute tempera- 
ture. ‘The upper full line drawn through the 
points A is kTo/Ne? where o is the measured 


1 o 3 al 


n 1000/7 (°K) ionic conductivity. The lower full line drawn 

10 ee OO COTE a through the points © and @ is D, for ™Ag. Both 
sets of measurements were made on a specimen 

grown and annealed in air. The D, values are in good agreement with those measu- 
red in crystals grown under different conditions, and the intrinsic conductivities are 
in good agreement with earlier results reported by Eserr and Trirow {12]. The 
dashed curve is the diffusion coefficient of *6Cl as measured in three different crystals. 
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determined by EBERT and TELTOW [12]. Also f, is known to be 0.78 for the face- 
centred cubic cation sub-lattice (Table I). In this way Compron and MAURER 
find the observed ratios kTo/Ne2D, to be consistent with f;= 0.5. This is 
somewhat larger than } and indicates the occurrence of non-collinear inter- 
stitialey jumps. Or alternatively if one is thinking in terms of Hove’s dumb-bell 
model then it is necessary to suppose that the dumb-bells can undergo hin- 
dered rotations from one (111)-orientation to another, 

Very similar results have been obtained for AgBr by FRIAUF [7]. Using 
mobility ratios found by TELTOW [11], FrIAUF infers f; values from his data 
and then, from calculations of f; as a function of p/p. (Ps assumed zero), 
determines p,/p, at various temperatures. The numbers so obtained can be 
fitted to the formula 

S| ev. 


~ Er 


e 38 exp 


Pi 


Knowing the total interstitial mobility [11], the contributions of the collinear 
and the non-collinear processes can then be separated. In this way FRIAUF 
finds an activation energy of 0.08 eV for the collinear jumps and of 0.23 eV 
for the non-collinear jumps. 


7. — Possibility of observing effects in other systems. 


Substances with the fluorite (CaF,) lattice display predominantly anionic 
Frenkel disorder. Interstitialcy movements in such a lattice can occur in 
only one way, the two atomic displacements making an angle cos! (3) with 
each other. However the correlation factor (1 + cos 0) is only slightly dif- 
ferent from unity, so kTo;/Ne?D,,, which is 1.4, is made up almost entirely from 
the factor 4 resulting from the displacement-distance and two-ions-in-a-]ump 
effects. The ratio kTo,/Ne?D,, for vacancies is 1.53 (the anion sub-lattice is 
simple cubic, Table I) so that there is little difference here between the two 
mechanisms. Interstitials can be made predominant in these systems by 
doping with a cation of higher valency. Unfortunately there appears to be 
only one compound which is suitable for tracer studies, SrCl,. 

Somewhat more striking effects may be obser rable in ionic conductors 
with the OsCl structure (e.g. TIC], TIBr, TIT, CsCl, CsBr, CsI). Most of what 
follows is speculative since these systems have not yet been studied very 
completely, and the type of disorder and even the conductivity mechanism 
may be in doubt [16, 17). If they show Schottky disorder then kTo/NeD, 
will be 1.53, as appropriate to a vacancy mechanism in a simple cubic lattice. 
However Frenkel disorder, which is rather probable since it is favoured by 
the large Van der Waals attraction associated with the heavy ions Tl’ and 
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Cst, presents more interesting possibilities. Since the anions (Cl, Br and I>) 
are larger than the cations (T1* and Cs*+) one would expect cationic Frenkel 
disorder and one would expect the stable interstitial cation sites to be those 
lying at the centre of a face of the elementary anion cube, i.e. midway between 
two cations on a (100) axis. Collinear interstitialey jumps in the (100) di- 
rections may then occur relatively easily (frequency »,). However if only 
these jumps occur there can be no tracer diffusion, since we have then just 
another example of one-dimensional diffusion. Non-collinear jumps, which 
here occur at right angles (e.g. (033) + (£44) > (414)), must take place if 
there is to be any tracer diffusion. If the frequency of these non-collinear 
jumps (v,) is low relative to v, then D,, will be proportional to »,, so that 
kTo,/Ne?D,, will be proportional to »,/y, and may therefore be very large. 


On the other hand, at high values of »,, cos 0 will be very small, since for », 
zero cos0 is zero also—a result which follows quite simply from the sym- 
metry imposed by the perpendicular », jumps. Im this limit &T'o;/Ne?D,, is 
unity, the factor 2 coming from the fact that the insterstitialey displacement 
length is V2 times the tracer displacement length just cancelling with the 
factor coming from the fact that two atoms jump in each act (1’,= 2n,1’;/). 
However the limit »,<¥, seems rather unlikely to occur and we may there- 
fore look forward to the results of a thorough study of the CsCl systems in 
the hope of seeing evidence of the rather strong correlation effects which the 
interstitialey mechanism gives rise to here. 


8. — Summary. 


Here we list the main points which have so far emerged: 


1) Correlation effects occur when the diffusing species (tracer, impurity) 
is moved by another particle (vacancy, interstitial). 


2) Correlation effects in linear systems are so large that no diffusion 
occurs. 


3) Correlation effects may also be important in impurity diffusion. 


4) Correlation effects with tracer diffusion in ionic conductors can be 
seen in a comparison of kTo/Ne? with D,. For some interstitial mechanisms 
the ratio kTo/Ne?D, is greater than unity not only because of the correlation 
effect but also because the interstitialey jump distance differs from the tracer 
jump distance. 


5) «Indirect interstitial » or « interstitialey » migration occurs in AgCl 
and AgBr, but it is necessary to suppose that non-collinear jumps occur as 
vell as collinear jumps. 


—_ Seli 
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6) Hove’s dumb-bell model without rotations leads to the same ratio 


for k7 32 qc ¢ x i i it] o j 
for kTo;/Ne?D,; as does the collinear interstitialey mechanism. 


7) Correlation effects in CsCl lattices may be very large if Frenkel dis- 


order occurs. 


In conclusion I like to record my gratitude to the Italian Physical Society 
for their generous support during the period of the 1957 Summer School. 
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1. — Introduction and general discussion. 


In this lecture we shall not take up a new subject but rather carry further 
the discussion of a number of topics that have been touched in other lectures; 
in particular in those on «Dislocation Theory» by Professor FRANK. 
The common feature of these topics will be that they cannot be treated ade- 
quately by the application of the linear theory of elasticity to dislocations 
in crystals. Professor FRANK has already discussed the insufficiency of the 
linear theory of elasticity to describe the core of a dislocation line satisfactorily. 
Most of the phenomena that we will discuss are usually associated with the 
dislocation core, i.e. the very heavily distorted region along the center of the 
dislocation line, the diameter of which is of the order of magnitude of the 
dislocation strength b. We will see, however, that it does not suffice to restrict 
our attention to the core. In fact, the main contributions to some of the pheno- 
mena we Shall treat (e.g. the influence of the dislocations on the mean density 
of the crystals) does not come from the dislocation core itself but from the 
environment of the dislocation core. 

Professor FRANK has mentioned various attempts to treat the dislocation 
core in an improved way, in particular the model first used by PEIERLS and 
later extended by a number of authors, and the paper by HUNTINGTON, DICKEY 
and THOMSON [1] on dislocations in ionic crystals like NaCl. These treatments, 
however, in their present form assume that outside the dislocation core linear 
theory of elasticity (based on infinitesimal strains and the validity of Hooke’s 
law) holds. They are therefore subject to a general theorem derived by 
COLONNETTI [2], which states that within the framework of linear elasticity 
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a state of self-stress leaves the volume and therefore the mean density of an 
elastic body unchanged. A strained elastic body is said to be in a state of 
self-stress or self-strain if no external forces are acting on it. The elastic model 
of an edge or screw dislocation forms an example: the dislocation is generated 
by cutting a hollow cylinder along a plane containing the axis, shifting the 
two sides of the cut relative to one another by the Burgers vector, welding 
them together and removing all external forces that had to be applied in 
order to deform the cut cylinder. The validity of Colonnetti’s law is easily 
verified for dislocations. According to the linear theory of elasticity the 
stress field of a screw dislocation contains no dilatation at all, whereas the 
dilatation and the compression on opposite sides of the glide plane of an edge 
dislocation are the same in magnitude and cancel each other exactly when 
the total change in volume is determined by an integration over the whole 
crystal. On account of Colonnetti’s theorem none of the treatments so far 
mentioned is therefore able to give the change in density that comes from 
the environment of the dislocation core. 

In principle the effect we are looking for could be obtained by treating 
not only the dislocation core but the whole crystal by an atomistic theory. 
From a practical point of view, however, this is rather undesirable, since such 
a treatment would be prohibitively complicated and would furthermore involve 
functions like the interaction potentials between atoms, which in most cases 
are not sufficiently well known. 

We are more interested in a simpler treatment which is based on con- 
tinuum theory and involves parameters that can be determined experimentally. 
A treatment of this kind, which does allow for the effects that dislocations have 
on the crystalline density and related properties, can be based on the use of 
the non-linear theory of elasticity. The relation between the change in density 
due to self-stresses and the anharmonicity of 
the stress-strain relations has been known for 
a long time (see e.g. a paper by ZENER [3] and 
its discussion by SEITZ); it has not been applied 
to dislocation theory, however, until very 
recently. 

The basic idea is demonstrated in Fig. -L 
showing the potential energy of a crystal as a 
function of the interatomic distance d. In the 
environment of the equilibrium position the U(d) Fig. 1. — The potential energy 
curve can be well represented by a parabola; per atom U of a crystal as a 
in this region Hooke’s Jaw holds ; the non-linear nat ii O 
effects will be small. If we consider large com- distance. The dotted parabola 
pressions or dilatations, however, we get de- — gorresponds to a harmonic law 
viations from Hooke’s law. They are always of force. 
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in such a direction that the crystal becomes harder under increasing com- 
pression, and softer under increasing dilatation. This means that the sym- 
metry between dilatation and compression is upset, and that the deviations 
from Colonnetti’s theorem which we expect when allowing for the higher order 
effects are such as to give a decrease in the average density of the crystal. 
Before we proceed to a more detailed discussion of the density change in 
Sect. 2, we should like to mention that these effects are important not only 
in themselves, but that they have an important consequence for the charge 
distribution around a dislocation line and thereby for the electrical properties 
of dislocations, e.g. the electrical resistivity due to dislocations in metals. 
For the sake of simplicity let us consider the conduction electrons of a 
metal as being a gas of quasi-free electrons with an effective mass m*, the 
Fermi energy of the gas being #. For the mean energy e of the electrons we 


obtain 

3 3 Re 
1 e=-=P= RE 
d) AREA 10° m* * 


where # is Planck’s constant divided by 27 and k, is the wave number at the 
Fermi surface. For a given number of electrons per atom k, is inversely pro- 
portional to the interatomic distance d or the lattice constant. Therefore the 
mean energy of the electrons is proportional to the (— 3) power of the specific 
volume V, or 

1 


D en-=V*. 
2) al all 


This means that the electrons tend to flow into regions of dilatation, charging 
them negatively with respect to the rest of the metal. Likewise they tend to 
avoid compressed regions, leaving them positively charged. Of course this 
unbalance of charge will be screened by the electrons themselves; the problem 
is therefore one of self-consistency. Combining these considerations with the 
linear theory of elasticity it has been predicted that a screw dislocation is 
not electrically charged at all, whereas an edge dislocation should be equi- 
valent to an electrical line dipole due to regions of compression and dilatation 
above and below the glide-plane [4]. 

Allowing for the density effects discussed above we see now that both types 
of dislocations will actually behave like negatively charged line poles. This 
obviously has a strong effect on the scattering of electrons and on the 
electrical interaction between dislocation lines and foreign atoms. We shall 
briefly report on some of these problems in Sect. 3. 

The phenomena we have mentioned so far were outside the realm of the 
linear theory of elasticity but could still be described by a continuum approach, 
e.g. second order elasticity. There are however interesting dislocation problems 
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which cannot be described adequately on such a basis. The best known ot 
these problems, in which the atomic structure has to be taken into account 
explicitly, is the problem of the Peierls stress or, as it is sometimes called, the 
Peierls-Nabarro force. It has been touched upon in Professor FRANK’s lectures. 
We shall not treat here the theory of the Peierls stress which has been carried 
further by Drirrzn [5] but does not yet allow a calculation of the magnitude 
of the Peierls stress from first principles. Instead we shall briefly report on a 
recent determination of the Peierls stress in some f.c.c. metals from internal 
friction experiments (Sect. 4). 


2. — The density change due to dislocations. 


The strain field of a screw dislocation in an isotropic medium, according 
to the linear theory of elasticity, corresponds to pure shear and is therefore 
simpler than that of an edge dislocation which involves also dilatations and 
compressions. For the sake of 
simplicity we shall consider screw 
dislocations in more detail than 
edge dislocations. 

Fig. 2 shows what happens 
if a close-packed plane is heavily 
Fig. 2. — Two close-packed rows of atoms in sheared as is the case near the 

a (111) plane of a f.c.c. metal crystal. center of a screw dislocation. 

Due to the fact that there is 
a strong repulsive potential between neighbouring ion cores, under a shear 
strain y neighbouring close- packed rows of atoms will have a separation a 
which is larger than the equilibrium distance 2. A dilatation is therefore con- 
nected with large «shears » of the type shown in Fig. 3. As an approximation 
we may put the dilatation proportional to the square of the shear strain, since 


the effect is the same if the 


direction of shear is reversed 
We can write 

(3) ANT 

Eq.(3) shows that we are deal- 


ing with an effect not con- pig. 3. — Same as Fig. 2, however heavily sheared. 
tained in the linear theory, The distance x between neighbouring rows is larger 
ag discussed in Sect. 1. The than a. 


constant x has been deter- 
mined for a specific model by STHELE and SEEGER [6]; they found 


Oe i 
(4) io (i (IL 1) 
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«is a parameter which determines how rapidly the repulsive interaction bet- 
ween two ion cores varies as a function of their separation in a repulsive po- 
tential of the type 


y 
=_= 


(5) Vee Avexp 7 


In eq. (5) A is a constant the magnitude of which is unimportant for eur 
present purposes, r is the distance between the ion cores and } is their equi- 
librium separation (which in a f.c.c. lattice is equal to the dislocation strength). 
In a metal like copper « will be about 15; therefore x should be of the order of 1. 
The preceding discussion is superior to the purely phenomenological ap- 
proach which we will describe later in that it allows to estimate an upper limit 
for the maximum dilatation 

possible. Even for very large 

shear strains it is obvious 

x that two neighbouring rows 

of atoms cannot be sepa- 

rated further than getting 


Fig. 4. — Same as Fig. 3; the shear strain corre- «on top of each other » 
sponds to the maximum separation #my which is (Fig. 4). We shall make use 
possible. of this in equation (7). 


If cylindrical co-ordina- 
tes (2, 0,9) are adopted a screw dislocation in an isotropic medium has only 
one non-vanishing essential shear component 


: DI 
(0) odia i caste 


21 0 


SC 


Here o denotes the distance from the dislocation line. Inserting eq. (6) (which 
was obtained from linear elasticity) in eq. (3) we obtain for the dilatation 


| CI AL 
ga 0 0 > Oo 

7) A= xb? 1 
Asc? 0} Gee Ge 


In eq. (7) we have «cut off» the dilatation in the dislocation core by postu- 
lating that it cannot exceed the maximum dilatation discussed above. The 
cut-off radius is of the order 0,~ b/3. 

The volume change per unit length of the screw dislocation is given by 


R 


‘Ee HOME later 
(8) AV=2n {A(jede =F lox (1 + 5) 


0 
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In order to avoid the divergence of eq. (8) at the upper limit we had to intro- 
duce an outer cut-off radius R. This complication is well known from the 
calculations of the line energy of a straight dislocation line. This is not acci- 
dental; we shall see presently that the change in density and the line energy 
are closely related to one another. We therefore choose Rk in the same way 
as we do in calculating the line energy, i.e. of the order of half the distance 
between neighbouring dislocations of opposite sign. 

Depending somewhat on the dislocation arrangement, R will be of the 
order 10-4cm to 10-5 em. Since 9, is about 1A and x1 the volume change 
bAV ot a dislocation line of length b is about one atomic volume or slightly 
larger. From the point of view of the influence on the crystalline density a 
screw dislocation behaves similar to a row of vacancies, although the spacial 
distribution of the dilatation is entirely different in these two cases. 

We shall now show how eq. (3) can be extended to those cases in which 
the linear theory gives more than one essential strain component. Neglecting 
higher order terms, the average dilatation A,,, will be a linear function of 
the squares and the products of the strain components. ZENER [3] has given 
the following very elegant method to determine this function. A,,, is a scalar 
quantity: in an isotropic medium it must therefore be a linear combination 
of scalar quantities. Out of the six strain components we can form two 
scalar invariants, e.g. those corresponding to the average energy density 
W,.a due to the hydrostatic stress and the average energy density W,, due 
to the shear stresses. The average dilatation can therefore be written in 
the form: 


(9) A Ie C, Ma a CW an. ° 


ay 


Here 0, and 0, are parameters which contain the elastic constants and, in 
order to account for the deviations from Hooke’s law, the pressure dependence 
of the elastic constants. 

ZENER obtains 


| 1/dink 
lea “gs: al 
| SG de: 
(10) Meare ERI 
ee TEA AA | 


In eq. (10) K and G are the moduli of compression and shear; V denotes the 
specific volume. If we use the experimental data on the pressure dependence 
of the elastic constants eq. (9) and (10) give about the same results as the 
earlier treatment. For extended dislocations we find a slightly smaller change 
in volume than for unextended dislocations; edge dislocations give a some- 


what larger change than screw dislocations. 
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We mention that eq. (9) can easily be extended to anisotropic media. The 
right hand side of eq. (9) is found to contain as many terms as there are 
essentially different elastic constants, e.g. 3 in a cubic crystal. 

The preceding results have been compared with experiments [7] in which 
the change in volume and the stored energy due to dislocation has been 
measured (*). The agreement is quite good; for details see SEEGER and 
STEHLE [8] and the Appendix of the present paper. 

Since the change in density due to dislocations is distributed over a rather 
large volume it should give rise to X-ray effects, namely an increase of the 
average lattice parameter as measured by X-rays, and to a small angle scat- 
tering of X-rays and neutrons. The first effect is difficult to measure since 
the presence of the dislocations not only shifts Debye-Scherrer rings and Laue 
spots but also broadens them. A decrease of the lattice parameter of poly- 
crystalline copper during recrystallization (i.e. removal of dislocations) of the 
right order of magnitude has been found by CRUSSARD and AUBERTIN [9]. 
We think that this is at least partly due to the effect we have discussed. 

The theory of the small angle scattering due to the non-linear dilatations has. 
been worked out both for unextended and for extended screw-dislocations [10]. 
The predicted effects are difficult to observe with X-rays, since there are other 
causes of small angle scattering, in particular the double Bragg refleetions studied 
by BEEMAN, NEYNHABER, BRAMMER and WEBB [11]. Using neutrons of suf- 
ficiently long wavelengths the double scattering mechanism can be avoided. 
Under these conditions ATKINSON, working at Harwell, has found small angle 
scattering of cold-worked metals of the right order of magnitude to be ex- 
plained by dislocations [12]. No detailed comparison with dislocation theory 
has yet been made. 


8. — Electrical resistivity of dislocations. 


As mentioned in Sect. 1 the non-linear dilatation around a dislocation line 
has a big effect on the electrical resistivity of dislocations. Since the subject 
has been dealt with elsewhere in some detail [8, 13] we shall confine ourselves 
to a few remarks. Table I gives the resistivity of N parallel screw dislocation 
lines per unit area according to various treatments. HUNTER and NABARRO [14] 
estimated the resistivity due to the shear strains around a screw dislocation 
by using Born’s approximation; SEEGER and STEHLE [8] treated the same 
problem exactly and obtained a somewhat smaller value. Including the non- 
linear dilatation and thereby most of the core effects increases this estimate 


(*) This type of comparison eliminates the uncertainties connected with the cut-off 
radius È. 
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TABLE I. — Resistivity Ao of screw dislocations in copper (not allowing for stacking faults, 
however) according to various treatments. N= number of dislocation lines per unit area. 


Potential and treatment | Ao (Q em) 
= — = = = == _| — 
Shear strains (HUNTER and NABARRO [14]) 0.26-10-20 N 


Born’s approximation 


Same potential as HUNTER and NABARRO, QM MO ZO A 
exact solution [8] | 


Including the line pole potential [8] 0.685-10-20 N 


by a factor of about three. This increase, however, is not nearly enough to 
account for the experimental data on copper and nickel which would require 
a further increase by a factor of about 40 (after allowing for the presence of 
edge dislocations, too) (*). 

The main fact that has been neglected in the calculations mentioned so 
far is that dislocations in copper and nickel are extended into a pair of partial 
dislocations, containing a stacking fault ribbon between them. There is indeed 
rather strong experimental evidence that the main resistivity due to disloca- 
tions in metals like Cu and Ni does come from their stacking faults. Theore- 
tical treatments [13, 15, 16] give an average reflexion coefficient of the 
stacking faults of about 4, which does give the required increase by about 
a factor of 40 (+). Two quite different sets of experimental data were 
used for the comparison between experiment and theory and were found to 
give good agreement with experiment: a comparison between the electrical 
resistivity and the change in density or the stored energy due to disloca- 
tions [7, 8], and a determination of the resistivity of a dislocation line in 
copper based on single crystal measurements [17] and the theory of work- 
hardening [18]. 


4. — The Peierls stress in f.c.c. metals. 


The Peierls stress in a (hypothetical) simple cubic lattice has been discussed 
by Professor FRANK. The quantity called o, by him will be denoted t?. It 
is the stress necessary to move forward by one lattice parameter a dislocation 


(*) The comparison with experiment has been based [8] on the ratio of resistivity 
to change in density, which should be insensitive to the details of the model. 

(+) If the stacking fault scattering is included the magnitude of the ratio of the 
resistivity to change in density comes out for dislocations in copper and nickel slightly 


higher than for vacancies. 
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line with dislocation strength b, which lies along one of the close-packed di- 
rections of the lattice. Fig. 5 illustrates this in a schematic way. It shows 
how such a dislocation line, when moving from one position of minimum energy 
to a neighbouring one, has to pass 
through a symmetric position of 


maximum energy, which is shown 
i Web ay. 
At a finite temperature the dis- 
location line will contain a number 
È ‘of kinks, i.e. it will occasionally go 


Ely) EVI over from one trough of potential 
Ef VOAI® AI) WAR energy to a neighbouring one. If a 

shear stress t in the glide system 
ERA II. Ad 4 of the dislocation is applied, there 


0 a Za da ca 50” 
is a tendency to form more bulges 


Fig. 5. — The Peierls stress tp of a dis- : 
going one way than the other. At 


location running in a close-packed direc- 


tion (schematically). H(y)=line energy of a given temperature these bulges (or 
a dislocation line as a function of po- pairs of kinks) are formed with a 
sition. E,= mean line energy. w=width certain frequency. 


of a dislocation kink (of the order 100 A). More ea Walmart 1 
Va axl I interna 


friction is obtained if the frequency 
of an applied alternating stress coincides with the frequency of bulge for- 
mation. This is a relaxation phenomenon similar to the Snock effect of 
interstitial carbon atoms in b.c.c. iron discussed in ZENER’s lectures. 

It cannot be treated however with the conventional rate theory which 
arrives at Arrhenius’ equation. A more complete treatment based on the 
theory of stochastic processes has been given by DONTH [19]. 

There is very strong evidence [20] that the relaxation phenomenon due to 
kink formation which we have been discussing is the so called BoRDONI [21] 
relaxation peak which has been found in slightly cold-worked f.c.c. metals. 
Using Donth’s form of the theory SEEGER, DoNTH and PFAFF [22] have derived 
numerical values for 7), for a number of f.c.c. metals. The results for Cu and AI 
are given in Table II. They show that in these metals 7? is of the order of 
magnitude estimated by Dierze [5]. It is however considerably larger (by a 


TABLE II. — The Peierls stress 1}, of f.c.c. metals (G=shear modulus). 
| "n vi À n 
| Metal 18/G | 7°, [kg/mm?] | 
| Cu 4-10-4 | 1.8 
Al 10-104 2.7 
J = = da |a! = 
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factor of the order 10) than the critical shear stress of single crystals at liquid 
helium temperatures. This is not unreasonable since only a small fraction of 
the dislocation lines lies in a close packed direction and participates in the 
Bordoni relaxation peak. The rest of the dislocation lines averages out the 
Peierls stress and is able to move at very small stresses, even in the absence 
of thermal activation. 


5. — Summary. 


In this lecture we have treated a number of dislocation phenomena which 
cannot be adequately treated by the Jinear theory of elasticity. 

In Sect. 2 it was shown that the influence of dislocations on the crystalline 
density can be accounted for in good agreement with experiment by allowing 
for the deviations from Hooke’s law. The dilatation which accompanies a 
dislocation line is distributed over a rather large volume around the dis- 
location line. . 

The non-linear dilatation has a profound effect on the electrical properties 
of dislocations in metals. In Sect. 3 the theoretical and experimental situation 
concerning the electrical resistivity of dislocations is briefly reviewed. It is 
coneluded that in Cu and Ni the dislocation resistivity is mainly due to the 
scattering of conduction electrons by stacking faults. 

In Sect. 4 the results of a determination of the Peierls stress of metals from 
internal friction data (Bordoni relaxation) are reported. 


APPENDIX (*) 


In this Appendix we give a more detailed application of Zener’s formula 
(equ. (10)) 


G ink 
(A1) gres I(_ i ce ae 1) Won | af 1) Wal 


din V | È 


to the theory of dislocations, and a comparison with recent experiments. 
In eqn. (A1) A is the average dilatation in a self-strained isotropic elastic body, 
W. and Wyya are the average energy densities due to shear stresses and hydro- 
static pressure (as calculated from the linear theory of elasticity). G and K 


(*) The author gratefully acknowledges valuable discussions on Zener’s theory with 
Dr. P. HAASEN and cand. phys. E. MANN. He wishes to thank Dr. W. Boas for making 
available to him before publication the experimental results of CLAREBROUGH, HAR- 


GREAVES and WEST [24]. 
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denote the moduli of rigidity and compression. V is the specific volume of 
the crystal. In Zener’s derivation of eqn. (A1) thermodynamics is used to 
relate the dilatation connected with shear to the change in the shear modulus 
due to a dilatation. The second term in eqn. (A1) is obtained by allowing 
for the change of compressibility with pressure and retaining linear terms in 
the pressure dependence of K only. Eqn. (A1) gives the same results as 
Murnaghan’s [23] second order theory of finite deformation of an elastic body 
(E. MANN, to be published). 

Eqn. (1) can be generalized for crystals. For cubic crystals we obtain 


Lf dine, ‘ Sean 
A2 i = Fi 320 va za xy 
d In (61 — €;3)/2 \\enuT- Ci E 
| | ae l 1). > 6 ; “Le EE pe AE, Co) 
dl 2¢5)/3 ine 20, 
| n — C12)/ i) Cl Li 2019. (GIS e : 


Here ¢;, are the components of the strain tensor; e,, are Voigt’s elastic 
constants, aS usual. 

The application of eqn. (A2) to straight dislocation lines in cubic crystals 
is straightforward, though rather tedious. We restrict ourselves to an iso- 
tropic medium with Poisson’s constant v. The total line energy Fi. of a 
screw dislocation in an isotropic medium is equal to the shear energy Eu. 
We have 
DELE 
Ins 


(A3) Em = Ei, = @ 
AT Meet 


where d is the dislocation strength. R and 7, denote the radii of cut-off. Part 
of the total line-energy of an edge dislocation 


G bh? R 
Ad Bye = By + Ba = ant 
(A4) Lio nt Mira LES n To 


is due to the energy of compression (and dilatation) 


(1—2p)(1t) G. be R 
AD Eva =" 2 pia 
( ) hyd (1 v)-3 1 Aa n To 


The energy of shear is given by 


Da G db, h 
bl < Sheree 


0 


(A6) Esn i 

Inserting eqn. (A3) to (A6) into eqn. (A1) and using the relation 
dp 

AT Vo 

(A7) gm 14 


between hydrostatic pressure p, bulk modulus X, and volume, we obtain for 
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‘a screw dislocation 
(A8) a een 
W pie. 
and for an edge dislocation 
Gee fa aprite , (AK 1) 
We @\dp.) ki 3. 4 


(A9) Eee a) 


ap ; 3(1 — v) 


Here W denotes the average density of total elastic energy. 


aries) ie 
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In Table III we summarize a number of experimental determinations of 
the pressure dependence of the elastic constants of f.c.c. metals. We have 
included all the determinations of dG@/dp we could find in the literature; in 
view of the large number of measurements of dK/dp we have confined our- 


selves to a selection of these. 


As will be seen from Table III different determinations of the same quantity 


TaBLe III. — Experimental values of the pressure dependence of elastic constants 


of f.c.c. metals, in units of 10-6 em?/kg=10 bar. 


dln K/dp 
Ce Cid weet 
Author cat 20, dlnG Cline yn | GUba 3 
Metal uti: ne Nesters ae 
and technique 3 dp dp is ARA 
=== dp 
dp 
| Cu Brircu (1937) torsional —- emer cor _ — 
| polyerys- vibration 
talline BRIDGMAN (1935) static 3.65 — _— — 
Cu LAZARUS (1949) super- 2.84 — 1.13 2.45 
single sonic pulses 
crystal 
Ni | Brrcw (1937) torsional — 1.82 _ — 
polyerys- vibration 
talline BRIDGMAN (1935) static 2.83 — — — 
BRIDGMAN (1929) static — 1.8 — — 
Al BircH (1937) torsional — 7.61 — — 
polycrys- vibration 
talline BRIDGMAN (1935) static 5.83 — — — 
HucHEs and MAURETTE 5.2 9.8 — — 
(1956) supersonic 
pulses 
Al LAZARUS (1949) super- 5.47 — 7.49 — 
single sonic pulses 
crystal 
References: FP. Brrew: Journ. Appl. Phys., 8, 129 (1987); P. W. BRIDGMAN: Proc. Am. 
Acad., 64, 39 (1929); P. W. BRIDGMAN: Proc. Am. Acad., 70, 285 (1935); D. S. HuGHES and CH. 
MAURETTE: Journ. Appl. Phys., 27, 1184 (1956); D. Lazarus: Phys. Rev., 76, 545 (1949). 
Misprints in Table V of LAZARUS (1949) have been corrected. 
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are usually in reasonably good agreement with each other. An exception is 
that d In G/dp as determined by BIRCH on polycrystalline copper is considerably 
larger than the average of Lazarus’ single crystal determinations. Since we were 
unable to decide which of the two measurements are more reliable we evaluated 
eqn. (A8) and (A9) for copper both by using Birch’s and Bridgman’s values 
and by using Lazarus’ values, in the latter case employing as an average 
value dG/dp = 0.8. 

For aluminium, where there is some scatter in the experimental data, we 
used Lazarus’ single crystal data which are in quite good agreement with 
Birch’s and Bridgman’s polycrystalline data. 

In Table IV we give (in the form of the dimensionless quantity G-4/W) 
the ratio of the average dilatation and the volume density of energy due to 
screw and edge dislocations as calculated for Cu, Ni and Al from eqn. (A8) 
and eqn. (A9). From these quantities the ratio between the fractional change 
in density AD/D and the dislocation energy per unit mass S has been com- 
puted. AD/DS has been determined experimentally from the fractional 
increase in density and the stored energy released during the recrystallization 
of polycrystalline copper and nickel. Table IV gives the experimental results 


TaBLE IV. — Comparison between experiment and theory. 
(G-A)/W AD/DS [10-4 g/cal] | 
= - —— = - = = | 
| screw dis- | edge dis- | screw dis- | edge dis- | SETA | 
| locations | locations | locations | locations | experimental 
Cu | | | 
LAZARUS 0.5 (DIE 4.2 5.0 | 9.6 (30% compression) 
| | | 10.8 (55% compression) 
eae 0.95 1.03 TO) 6 VS dee 700% ssi 
RE : ; 7. 8. | .1 (70% compression) 
Ni evo 1.2 Rie a 7.5 (nd/l = 1.41) 
| | 7.6 (nd/l = 2.34) 
Al | 1.6 1.45 | 7.5 7.0 no experimental values | 
| | | | available 


of CLAREBROUGH, HARSREAVES and WEST on copper compressed at room 
temperature [24] and on nickel deformed in torsion at room temperature [25] 
(n=number of full turns of the specimen, d= diameter of the specimen, 
1=length of the specimen). 

Before comparing the experimental data with the theory we have to discuss 
certain corrections that have to be applied to eqn. (A8) and (A9). They are 
due to the fact that Zener’s relation eqn. (A1) ceases to be valid in the center 
of the dislocation lines. We may say that we should use different inner radii 
of cut-off for the dilatation and the dislocation energy. In the case of Cu 
and Ni a further correction has to be applied since the preceding treatment 
does not allow for the extension of the dislocations into partials. We estimate 
that these two corrections give an increase of AD/DS of about 15% to 20%. 
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Taking into account these corrections we obtain rather good agreement between 
experiment and theory for nickel. For copper there is order of magnitude 
agreement, although the theoretical values appear to be somewhat too low. 
We think that this sight discrepancy may be due to vacancies created during 
cold-work contributing to the change in density and stored energy during 
recrystallization [8]. Assuming that a vacancy in copper has an energy of 
formation of 0.9 eV and expands the volume of the crystal by one atomic 
volume it is found that for vacancies AD/DS = 30.4-10~-4 g/cal. A small con- 
tribution of vacancies to the stored energy liberated during recrystallization 
(of the order of 10% — 20%) would suffice to bring theory and experiment 


into quantitative agreement. 
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Introduction. 


This paper describes work done recently in Eindhoven on the subject of 
dislocations in the diamond structure and on the plastic deformation of its 
most important representative—germanium. The work consists of three parts: 
‘Sect. 1 discusses the nature of dislocations in germanium and silicon; Sect. 2 
is devoted to the formation of dislocations by thermal stresses and Sect. 3 
discusses several more general aspects of the plastic deformation of germanium. 


1. — Geometry of dislocations. 


From a variety of observations it is known that plastic glide in germanium 
_and silicon occurs on {111} planes only, whereas the glide direction is invariably 
<110> [1]. This is not surprising since the spacing 
between neighbouring lattice planes in the diamond 
lattice (Fig. 1) is maximum for {111} planes, and since 
the shortest lattice vector is indeed a vector along <110), 
‘of magnitude 3av2, where a is the edge of the cubic 
unit cell. Evidently all dislocations responsible for 
plastic flow have such a Burgers vector and a {111} 
plane as glide plane. As any direction in the crystal 
may be regarded as being composed of steps in va- Fig. 1. — The diamond 
rious <110) directions, a systematic study of disloca- pero 
tions in the diamond lattice calls primarily for a con- 
sideration of the various possible combinations of <110) line and <110) Bur- 
.gers vector directions (not necessarily within the same {111} plane) [2]. 
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There are three such combinations possible, leading to the so-called simple 
dislocations, viz. a screw dislocation (Fig. 2a), an edge dislocation (Fig. 2b) 
and a so-called 60° dislocation (Fig. 2c); 
the latter is predominantly, but not fully, 
edge type. 

The latter two types of dislocation are 
characterized by the occurrence of free or 
«dangling» bonds along the axis. These 
are absent in the screw dislocation. How- 


ever, what remains in all three types is an 
appreciable rotation of the bond directions 
of the atoms near the dislocation axis. 


Fig. 2. — Simple dislocations in the diamond structure (dislocations with axis and 
Burgers vector both along <110)). a) screw dislocation; b) edge dislocation (glide plane 
{001}); e) 60°-dislocation (glide plane {111}). 


Both factors are very important in determining the structure and properties 
of a dislocation in a homopolar crystal. To the effect of free bonds on the 
motion of a dislocation we shall return in Sect. 3. 

In general there will exist a tendency for rearrangement of the atomic 
structure near the axis of the dislocation (core structure) when this leads to 
a decrease, either of the number of dangling bonds or of the deviations of 
the bond directions from the normal tetrahedral orientation. Mostly, these 
two influences counteract each other and in the absence of quantitative knowl- 
edge about the corresponding changes in free energy, it cannot yet be pre- 
dicted which of the possible arrangements will be stable. 

A possible rearrangement of the screw dislocation core is depicted in Fig. 3a. 
It is derived from the structure of Fig. 2a by breaking the bonds 2-3, 4-5, ete., 
thereby leaving dangling bonds at 1, 2, 3, 4, 5, ete. This is equivalent to a 
kind of splitting of the dislocation into two components, resulting in dimi- 
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nished deviations of the bond directions, but also in the formation of dangling 
bonds. Free bonds on two neighbouring atoms such as 1 and 2, 3 and 4, ete., 
‘an, however, possibly interact and form a double bond between these atoms.. 


Fig. 3. — a) Screw dislocation of Fig. 2 a), with rearranged core structure. The dangling 
valencies of atoms 1 and 2, 3 and 4, 5 and 6, etc., might form double bonds. b) Edge 
dislocation of Fig. 2 b) with rearranged core structure. All free bonds have disappeared. 


The edge dislocation structure of Fig. 2b can be rearranged by removing 
all the atoms with the broken bonds. Then a structure occurs (Fig. 30) in 
which no broken bonds at all exist, but instead of normal 6-rings, 5- and 
7-rings occur. Whether this or the reverse transition in the structure of an 
edge dislocation will actually occur, depends among other things on the pos- 
sibility of removing (e.g. by diffusion) the superfluous atoms, and vice versa. 
Possibly this transition takes place at high temperatures only. 

A type of dislocation with Burgers vector along <110> and a different axis,, 
not <110>, can be obtained by the superposition of two simple dislocations. 
In this way six new dislocations can be constructed, 
two along <100> and four along <211), one of the 
latter being an edge dislocation with {111} glide 
plane. A description of these has been published 
elsewhere [2]. Most of these dislocations can exist, 
at least theoretically, in various forms, differing in 
the number of broken bonds per unit length. Only 
Fig. 4. — Edge dislocation one of them, an edge dislocation along <100> (with 
along <100) (with Burgers a Burgers vector of course again along (110°) may 
vector along <O11, glide pe mentioned here, as it has been observed as a. 

DEON): constituent of small-angle grain boundaries in ger- 
manium. Its structure is depicted in Fig. 4. By 
the removal of the atoms indicated by an arrow, a structure without broken 
bonds can be formed. 

It will be clear from the foregoing that in the diamond structure 
edge dislocations without any broken bonds are theoretically very well pos- 
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sible, although generally these will be less mobile under the action of a 
shear stress. 

The splitting up of dislocations into partial dislocations is possible in a 
great many ways, in more ways even than in the related face-centred cubic 
structure, owing to the existence of two types of atom sites in the diamond 
lattice. The splitting can be studied with the aid of the analysis made for 
the face-centred cubic structure by FRANK and NICHOLAS [3]. A simple dis- 
location along a <110> direction can split up into partials with the connecting 
stacking fault either along the glide plane or along the other {111} plane through 
its axis. The latter possibility can, however, easily be transferred into the 
former [2]. We shall only illustrate one particular case here, viz. the splitting 
of a 60° dislocation into two partials with a stacking fault in the glide plane. 
Three types of partial disloca- 
tions bounding this stacking 
fault, with Burgers vectors 
along <211> directions, are 
possible (Fig. 5a). They are 
formed by the rotation of a 
«ribbon » of atoms in the co- 
re of the original dislocation 
(Fig. 5b). Motion of a partial 
dislocation includes successive Fig. 5. — a) Two possible ways in which a 60° 
rotation of neighbouring atom dislocation can be split into two partial dislocat- 


ribbons. Extended dislocations ions and a stacking fault in the {111} glide 

: plane. The lattice is viewed in projection on 

are therefore possibly less mo- , {110} plane. There are three types of bounding 

bile than perfect dislocations. partials, denoted by a, b and ¢ respectively. 

It is well-known that growth b) The formation of a partial dislocation by the 

rotation of a ribbon of atoms in the core of 
the original dislocation. 


twins are easily formed in ger- 
manium and silicon. If from 
this the conclusion could be 
drawn that the energy of a coherent twin boundary is relatively small, 
the formation of extended dislocations with stacking faults should be ener- 
getically favourable, as no increase of the number of broken bonds, and gene- 
rally a decrease of the rotations of the bond directions, are connected with it. 


9. Thermal strain and dislocations in germanium. 


From the study of the electrical properties of germanium and silicon crystals 
prepared by the Czochralski-method, it is known that these properties are 
largely determined by the rate of growing and of cooling of the crystal. Since 
the use of the etch pit technique to indicate dislocations, it has been shown 
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that, apart from the impurity content, also the dislocation density in the 
crystals depends sensitively on the way of preparation. Dislocations, there- 
fore, might be connected with the variations in the electrical properties. 
These dislocations are formed during the cooling of the crystal drawn from 
the melt, by the action of thermal stresses arising from the inhomogeneous 
temperature distribution in the solidified crystal. These produce some plastic 
deformation. In this section, we shall outline the results of some experiments 
on the nature of this deformation. 

The thermal stresses arise to oppose the deformation by the inhomogeneous. 
thermal expansion. When a germanium crystal is quenched from a tempe- 
rature of 900 °C into a bath of liquid tin (400 °C), the stresses reach values. 
of 50 kg/mm’. Under these stresses and 
at this relatively low temperature the 
material cracks rather than flows plas- 
tically. This has in fact been obser- 
ved [4]. 

On the other hand, on radial cooling 
in a gas atmosphere the stresses gene- 
rally remain below a few kg/mm?; mo- 
reover, the temperature decreases but 
slowly and the crystal can now easily 
yield to this stress by plastic deformation 
(see also Sect. 3). The thermal strains. 

0 IA 1 reach their maximum a short time 

È i : ‘| , after the cooling has started and after- 

Fig. 6. — Parabolic stress distribution 6 

in a radially cooling cylinder of radius wards decay, together with the tem- 

R. o,, axial compressive stress. 0), perature, exponentially. The distribution 

radial compressive stress (hydrostatic of stress through a perfectly elastic cy- 

stresses have been subtracted). lindrical specimen in which the heat 

flow is radial, remains then parabolic 

and is depicted in Fig. 6, after substracting the hydrostatic component (that. 
can never give slip). One is left with the compressional stresses: 


——Compr. stress 


y2 
(2.1) 62 = — (1 _ x) o, in the axial direction, 
and 
y2 
(2.2) Orr = — 2 qa % in the radial direction, 


were o, depends on cooling rate, expansion coefficient etc. and decays 
with time. The net stress is thus a radial compression at the surface and an 
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axial compression near the axis of the crystal rod. Efforts have been made- 
[4, 5] to determine the geometry of the plastic flow caused by this initial 
elastic stress distribution. For this purpose, it has been assumed in [4] that 


Fig. 7. — Predicted line-pattern of 
etch pits on a {111} cross-section 
of a cylindrical <110) germanium 
crystal, cooled in a gas atmosphere 
in such a way that radial heat flow 
occurs only. Basic assumption: plas- 
tic strain reflects initial elastic stress 


distribution. 


only dislocations on {111} planes with 
<110) Burgers vectors become active. 
Further, the number of dislocations then 
formed is taken proportional to the 
magnitude of the shear stresses in the 
slip plane. As there are three slip sys- 
tems per slip plane, the number of 
dislocations in a given slip plane is then 
proportional to the sum of the three slips 
on these systems. It is this quantity that 
has been computed. 

The results of such a computation 
are presented in Fig. 7. The shaded 
areas are parts of the elliptical {111} 
cross-section of a cylindrical crystal with 
its axis along a <110> direction, on which 
the slip on the slip planes indicated by 
the direction of the shading, exceeds a 
certain value. 


Experimentally, dislocations can be indicated by etching techniques. It is. 
generally believed that by suitable etching (e.g. CP-4 etch) nearly all disloca- 


tions intersecting with the 
surface give rise to the 
formation of an etch pit. 
It is therefore to be ex- 
pected that in thermally 
quenched germanium, t00, 
etch pits will appear along 
rows parallel to the tracing 
of the active slip planes. 
That is, by etching a {111} 
face of a <110) crystal, 
rows of etch pits should 
occur that are distributed 
according to the theoret- 
ical pattern of Fig. 7. This 
is, indeed, the case, as is 
illustrated in Fig. 8. 
The fair agreement 


— Observed pattern of etch pits on a {111} 


cross-section of a cylindrical <110) erystal cooled in 


radial heat flow. 
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between observed and predicted etch pit pattern rests primarily on the 
assumption, made in the computation, that the amount of plastic flow that 
has taken place reflects fully the initial elastic thermal stress distribution. 
This is only the case when but a small constant fraction of the thermal stres- 
ses has been released by plastic flow, so that 
the remaining elastic strain distribution con- 
forms approximately to the theoretical distri- 
bution in a non-plastic material. It is not a 
priori certain that this condition should hold. 
A situation that can be regarded as the extreme 
opposite is one where the stress release by 
plastic flow has been complete. The theoretical 
pattern of etch pits has also been derived 
for this hypothetical case; it is depicted sche- 


Fig. 9. — Predicted pattern of 


etch pits in the system of matically in Fig. 9. The agreement with the 
Fig. 7 and 8, on the assumpt- observed distribution in Fig. 8 is not nearly 
ion of complete stress release as good as in the former case, especially as 


Rogan Haro regards the form of the central etch pit den- 


sity maximum and minimum zones. The second 
hypothesis is thus evidently to be rejected and the actual situation conforms | 
much better to the hypothesis of little plastic flow. 

One can ask why the thermal stresses are only partly released, as the 
maximum stresses occur at temperatures above 800 °C, where germanium is 
a very plastic material. 

The answer probably lies in the long distance the dislocations have to 
move in order to take up all thermal strain, or in the large number of dis- 
locations that have to be created for this purpose. The strain amounts in 
actual cases—maximum temperature difference of about 60 °C between centre 
and boundary [4|—to about 4-10-4. To accommodate this, a total dislocation 
length N cm per cm? would have to move a distance s, where Ns ~ 104 em. 
Actual dislocation densities observed after gas quenching are of the order 
of 10° em-?, from which it should follow that s » 0.1 em. Dislocation mi- 
gration over such long distances in the little time available (about 1 second) 
seems improbable. From the observed temperature dependence of plasticity, 
to be outlined in Sect. 3, it can be inferred that the maximum strain that 
can be produced by this number of dislocations is 10-5. More than 106 dis- 
locations per cm? would be needed to accommodate all thermal stress. Such 
high dislocation densities have never been observed after quenching; the 
dislocation multiplication process (a Frank-Read mechanism), is too slow 
for this. Presumably, therefore, the thermal stresses can not be released by 
more than a small fraction. 
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3. — Plastic flow of germanium and silicon. 


3:1. Experiments. — In the previous section the subject of plastic flow in 
germanium has repeatedly been touched upon. We shall now discuss some 
more general features of this problem; we shall limit ourselves to the mechan- 
ical aspects only and not discuss the electrical and microscopical changes 
that occur on plastic deformation, however important they may be. 

Homopolar substances are generally brittle and germanium and silicon 
form no exception; they are glass-brittle at room temperature and fracture 
by cleavage when the tension exceeds 10 to 20 kg/mm?. However, in 1952 
it was discovered that above 400°C germanium single crystal rods would 
creep plastically under an applied load corresponding to a tensile stress of a 
few kg/mm?2. Creep strains up to 10% could be obtained without fracture, 
given enough time for the erystal to yield. Crystallographic slip on the 
{111} <110) systems was observed microscopically. Under specific loading 
conditions also mechanical twinning was found to contribute to the deformation 
process. We shall not discuss this complication in this paper. 

At higher temperatures the ductility of germanium increases further and 
instantaneous flow, no longer characterized by special yield phenomena, occurs 
above 600°C. 

Silicon shows analogous behaviour; in this element plastic creep becomes 
observable above 600 °C [6] (the melting point is 1420 °C instead of 937 °C 
for Ge). As reliable data on silicon are still scarce, we shall restrict ourselves 
in the following to a discussion of the properties of germanium only. 

Quantitative investigations of the plasticity of germanium (and silicon as 
well) can, for purposes of presentation, be divided into three categories. 

The first category concerns the afore-mentioned creep experiments at re- 
latively low temperatures (below 550 °C in Ge). The loading of germanium 
single crystals with a constant force results in plastic flow that increases with 
time. This creep phenomenon is characterized by an initial period, during 
which no strain at all or only very little strain occurs; a steady state period, 
during which the creep rate is fairly constant and most of the strain is pro- 
duced; and a work-hardening period, within which the strain rate decreases 
again (Fig. 10). The actual shape of the creep curve depends on the manner 
of loading, the crystallographic orientation and the impurity content. In 
bending tests a sharply defined delay time has been repeatedly observed, during 
which no strain is detected at all. Such a delay time is usually also observed 
in uniaxial loading; however, it is then under comparable conditions of 
stress and temperature much shorter and often even entirely absent. In 
the latter case, the strain during the initial period is found to increase from 
the very beginning of the test, at a slow but nevertheless observable constant 
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eg um =] rate, until after a fairly well deter- 
1200-— | A mined time interval the steady state, 
1100|— characterized by a different creep 
1000 rate, is obtained. The reason for 
900 re these differences is probably to be 
SE sought in the inhomogeneity of stress 
in a bent specimen (a large stress 
se exists only in the outer layers). 
n During a tension or compression 
500 | test the stress distribution is much 
i de ahaa more homogeneous, although not 
300 e 0 =31 kg/mm’ completely so, as is often assumed; 
200; eas Nana the homogeneity depends sensitively 
100} | on the state of the crystal surfaces 
0 ft (min) 


(cf. the recent photoelastic study on 
extended AgCl bars by NYE [7)). 
Fig. 10. — Typical creep curves of ger- The length of the delay time 
manium deformed at a load of 3.1 and 5 
4.4 kg/mm? respectively at 500 °C. The - 
i, SE to 2 and 6 minutes the creep rate during the latter and 
in these two cases. In the region of ex- the steady state creep rate depend 
tension between about 250 and 1000 yum, sensitively on the temperature and 
the creep rate is approximately constant 
(steady state period). After this, work- 
hardening begins. 


0 10 20 30 40 50 60 70 80 90 100 Tio 


and of the initial period respectively, 


the stress. The temperature depen- 
dence of all these quantities can, in 
the region of medium stress (about 
4 kg/mm?), be very well described 
by an activation energy of about 1.7 eV. To the form of the stress depen- 
dence we shall return in the next section. 

The second category of plasticity experiments on germanium concerns de- 
forming at a constant strain rate in the temperature region between about 
500 °C and 700 °C. A sharp upper yield-point for plastic flow can be observed 
under these conditions. The yield stress depends inter alia on the rate of 
loading and on the temperature; it is not very sharply defined. A typical 
stress-strain curve is depicted in Fig. 11. After yielding, plastic glide occurs, 
accompanied by work-hardening, the coefficient of which again depends strongly 
on temperature. The transition between the « creep category » and the « flow 
category » rests actually on the latter property: below 550 °C the work- 
hardening coefficient becomes practically infinite. 

Above 700 °C the specific features discussed above are no longer observable 
in practical tests and germanium has become a plastic material (third category); 
at 900 °C a germanium bar deforms easily under its own weight. Quantitative 
data on this behaviour are not available. 

One further item concerning the plasticity of germanium should be men- 
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tioned here. The dislocation density during the deformation process can easily 
be studied by the etch pit technique. It is then found that, both in creep 
and in high temperature experi- 
ments, the density of etch pits, and 
hence of dislocations, increases very 
rapidly from its original value (10° 
to 104 em-? in most cases) to a few 
times 10° cm-? during the first two 
or three percents of strain, to re- 
main approximately constant after- 
wards. The onset of the saturation 
coincides more or less with the 


m? 
(=) 


—> a kg/m 


beginning of the work-hardening 


region in cre tests. ring Or nn 
gio ep tests. During the re DA a 


delay period or during the initial î : 
» ; Fig. 11. — Schematic stress stram curves of a 
period of the creep curve, no or : 

f lip li b b germanium single crystal deformed at a con- 
very, lew slip tines can pe 0 served stant strain rate at a relatively low tempe- 
on the surface of the crystals; these rature (550°C, LT) or at a relatively high 
appear in large numbers only dur- temperature (650 °C, HT). oy: yield stress; 
ing steady state creep. Gr HOw ARONA, 

Actual etch pit countings during 
the initial period show that the overall dislocation density does not increase 
in this period. Only local regions of a higher dislocation density appear, 
indicating an inhomogeneity of the initial deformation. 


Along with our own work, use has been made of the published work of GAL- 
LAGHER [8], VoGEL [9], GREINER [1], TREUTING [1], CARREKER [10] and PATEL 
and ALEXANDER [11] to arrive at the observational conclusions discussed in this 


section. 


3:2. Theory. 


32.1. Impurity locking theory. — The occurrence of a delay time 
together with an upper yield point as characteristics of the plastic deformation 
of germanium have led to the widely accepted view that the initial stages of 
flow are governed by the interaction of dislocations with impurity atoms. 
As no correlation has been found with the electrical properties (carrier density), 
those impurity atoms interacting with the dislocations are either present in 
such very minute amounts to remain undetected, or they are electrically in- 
active, e.g. oxygen or carbon. To explain the observed stress and temperature 
dependence, a theory proposed by FISHER [12] and based on the locking of 
dislocations by impurities would be expected to apply. According to this 
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theory, under the action of a shear stress o dislocations are pulled loose from 
the impurity atoms blocking them. The energy to be supplied for this process 
reaches a maximum value as a function of the length / of dislocation that has 
broken loose; no more energy is needed to extend the free length further. 
The maximum energy is 


(3.1) ma 2V2(1 — ANE, 

where y, stands for the line energy (about Gb?, G is the shear modulus) of the 

free dislocation, b is the Burgers vector and A-y, is the binding energy of 

impurity atoms, measured per unit length of the blocked dislocation line. 
FISHER considered W, as the activation energy for the action of dislo- 

cation sources. The delay or initial period should therefore depend on stress 

and temperature through the term: 


a= 


(3.2) exp|—|= exp Oe 
i ea 


BNR ULSAN no 


oa 


thus through the product (07) only. Inversely, the upper yield stress in tests 
of the second category should be related to the temperature by 


(3.3) Ol — CONBU. 

Recently, COTTRELL [13] has criticized Fisher’s theory on the ground that 
the concept of line tension cannot be applied to very short dislocation segments. 
The change in energy of the core of a dislocation when it pulls loose from its 


impurity atoms should rather be considered instead. The activation energy 
for the action of a Frank-Read source is then found as: 


4 B) 
(3.4) Wo= A(t ae 


and (3.3) must be replaced by: 


=~ 
OO 
Or 

SS 


o,=0,— const T*. 


Actually, the stress dependence of the delay period etc., and the tempe- 
rature dependence of the yield stress have not yet been very accurately de- 
termined, owing to a large spread in the experimental results (probably caused 
by stress inhomogeneity due to surface effects). However, from our own ex- 
periments it follows clearly that the characteristic parameters of the initial 
creep period depend on stress much less sensitively than is suggested by for- 


ry’ Pane 
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mula (3.2), in which stress and temperature influences are comparable. From 
the temperature dependence an activation energy can be determined with fair 
accuracy. This is found to be 39000 to 41 000 cal/mole (1.71.8 eV) at 
o=4kg/mm?. When tried to express the observed stress dependence by a 
relation of the form exp[A/o], the activation energy as derived from A 
(5-108 dyn/em?) was found to be only 2000 cal/mole, thus very much less. 

Moreover, the value of A to be used in (3.2) to explain this relatively weak 
stress dependence would correspond to a binding energy of an impurity atom 
to a dislocation of about 0.003 eV (per atomic spacing) only, which also seems 
far too small. For these reasons we believe that Fisher’s theory does not apply 
here. Hither Cottrell’s argument must be used or impurity locking is not the 
rate-governing process of dislocation generation in germanium. Our own ob- 
servations on the length of the delay time as a function of the stress can be 
described satisfactorily with the aid of formula (3.4); a correlation with the 
impurity content of the material has also been established without doubt. 
It is not possible, however, to decide unambiguously between the two pos- 
sibilities. 

The impurity locking theory is, of course, not able to describe more than 
the initial stages of creep and yield, viz. the generation of the dislocations. 
On the subsequent behaviour of the dislocations, thus on the steady state 
creep rate ultimately reached, it has nothing to say. This is also observed 
to be strongly stress dependent, however, equally strongly as the length of 
the initial period. An explanation of this in terms of impurity-locking is dif- 
ficult. 


32.2. Impeded motion theory. — The mechanism underlying the 
specific plastic properties of germanium and silicon could, in principle, be very 
well related to the special properties of dislocations in the diamond lattice 
as such, namely the occurrence of free valencies along the dislocation line, or 
the relative immobility of extended dislocations and of dislocations with « re- 
arranged core structures » (see Sect. 1). To move a dislocation of arbitrary 
type in the diamond lattice, bonds must be continuously broken and remade, 
or bond directions or whole atom ribbons must be successively rotated. These 
processes more or less impede the motion of dislocations under action of a 
stress. The situation can be formally described by assigning to dislocations 
in the diamond structure a high localized Peierls force, localized in the sense 
that only in discrete parts of the dislocation line the mobility is severely re- 
duced. 

Moreover, in the absence of a force on a dislocation, this imperfection may 
spontaneously transform into a relatively immobile structure, e.g. by the 
combination of every two free valencies to a double bond (comp. Fig. 3a), 
or by a sort of climb process (Fig. 3b). The latter is temperature activated, 
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the former process hardly or not at all. Hence, also the generation of dis- 
locations may be obstructed by the specific binding forces between the ger- 
manium atoms only, without impurity atoms playing a part. 

A formal theory of plastic flow in germanium could now be the following. 
We assume that along the dislocation axis sites occur, with mutual spacing d, 
that form obstacles to motion (e.g. broken bonds) and that an energy E must 
be supplied to move these sites over one atomic distance (to break the bond) 
in the absence of a force. The corresponding energy of activation when a 
shear stress o, producing a force ob per unit length on the dislocation, is pre- 
sent, is then simply given by 


(3.6) EH — ob?d. 
For reverse motion the activation energy is 
(3.60) H+ ob*d. 
That is, under these assumptions the stress and temperature dependence of 


the creep characteristics (creep rate, inverse initial time, etc.) of germanium 
would be governed by a term of the form 


(Ont), Do jes] LT iT 


1B 3h? 
= 2), OX = È sinn(7 | ; 


N 


where » ( 10! s-1) is the atomic vibration frequency. It is of course not 
a priori certain that the initial creep stages (dislocation generation) are described 
by the same values of the parameters £ and d as the later stages (steady 
creep). 

Interpretation of our own creep observations along these lines proved very 
well possible. The length of the initial period and the rate of creep during 
this period both showed the same temperature and stress dependence, which 
could be formally described by putting in (3.7) 


H = 44000 cal/mole (=1.9 eV), 


(i == choi? Gia 


In view of the uncertainty of the determination of the stress dependence, 
this value of d seems reasonable when it is remembered that free valencies 
occur generally at a few atomic distances or more from each other along the 


pre 
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dislocation axis, depending on the crystallographic orientation of the latter. 
As to the value of E, not much can be said at present. 

The rate of steady creep could also be described by a corresponding for- 
mula. with about the same parameter values. In general, the creep curve 
seems to depend on the stress as a whole in the same manner. 

In the impeded motion theory it is easily found that the steady state creep 
rate of germanium must be expressed as 


3 


i bed 
(3.8) é, = 2b», exp |- cp sink È 5) 


wT 


Here N is the dislocation density, assumed to be constant. Inserting the 
values quoted above, & is found to be 2:10-6 s-1 for N=107 em, T'=470 °C 
and c=4kg/mm?®. Observed creep rates and etch pit densities under these 
circumstances scatter around 10-9 s-* and 107 cm™ respectively. 

The multiplication of dislocations has been optically observed [14] to occur 
by the Frank-Read process. In order to emit a dislocation, the source dis- 
location has to run a distance of the order of the length / of the source. Thus 
each «obstacle » on it must carry out l/b Jumps, and a relaxation time for 
dislocation multiplication may be defined: 


= E 1 
a) CAIN) es a sinh (ob2d/kT) 

Taking I/b=104 and again o = 4 kg/mm?, T= 470°C, t follows as a few mi- 
nutes. The multiplication process is thus slow, and appreciable initial periods 
have to be expected in creep tests. 

The fact that this slowness of the multiplication process also plays an 
important role during thermal quenching (see Sect. 2), becomes apparent when 
it is realized from (3.9) that at 800 °C t= 0.18, at 900°C r= 0.01 8. During 
the first, most important, second of the quench the dislocation density can 
thus not rise by more than a factor 10 to 100. 

Recently, HAASEN [15] has tried to explain the temperature dependence 
of the flow stress after yielding (in experiments of the second and third ca- 
tegory) in a somewhat different way, namely in terms of the diffusive motion 
that will occur in the dislocation core when the imperfection moves over its 
elide plane (there is a kind of crack in the core of a 60° dislocation, Fig. 2c). The 
activation energy describing this temperature influence, about 1300 cal/mole, 
should then be the energy that must be supplied to the dislocation in order 
that its broken bond structure can diffuse along together with it. 
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Semiconduttori 


Properties of Semiconductors (*). 


ELSA. eR AN 
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Introduction. 


Solid materials may be divided into metals and non-metals, with respect 
to their conduction properties. The non-metals include insulators and semi- 
conductors. It will be clear from a discussion of the theory of solids that, 
with respect to electronic conduction, there is a basic difference between metals 
and non-metals, whereas the division between insulators and semiconductors 
is arbitrary. 

We shall discuss in this series of lectures the bulk properties of uniform 
single crystals of semiconductors. Surface phenomena and properties asso- 
ciated with inhomogeneous regions, such as p-n junctions, are outside the 
proposed scope. Several review papers on semiconductors have appeared in 
recent years (*) which include extensive references. We shall therefore give 
only references to the very recent works that are relevant to the discussion, 
without aiming at completeness. The discussion will be divided into the follow- 
ing sections: 1. Energy Band Structure, 2. Effect of Imperfections, 3. Trans- 
port Phenomena in General, 4. Transport Phenomena, 5. Infrared Optical 


Properties. 


(*) Preparation of the paper was supported by a Signal Corps Contract. 

(+) The general articles include: K. LARK-HoroviTz: Present State of Physics, 
AAAS (1954); E. BURSTEIN and P. H. Eau, also H. Brooxs: Advances in Electronics 
(Academic Press, 1955); H. Y. Fan: Solid State Physics, Vol. 1 
Hand. d. Phys., XX (Berlin, 1956). Articles 
on specific properties and special types of semiconductors can be found in the volumes 
ot Solid State Physics, edited by Spirz and TurRNBULL (Academic Press), and in the 
series Halbleiterprobleme, edited by W. SCHOTTKY (Braunschweig). 


and Electron Physics, 
(Academic Press, 1955); 0. MADELUNG: 
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1. — Energy band model. 


The modern theory of solids is largely based on the one electron approxima- 
tion which treats individual electrons by replacing the effect of all the other 
electrons in the material with a suitable average potential. The problem is 
further simplified by considering perfect crystals and assuming that the atoms 
stay fixed at the regular lattice sites; crystal imperfections and atom vibra- 
tions are treated subsequently as perturbations. Thus the problem is reduced 
to that of an electron in a three dimensional periodic potential field. According 
to Bloch, the electron wave function can be written in the form 


(ae) Vim oa exp [ik ; r]Uxm(T) b) 


where uw is a function having the periodicity of the crystal lattice. The periodic 
variation of « is superimposed on the plane wave with wave number k. For 
each value of k, there is a series of different solutions for v, each indicated 
by a subscript m, which correspond to different energies. By varying the 
value of k, a series of energy bands is obtained. Each of the energy bands 
covers a range of energy. The lower energy bands are quite narrow and are 
widely separated from each other; these bands accomodate the inner shell 
electrons of the atoms. With increasing energy, the bands broaden and may 
overlap each other. 

It follows from the form of (1.1) that a wave function corresponding to k 
may be considered also as a wave function corresponding to 


where g is any vector satisfying the condition that exp [ig-r] has the perio- 
dicity of the lattice. The fact indicates that the wave function and the energy 
of the electron are periodic functions of k. To satisfy the condition for g it 
is only necessary that 


tO 
gra,= 279, 


where a, (i=1, 2,3) are the primitive translations of the lattice and g is an 
integer. This means that the vectors g are vectors of the reciprocal lattice. 
Since, by adding a suitable vector g, any vector k can be obtained from a 
corresponding vector k’ within the limits of 


(1.2) =< kan, 


we need only to consider values of k bound by (2.1). The region in k space 


ea. 
a 
nl: 
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bound by (2.1) is called the first Brillouin zone, and the vectors within this zone 
are referred to as reduced wave-number vectors. Since the Brillouin zone depends 
only on the primitive translations, it has fourteen types corresponding to the 
fourteen Bravais lattices. Thus the diamond-type and ZnS type structures 
of many important semiconductors have similar Brillouin zones which are 
characteristic of the face-centered cubic lattice. 

The reduced wave-vectors k are discrete. The density of points, each 
representing a distinct k, is uniform in the k-space and is equal to V/(27)?, 
where V is the volume of the crystal. For each energy band, the density of 
electronic states in k-space is 


(1-3) 0,= 2V} (2m)? , 


in view of the two spin states. The volume of the first Brillouin zone in k-space 
is (27)3/Q, where Q is the volume of the primitive cell of the crystal lattice. 
Thus the number of states in each energy band is twice the number of primi- 
tive cells in the crystal. According to the Pauli exclusion principle, each state 
can be occupied only by one electron. The material is a semiconductor, if 
the electrons just fill a number of energy bands and there is an energy gap 
separating the highest filled band and the empty band above it. Otherwise, 
the material is a metal. 

The essential difference between metals and semiconductors results from 
the fact that the electrons in a completely filled band do not contribute to 
conduction. An applied field produces a current, if it changes the distribution 
of electrons among the various states so that there are more electrons with 
velocities in the direction opposite to the field. An energy band which remains 
filed with electrons does not contribute any change in electron distribution 
and hence gives no current. An electric field of ordinary magnitude is not 
sufficient to raise electrons across the energy gap of a semiconductor. There- 
fore, the conduction in an ideal semiconductor depends on the thermal exci- 
tation of electrons from the valence to the conduction band. The few elec- 
trons in the largely empty conduction band can change their states under 
applied field and give rise to a current; they are the conduction electrons. 
Also, with some vacant states or holes in the valence band, redistribution 
of electrons becomes possible and a current may be produced. The conduction 
electrons and holes are the charge carriers of a semiconductor. 

The group velocity of an electron wave packet in a periodic potential field 
is given by 


grad, E . 


a 
| 
al 


(1.4) 


Under a force F, due to applied electric and magnetic fields, the wave vector 


664 Ee Ye) LAN) 
of an electron changes according to 


dhk e 
5 = F——e -vXH. 
(1.5) ai F eE aU a 


hk has been called the crystal momentum. The momentum of the electron 
is of course mv. The applied force determines the rate of change of hk rather 
than mv because the electron is not free but is in the periodic field of the 
erystal. It follows from (1.4) and (1.5) that the acceleration is given by 


dv il 
6 — 
(1-9) di mo: 
where 
1 Ik 
(157) mae ALA grad, grad, E 


is a tensor. m* is called the effective mass of the electron. 

Obviously, the effective mass is positive near the bottom of an energy 
band and negative near the top. It can be shown that the sum of 1/m* or the 
total acceleration of electrons in a filled band is zero. The conduction effect 
of an energy band with a few vacant states is the negative of the effect of 
the missing electrons. The missing electrons are usually from the energy levels 
near the top of a filled band, which are associated with negative effective 
masses. "Their accelerations are the same as that of positively charged par- 
ticles of positive effective masses. Such particles are the so-called holes. The 
electric current they give is the negative of the current of the missing electrons 
and is therefore the same as the current given by the energy band. Thus, 
it is possible to consider the equivalent effect of a few holes instead of all the 
electrons in a nearly filled band. 3 

Theoretical calculation of the energy bands for a given crystal is a difficult 
problem. Even for the most investigated materials as germanium and silicon, 
reliable quantitative results are obtained only by combining extensive theoret- 
ical work with experimental deductions. Some information may be deduced 
from general symmetry considerations, i.e. the energy as function of k in the 
Brillouin zone has the symmetry of the reciprocal lattice. A simple deduction 
is that, when the maximum or minimum energy of a band does not correspond 
to k=0, the maximum or minimum must occur for several values of k which 
are equivalent. Thus an energy band in a crystal of cubic symmetry may 
have 8 minima corresponding to equivalent k vectors, one along each of the 
<111> directions; the number of minima is reduced to 4 if the k vectors end 
on the boundary of the Brillouin zone since each two of the 8 vectors are 
essentially the same reduced wave vectors. This situation has been found 
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for the conduction band of germanium. On the other hand, the conduction 
band of silicon has been found to have 6 minima corresponding to k vectors 
along the equivalent <100> directions. In general, the number of minima 
or maxima should be 48 for any energy band in a cubic crystal, if the k values 
corresponding to the minimum or maximum energy do not lie on any element 
of symmetry. By applying the group theory, it is possible to obtain for a 
given crystal the types of energy bands of various symmetries. Useful infor- 
mation can be obtained particularly regarding the situation where different 
energy bands contact each other. 

In a semiconductor, the small number of conduction electrons is concen- 
trated near the bottom of the conduction band and the holes are grouped near 
the top of the valence band. Therefore, it is important to know the two 
energy bands for only a small range of energy. Since first order terms in k 
are absent near a maximum or a minimum, the simplest case is where the 
energy for the range of interest can be approximated by a quadratic function 
of k. With the proper choice of the co-ordinate system, we can write 


2 


(1.8) - B= B,4+ ok? + bki+ ck} E.+ 2 (Rm + K¥rmae + K3/imec) 


di 


for the region near the bottom of the conduction band, and 
(1.84) EB = B,— (h/2)(ki]m,, + km, + ke Mz») 


for the region near the top of the valence band. According to (1.7), the effective 
mass tensor of the conduction electrons or holes has only diagonal elements, 
Mi, Mz, Ms, Which are constants. For cubic. crystals m, = m,= Ma. 

In case the maximum or minimum energy is not at k=O but corresponds 
to 6 equivalent k; vectors, k,, k,, ks are to be taken as the components of 
(k —k,) in the appropriate co-ordinate system which is different for dif- 
ferent k,. A surface of constant energy in k space 
consists of 6 ellipsoids as shown schematically in 
Fig. 1. By considering the volume between two 

surfaces of energies £ and 
(E+dE), we get, according 


5 E to (1.3) and (1.8), the num- 


ky Fig. 1. — Schematic diagrams 
si : 
for a many-valley energy band. 
(a) Shows a constant energy surface in k space, which consists of six ellipsoids. 
(b) Shows the energy as a funetion of ky. 
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ber of states per unit energy range per unit volume, 


(1.9) 
where the parameter 


(1.10) 


9 
dl 


be 
2 748 5] 
= sia MmVE, 


m, = di (mym,Ms)° 


may be called the effective density-of-states mass. 
In general, the energy may not be a simple quadratic function of k. For 
example, in germanium and silicon two energy bands have the same maximum 


corresponding to the top of the valence band at k=O. The energy expres- 


sion is 


E = B,— (h?/2m){ Ak? + [Bkt + O7(kik) + kE + k2k:)\\. 


Each band is doubly degenerate as usual. There would be three energy bands 
with the same maximum energy, except for the splitting-off of one of them 


k 


Fig. 2. — Schematic diagram of 

the valence band in germanium 

or silicon, showing the overlap- 
ping branches. 


due to the spin-orbit interaction. Such an 
energy band is shown in Fig. 2. The spin- 
orbit coupling is important in cases where 
several energy bands come together. 

The concentration of carriers is related 
to the Fermi energy, ¢, which determines 
the electron distribution. According to the 
Fermi-Dirac statistics, the probability of elec- 
tron occupation for an energy level £ is 


f,= (exp[(E—0)/JET] +1)", 


and the probability for an energy state 


to be vacant or occupied by a hole is 


f,=1—f, = (exp[(6— E)KkT] +1). 


The concentration of conduction electrons and holes are 


(1.11) n =| f.(B)N(E)d 


E and p=|f2)N(E)AE, 
V.B. 


respectively. When the carrier concentrations are sufficiently low that f, and f, 
can be approximated by the exponential or Maxwellian distribution functions, 
and when N(#) can be expressed by (9), we get 


n = (2/h*)(20m,,kT exp [(¢ —H)/kT] = N,exp[(C — E)/ET], 
p = (2/h*)(2m,, kT)exp[(E,— O)/kT] = N, exp [(B,— O)/kT], 
np = N,N, exp [(E, —E,)/2kT] = N,N, exp [— E,/hT] =n’. 
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n, is the concentration of either electrons or holes in an intrinsic semicon- 
ductor, the carriers of which are produced by thermal excitation of electrons 
across the energy gap. 

Experimentally, the investigations of optical properties, cyclotron reso- 
nance, and magnetoresistance are effective means for studying the structures of 
the energy bands. The effective mass of carriers can be obtained also from 
many other types of measurements such as thermoelectric power, magnetic 
susceptibility, specific heat, dielectric property at high frequencies, etc. The 
energy gap can be determined from optical absorption measurements, and from 
the temperature variation of intrinsic carrier concentration, as indicated by the 
conductivity and Hall coefficient, at sufficiently high temperatures. 


2. — Lattice imperfections. 


Any departure from the regular arrangement of the constituent atoms on 
proper lattice sites, or the presence of impurity atoms, constitutes a crystal 
imperfection which may bind electrons in localized orbits. A center of im- 
perfection is a donor, if it can become more charged by releasing a bound 
electron. Thus a donor is either neutral or positively charged. On the other 
hand, a center is an acceptor if it can trap an additional electron and becomes 
more charged in doing so. Therefore an acceptor is either neutral or nega- 
tively charged. It follows from the electrical neutrality of the crystal as a 
whole that a crystal, having imperfections in positively charged donor states, 
should have an excess of conduction electrons over holes. Since the product 
of the electron and hole concentrations is a constant of the crystal for any 
given temperature, it means that the electron concentration will be higher 
than that in the intrinsic material. Under such conditions, the semiconductor 
is said to be extrinsic and n-type. Similarly, a semiconductor with negatively 
charged acceptors has more hole carriers than conduction electrons and is 
said to be p— type. 

An imperfection center may be capable of binding several electrons in 
localized orbits. It is possible for a center to actas donors as well as acceptors, 
depending on the number of bound electrons. Furthermore, with a given 
number of bound electrons, the center may have various excited states. Thus 
the different states should be distinguished by two indices, one index giving 
the number of bound electrons and the other indicating the particular state. 
Let £,,, be the total energy required to hold m electrons in the (m, n) state and 
let g,,, be the degeneracy of the state. The probability for the center to be 
in the (m,n) state is 


(2.4) ie Ope OD) [(mé - Emn (KLE > Ga exp Lite RL A 


mn. 


“een,” be i 


di 668 Fis aki, SAN 


where £ is the Fermi energy. Let D be the number of bound electrons that 


makes the center electrically neutral. Then a center carries, on the average, 


(2.2) F == SS m >. lien a WE 


ne n 


charges of (— e). Let N; be the concentration of the i-th type of imper- 
fection centers. The condition for the electrical neutrality of the crystal, 


gr (2.3) n+YF,N=P, 

SS è i determine € and hence the carrier concentrations. 

ot The situation is simplified, if with any given number of bound electrons 

a > the excited states are higher than the ground state by energies large compared 
i to kT. Then we can approximately consider only the ground states, and eli- 

SR minate in (2.1) the index n and the summation over n. If, in addition, the 

Do, energy differentials, (em — &m41), vary by amounts large compared to kT, then 

i. f is appreciable only for those two states, 7 and (j+1), for which (e; — e;-4) 

Si is the closest to ¢. It can be shown that approximately 

ase. | i al 

SR (2.4) ii - op exp ae il : fi~l—fia- 


A In the electron energy diagram the imperfection can be represented by energy 
i i levels E£,=e;— e; a8 shown in Fig. 3. E; is the energy required to trap 
i the j-th electron. 

As an example, we consider imperfection centers which can only trap one 
electron per center. Each center is then represented by a single level, j= 1. 
Ev; In the expression (2.2), the value of D is unity if the centers are donors and 
foi zero if the centers are acceptors. Con- 
Ba- o; sider the case of donors. (2.2) and 


sa conduction band 1 

È VASI IALIA (2.4) give 

i Ex €100 cle — En Eg 

ALI Corto ti (2:D) a=, a 

ae Te Se Er Es ‘ 

= (1 + Jp eXp = FI 
kE 4 

CMLL TA TALL LG FLA ILL LD where g, = g,/g, and E, stands for (e, —&); 
TR e, the energy required to hold the electron 
diagram of a semiconductor, showing uo whey donoraRdieb N, be the concen- 

i the energy levels of an imperfection tration of donors and let there be only 


È center. one kind of imperfection. Then equa- 
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) 2 = a — E 1 
(2.6) n—p=N ;\1 + Jn Xp | i > 


With sufficiently large N,, the semiconductor becomes n-type with n> p. 
By neglecting p and using (1.12), we get the usual expression for the carrier 


(E,— E,) is the energy required to remove the bound electron from the donor 
to the conduction band. It is often called the ionization energy of the donor. 
If the excited states of the donor are taken into account, then we get 


concentration, 


> n? N 
(27) — — — exp 
N 


(2.8) Ue Di fol = Diga exp [(È — €1n)/KT]: 
(> Gin exp [(6 — ern) [RT] +1)1—-1. 


This equation, written in the form of (2.5), will give ag, and an £, which vary 
with the temperature. 

Theoretical treatment of the states of imperfection centers is, in general, 
very difficult. Only one case has been treated fairly satisfactorily, i.e. a substi- 
tutional impurity atom which differs by one valence from the regular atom. 
Consider an impurity atom with one more valence electron. Without the 
electron, the valence band can be just filled. The extra electron has to go 
into the conduction band but may also be bound in the neighborhood of the 
impurity atom which has an extra nuclear charge. An average attractive po- 
tential produced by the extra nuclear charge in the crystal is 


(2.9) V(r) = — e?/Kr, 


where K is the dielectric constant. Thus, the extra electron may be bound 
in hydrogenic states with a Bohr radius, 


: mor 
(2.10) iy = ma {0h 


where a is the Bohr radius of hydrogen atom and m* is the effective mass 
of conduction electrons. Most semiconductors have relatively large dielectric 
constants and effective masses comparable or smaller than m. Thus 7 may 
be several times the interatomic distance in the crystal. It is this circum- 
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stance that justified the expression (2.9) for the potential, since the dielectric 
constant is an average property and can be used only when the electron orbit 
covers many cells. The ionization energy, the energy required to release the 


electron to the conduction band is 


3 ie Al 
(2.11) Hy — Ey = ET 
where H,, is the ionization energy of hydrogen. 

In the case of a substitutional foreign atom with one less valence electron, 
there will be a vacant state or hole in the valence band. The smaller nuclear 
charge on the impurity atom gives an attractive potential for positive charge 
and tends to bind the hole. Expressions (2.10) and (2.11) apply also in this 
case, and the effective mass of the holes in the valence band should be used. 
The ionization energy of the hole is the energy required to bind an electron 
from the valence band. In the electron energy diagram, the acceptor is re- 
presented by a level E,. Expression (2.11) gives (#,— #,). 

The simple consideration is justified by more rigorous treatment which 
shows that the wave function of the impurity state can be expressed as the 
wave function for the lowest state of the corresponding energy band, limited 
by an envelope. The envelope function is determined by a Schrédinger-type 
equation with the effective mass of the carrier replacing the free electron mass. 
When the energy band has spherical surfaces of constant energy in k space, 
the equation is like the wave equation for the hydrogen atom, and results are 
given just by (2.10) and (2.11). More complicated solutions have been obtained 
for cases of more complicated energy bands such as the conduction and 
valence bands in silicon and germanium. 

The treatment based on (2.9) gives satisfactory explanation of small ioni- 
zation energies observed in semiconductors with large dielectric constants, 
particularly for impurities of group III and group V elements in silicon and 
germanium. However such a simple model gives impurity states which depend 
only on the energy band structure but not on the impurity atom. Actually, 
even in silicon and germanium, the ionization energies of impurity elements 
from the adjacent columns vary appreciably. This is not surprising in view 
of the fact that (2.9) can not be expected to apply within the cell occupied by 
the impurity atom, but it is not easy to estimate the potential theoretically. 

There is yet no reliable method for estimating the energy levels of other types 
of imperfections. Some qualitative understanding of the experimental obser- 
vations may be gained by reasonable arguments. For example, Zn, Fe, Ni, Co, 
and Mn. each gives two acceptor levels in germanium, while Cu and Au each 
gives three acceptor levels [1]. It is assumed that all these impurities are sub- 
stitutional and that the acceptor action is determined by the tendency to 
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complete the tetrahedral valence bonds with four nearest germanium atoms. 
Thus the atoms with a S* configuration may act as double acceptors and those 
with a S' configuration may be triple acceptors. However, other arguments 
have to be invoked to explain the fact that Au gives also a fourth level in ger- 
manium, which is a donor level; furthermore two donor levels but no acceptor 
levels have been observed for Au in silicon. 

As to lattice defects, the simplest type is isolated vacancies in the lattice 
sites and atoms in interstitial positions. It is well known that a negative ion 
vacancy in alkali halides forms F centers by trapping an electron and becoming 
electrically neutral, it is therefore a donor. A positive ion vacancy becomes 
neutral by trapping a hole to form a V, center, it is therefore an acceptor. 
A direct method for producing Frenkel defects is the irradiation with high 
energy electrons or nucleons. The particles displace atoms from the lattice 
sites by collision. Donor as well as acceptor levels are produced by irradiations 
in germanium, silicon and other semiconductors. It is believed that the donor 
levels are associated with interstitials while the acceptor levels belong to the 
vacancies. In valence semiconductors, dislocations may be expected to produce 
acceptor levels, since an edge dislocation gives a row of atoms with « dangling 
bonds». Two acceptor levels are produced in germanium by plastic defor- 
mation; at least one of them is associated with the introduced dislocations. 

Experimentally, imperfection states can be investigated by making various 
types of observations. Within suitable temperature ranges, the variation of 
carrier concentration is controlled by the ionization energy of imperfections, 
according to some relation such as illustrated by (2.7) for the simplest case. 
Photo-ionization and excitation may be revealed in the infrared absorption 
spectrum of the crystal; optical ionization energy may also be obtained from 
the threshold of the photoconductivity which is associated with the presence 
of imperfections. Important information may be obtained from spin para- 
magnetic resonance of the bound electrons, e.g., when the impurity atom has 
a nuclear spin, hyperfine splitting of the resonance line occurs, and the 
magnitude of the splitting gives an estimate of the electron wave function near 
the nucleus. Polarizability of imperfection centers may be obtained sometimes 
by measuring the dielectric constant of the crystal at suitable frequencies. 
The charge carried by each imperfection center may be estimated from the 
effect of a known concentration of centers on the carrier mobility, since Coulomb 
scattering is proportional to the square of the charge; the fact that some im- 
purity atoms act as multiple acceptors in germanium has been demonstrated 
by studying the effect of a given impurity concentration in samples having 
different Fermi levels, 

Finally, imperfection centers are important for the electrical properties of 
semiconductors under non-equilibrium conditions. Usually, the hole-electron 
recombination rate in most samples of any semiconductor is determined either 
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by some impurity or by some type of lattice defects which can readily capture 
electrons from the conduction band and holes from the valence band. Im- 
perfection centers which capture one type of carriers more easily give rise to 
trapping effect, i.e., builds up a fixed space charge which decays at much slower 
rate than the recombination rate of free carriers. The capture cross-section 
for carriers can be determined by studying phenomena associated with non- 
equilibrium carrier concentrations such as injection phenomena and photo- 
conductivity. 


3. — Transport phenomena, general. 


31. Boltzmann equation. — In a perfectly periodic potential field, carriers 
move freely with velocity (1.4) and are accelerated freely according to (1.5). 
Resistance to the flow of carriers and the energy loss associated with it arise 
from the interactions or collisions of the carriers with the lattice, which are 
produced by disturbances in the periodic potential. Such disturbances result 
from lattice vibration and imperfections. The transport properties of carriers 
can be calculated once the carrier distribution among the various electronic 
states is known. The Boltzmann equation for the distribution, well known 
in the kinetic theory of gases, takes the form 


d q Î spa 
(3.1) a, fC r) — are a I cli Ss ad,H H) 
Il 
‘grad, f — po grad, £- grad, f + (2) 3 
Ù OU} con 


where q is the charge of the carrier. The first term on the left hand side gives 
the effect of applied electric and magnetic fields. The effect of any tempe- 
rature variation is taken into account by the second term. The third term gives 
the effect of collisions. It is usually assumed that the effect of collisions can 
be expressed in the form 

| =| leh 

Ch) Tee 


where f, is the distribution function under equilibrium conditions. 7 is called 
the relaxation time and may be a function of k. The assumption, known as 
the existance of a relaxation time, is not always valid, but the problem be- 
comes prohibitively complicated without the assumption. 

Ordinarily, applied fields and temperature gradients are such that the 
deviation of distribution function from fo is small. Then f can be replaced 
by fo in the second term and in the term containing the electric field. For a 
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uniform crystal, grad, f in the second term can be written as 


(553) erad, jf, = 


The term for the magnetic field vanishes for f= f,, since, with fo depending 
only on #, the vector grad, fo has the same direction as the vector grad, E. 
Therefore the effect of the magnetic field is associated only with the departure 
from fo. Let 


(3.4) bea tM: 


If the applied electric and magnetic fields and the temperature variation in 
the crystal are maintained constant, then of/ct=0 and we get from the 
Boltzmann equation 


ni qt 


E 
(535) g(k):= - grad, H- Da alp grad” 7°) a Bo (grad, H x H)-gradxg . 


This gives g(k) directly if there is no magnetic field. In the presence of a 
magnetic field, the differential equation has to be solved. Solutions have been 
obtained for the cases: 1) scalar effective mass, i.e., spherical surfaces of 
constant energy in k space, and 2) ellipsoids of constant energy in k space 
and t dependent only on energy. In more general cases, solutions in the form 
of a series in powers of H or 1/H have to be used. 

When an ac electric field E = E, exp [iot] is applied, with or without a 
constant magnetic field, we can write for steady state conditions 


of MOT, 
(3.6) g(k) = go(k) exp[iwt] and e UD g(k) . 


D 
It is easily seen that g(k) can be obtained from the solution for de field 4 
by replacing t with 7/(14-iot). This applies for example, to the analysis of 
cyclotron resonance measurements. 

All properties associated with the transport of carriers can be calculated 
once f or g is obtained. The relaxation time, t, must be known. We shall 
discuss the properties of 7 for different mechanisms of scattering. 


3°2. Lattice scattering. — Lattice vibration is a major mechanism of scat- 
tering. Carrier scattering is accompanied by the absorption or emission of a 
phonon, a quantum of vibrational energy. The transition probability obeys 


the selection rule 


(ot) k’=k+q, 
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where q is the wave number of the phonon, and the plus and minus signs apply 
respectively to phonon absorption and phonon emission processes. Further- 
more, the conservation of energy requires 


(3.8) E(k') = E(k) + ho, , 
ho, being the phonon energy. 

The normal modes of lattice vibration have always three acoustical branches 
with frequencies ranging from zero up. The scattering due to the acoustical 
modes are important for homopolar semiconductors as for metals. In semi- 
conductors, this type of scattering gives 


1 _4V2O%Tm} n 
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where v is the sound velocity, d is the density of the crystal, m,= (m,m.ms;)' 
in case of tensor effective mass, and £ is the carrier energy measured from the 
edge of the energy band. The parameter C depends on the interaction po- 
tential which is difficult to calculate. It can be related to other properties of 
the crystal by the deformation theory of Bardeen and Shockley. 

For acoustical phonons ho, = hug. With E(k) = h?k?/2m*, conditions (3.7) 
and (3.8) limit q to be of the order of k. The energy £ of carriers at ordinary 
temperatures is of the order of kT for which k and hence q correspond to wave 
lengths much larger than the lattice spacing. The perturbation potential pro- 
duced at any point by such long waves is therefore nearly the same as that 
produced by a homogeneous elastic strain equal to the local strain. For a 
cubic crystal subject to a small homogeneous strain, the edge of an energy 
band, if situated at the center of the Brillouin zone, can be expressed in the 
form 


(3.10) E,=E,+E,4, 


where A is the lattice dilatation. £, is called the deformation potential. 
E,A may be taken approximately as the effect of strain on all energy levels 
close to the band edge, and the interaction potential for long acoustical waves 
can be then given in terms of E,. In fact it turns out that the parameter 
C is simply 


3 
(3.11) 0=34. 


The linear dependence of 1/7 on temperature is obtained also because of the 
long wavelength of the phonons involved. The number of phonons with an 
energy ho, <kT is proportional to kT. 
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In the case where the edge of the energy band is not at the center of the 
Brillouin zone, the shift of #, is no longer given by the simple expression (3.10) 
but depends on various strain components. In a cubic crystal, two para- 
meters are required when the band edge is situated on <100) or <111) axes, 
as in the conduction band of silicon or germanium [2]. One of the para- 


meters, +’, represents the shift due to dilatation in the two directions normal 


to the axis while the other, 2,, represents that due to a stretch along the axis 
and a contraction in the normal directions. Two relaxation times have to 
be used, for the directions parallel and perpendicular to the axis, respectively. 
Both are proportional to H?7. Since a shear strain shifts the band edge by 
different amounts at the different points in k space, the conductivity of the 
sample may change and become anisotropic. This effect, known as piezo- 
resistance [3], is intimately related to 2, and 2, and has been observed in 
n-type germanium and silicon. The measurement of this effect can be used 
in conjunction with t or mobility for the determination of the coefficients. 

Although the vibrational modes effective for scattering are normally those 
of small k, in case of a multi-valley energy band the scattering of carriers from 
one valley to the other requires phonons of relatively large k which should 
be roughly equal to the separation between the centers of different valleys in 
k space. In this case, the interaction potential cannot be obtained from the 
deformation potential theory. 

Crystals with more than one atom per primitive cell have optical branches 
of vibrational modes. In these modes of vibration, the atoms in the same 
cell vibrate with different phases. These modes of vibration may also con- 
tribute to intervalley scattering in the case of a multi-valley energy band. 
The electron mobility given by lattice scattering in silicon is found to be 
proportional to Z~**, in contrast to the (E*T)! or T-? dependence of 7 
expected for intravalley scattering by acoustical vibrations. Intervalley scat- 
tering may be the explanation. For ionic crystals, the optical modes are 
the most important mechanism of scattering, since the polarization produced 
gives a strong interaction with the carriers; the expression of t valid for 


T<ho/k is [4] 


Sy be a a Ui Gar Ai 
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where K, and K, are the static and high frequency dielectric constants re- 
spectively, and fiw is the energy of long wavelength optical phonons. When 
the crystal is partially ionic in character, this expression can be used with an 
effective charge. In homopolar crystals, the effect of optical modes is difficult 
to estimate and its importance is uncertain. 

The valence bands in germanium and silicon present a more complicated 
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case. The two branches of the energy band, degenerate at &= 0, give two 
types of holes. There are scattering within each branch as well as between 
the two branches. The problem has been treated recently by EHRENREICH 
and OVERHAUSER [5] taking into account both acoustical and optical phonons. 
The results involve two adjustable parameters. 


33. Scattering by charged centers. — The scattering effect of ionized impurity 
atoms is usually treated as that of a charged center in a medium having the 
dielectric constant of the crystal, since the long range Coulomb interaction 
should be more effective than any potential perturbation local to the atom. 
The model may be also applicable to charged defect centers in the lattice. 
The scattering problem has been solved classically by CONWELL and WEISS- 
KOPF, using simple Coulomb potential. The well known divergence of total 
cross-section for Rutherford scattering was avoided by limiting the scattering 
effect of each center to a sphere, the radius of which was taken to be one half 
of the average distance between impurity atoms. Brooks and HERRING treated 
the problem using the Born approximation, and introduced a shielding factor 
in the potential to take into account the screening effect of carriers. The 
result is 


ah 1 e&N b 
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n is the carrier concentration, and N is concentration of charged centers. 
The expression is derived for spherical energy surfaces. The scattering is 
highly anisotropic, being strong for small angles of scattering. For this reason, 
1/7 no longer depends simply on 2 in case of ellipsoidal energy bands. A more 
general expression for 1/t has not yet been derived. The Born approximation 
becomes poor for small carrier energies, comparable or smaller than the 
ionization energy of the impurity atom. Recently, more rigorous treatments 
have been attempted which are necessary for low temperature applications [6]. 


34. Other types of scattering. — Scattering by neutral impurities has been 
treated by ErGINSOY using the model of hydrogen atom in a dielectric medium. 
The experimental data for the scattering of low energy electrons by hydrogen 
atom was used to obtain an approximate expression for the cross-section. 
The relaxation time obtained is independent of the energy of carriers. Recent 
work of SLAR [7] indicates that some energy dependence may be expected. 
This type of scattering should be important at low temperatures when the 


ti. 
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lattice scattering becomes small and the effective impurities become unionized. 
Scattering by dislocations, as estimated from the deformation potential asso- 
ciated with the strain, is small but can be much larger if the dislocations become 
electrically charged by virtue of the localized electronic states that they 
introduce; these predictions are in qualitative agreement with experimental 
observations made on plastically deformed germanium. In the intrinsic tem- 
perature range where both electron and hole carriers are present in large 
concentrations, the mutual scattering of electrons and holes which drift in 
opposite directions may become appreciable. This type of scattering may be 
estimated in a similar way as the scattering by ionized centers. In the pre- 
sence of several types of scattering, 1/7 is the sum of the contributions of 
each type 


(3.14) li =S 1. 


4. — Transport phenomena. 


41. Conductivity and Hall coefficient. — Electrical current arises as the 
carriers acquire, in addition to the random thermal velocity, a drift velocity 
under the force exerted by the applied field. The conductivity tensor ex- 
presses the linear relationship between the current density and the electrical 
field 


(4.1) ID Cy lip. 
j 

The mobility tensor, defined by 

(4.2) u=o[en, 


expresses the relationship between the electric field and the « average » drift. 
velocity of the carriers. The theoretical expression for current density is 


(4.3) j= op [mana 


and the conductivity tensor is obtained by substituting for f the solution of 
Boltzmann equation for the case of an applied electric field alone. 
For cubic crystals, the conductivity is a scalar by symmetry. The ex- 


pression of conductivity becomes 


i PRS O 
(4.4) o=— | Q fre? i dQ,. 
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If the carriers are strongly degenerate, the mobility expression can be 
written as 
(4.5) b= — (rv); g(©), 

3n 
where (70). is the value of tv? averaged over the Fermi surface, and g(¢) is 
the density of states at the Fermi surface. For non-degenerate carriers, we get 


é 


EO 
For the simple case, where the constant energy surfaces are spherical and 
t depends merely on energy, the expressions reduce to 

= CT: i al TDI, 

(4.7) ia and EAT 3 
for the degenerate and non-degenerate carriers, respectively. 

To determine experimentally the two quantities, carrier concentration and 
mobility, another independent measurement is required besides the con- 
ductivity. There is available a method, first employed by SHOCKLEY and 
HAYNES, for measuring the drift mobility of the minority carriers. In order 
to obtain the mobility of carriers in a crystal, it is necessary to use another 
crystal of the opposite type, making sure that the scattering is the same in 
the two crystals. Usually, the conductivity measurement is supplemented 
with measurement of the Hall coefficient which gives an estimate of the carrier 
concentration. 

Hall effect is the existence of an electric field component perpendicular to 
the current in the presence of a magnetic field normal to the plane of the 
current and the electric field. The transverse electric field, required to balance 
the Lorentz force, is proportional to the magnetic field and the drift velocity 
of the carriers. The Hall coefficient, R, is defined as the ratio of the transverse 
electric field to the product of the magnetic field and current density, there- 
fore it is inversely proportional to the carrier concentration. For the case of 
spherical energy surfaces, 
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The expression for R can be written in the form 


(4.9) PI re 


u eqn’ 


u, is known as the Hall mobility. For degenerate carriers, u, =. For clas- 
sical distribution of carriers, simple results are obtained for the limiting cases: 
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In case there are carriers in several energy bands, the expression for È is 
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It may happen that the magnetic field gives a limiting case for certain car- 
riers but not for others. This effect is responsible for some unusual variation 
of Hall coefficient with magnetic field observed in p-type germanium which 
has two types of holes with quite different effective masses. 

As an illustration of more complicated cases, a many-valley energy band 
in cubic crystals has 


(4.14) ee VEE 
lu Mm mi, 
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where my and m, are the components of mass tensor parallel and perpendicular 
to the axis of spheroidal energy surface in each valley. It is assumed that 
the scattering can be characterized by two relaxation times 7)(/) and 7, (E) 
for carriers in each valley. 

In the limit of very high H, the value of x,/u always approaches unity [8]. 
Otherwise, the value depends on the energy band structure as well as the 
relaxation time. Its variation presents a difficulty for the determination of 
carrier concentration from the Hall effect. The temperature dependence of 
intrinsic carrier concentration is controlled by the exponential factor 
exp [— E,/2kT]. In the temperature range where the semiconductor is ex- 
trinsic, the carrier concentration may be approximately constant at high 
temperatures, exhaustion range, and varies as exp [— E;/2kT] or exp [— £,/kT] 
at sufficiently low temperatures, H, being the ionization energy of the impu- 
rity. Therefore, experimental data are usually presented in the form log £ 
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and (log 0) versus 1/7. Fig. 4 shows a sketch of such curves. The slope of 
log R curve at the high temperatures, (1), corresponds to H,/2k approx- 
imately. The exhaustion range, (2), revealed by a 
constant portion of the log R curve gives the concen- 
tration of effective impurities. The impurity ioni- 
zation energy can be estimated from the slope at 
low temperatures, (3). 

At sufficiently low temperatures, (4), the resis- 
tivity stops to increase according to the ionization 


DL - energy of the impurity and varies much more slowly 
Ho 4. General pehay- with temperature. Meanwhile, the Hall coefficient 
iors of Hall coefficient, shows a maximum and drops with further cooling. 
R, and resistivity, p, These phenomena were first observed in germanium 


of a semiconductor as py Hune and were attributed by him to conduction 

cre ee potas by electrons or holes in impurity states. Similar 

eae phenomena have since been observed in many other 

semiconductors. Theoretically, conduction in the 

states of randomly distributed impurity atoms presents a difficult problem 

which has not yet been solved satisfactorily [9]. A theory is presented by 
Morr in an article of the present series. 


4°2. Magnetoresistance. — An applied magnetic field not only gives rise to 
an electric field component transverse to the current but also changes for a 
given current the parallel component of the electrical field. The effect, known 
as magnetoresistance, arises from a distribution of drift velocity. The trans- 
verse electric field compensates on the average the Lorentz force, but the 
compensation is not complete for individual carriers of different drift velocities. 
The resulting lateral deflection of the path increases the resistance. The lateral 
deflection is proportional to tH/m* and the effect of a small deviation on 
the drift is a second order effect. Therefore, the magnetoresistance effect 
is expected to depend on w?H? at small magnetic fields. 

In the simple case of a scalar effective mass and isotropic t, i.e. t varies 
only with energy, the magnetoresistance effect vanishes for strongly dege- 
nerate carriers, since the drift mobility depends only on one relaxation time, Tp: 
For carriers having classical distribution, the conductivity under transverse 
magnetic field is given by the expression 


(4.15) Og = = == 


where A and B are as defined in (4.8). It differs from o, if t varies with 
energy. The difference (0, — 0,,) is second order in H at small magnetic fields 
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and approaches a constant value at large fields. There is no longitudinal effect, 
i.e. o is not changed by a magnetic field parallel to the current. 

Since the magnetoresistance effect comes from the variation of t/m* among 
carriers, it is sensitive to the character of the energy band structure and the 
collision processes, in particular, a deviation of either one from spherical sym- 
metry gives rise to a longitudinal effect. The magnetoresistance effect is given 
in terms of (Ag/o,H?) for different directions of j and H. More generally, the 
effect can be expressed by a magnetoconductivity tensor, defined by 


1 ay 
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One of the first evidences of non-spheri cal conduction band in germanium 
was obtained from magnetoresistance investigations. The multi-valleyed 
structures of conduction band in ger- 
manium and silicon can be deduced 
from the observed variations of Ao 
with the current and field directions [10]. 
The behaviour of magnetoresistance in 
n-type silicon is shown in Fig. 5. A 
curve for p-type silicon is also shown 


for comparison. 

The variation of magnetoconductiv- 
ity with field strength can be calculated 
by a method [11] applicable for arbi- Fig. 5. — Magnetoresistances of n- and 
trary energy surfaces, provided the re- p-type silicon as functions of the di- 


laxation time depends only on the rection of the magnetic field, with current 
sa P È ‘in the [111] direction. After PEARSON 


energy. The conductivity approaches & and HerrING: Physica, 20, 975 (1954). 
saturation limit at high fields [12]. How- 

ever, the effect of orbital quantization 

sets in at fields H > m*c/er when the cyclotron frequency eH|/m*e becomes 
comparable or larger than the collision frequency 1/7. The relaxation 
time is affected as the carriers start to execute circular motion. This effect 
prevents the saturation of the conductivity [13], and for certain types of 
scattering mechanism a negative magnetoresistance may be expected. If the 
‘arriers are degenerate, the magnetoconductivity may oscillate with varying 
field as the Fermi level crosses the quantized energy levels. This effect is 
similar to the de Haas-van Alphen effect in magnetic susceptibility, and has 
cently for n-type InSb which has a small electron effective 
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been reported re 
mass [14]. In addition, the quantum effect may change the impurity ionization 
energy [15] and split degenerate branches of an energy band which have dif- 


ferent effective masses [16]. 
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43. Thermoelectric power. — Thermoelectric power is one of the important 
properties to investigate. It indicates the type of conduction, n- or p-type, 
and yields an estimate of the density-of-states mass. The effect arises from 
the tendency of the carriers to diffuse from the hotter end of a material to 
the colder end. When a temperature gradient is maintained in a specimen, 
an electrical field must be built up if there is to be no current. In an isotopic 
material or a cubie crystal, the electrical field is along the direction or opposite 
to the direction of the temperature gradient, depending upon whether the 
carriers are electrons or holes. 

It can be shown that the thermoelectric power of a thermocouple consisting 
of two materials A and B is given by 


enel (Fi Rai 
‘ Qua = = = 
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Thermodynamic considerations prescribe a relation between @Q,, and the 
Thomson coefficients of the individual materials: 
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suggesting that Q,, may be considered as the difference between two quan- 
tities, each one of which is the property of one material and is referred to as 
the absolute thermoelectric power of that material. It follows from (4.7) that 


the expression for the absolute thermoelectric power may be written 
(4.20) qTQ =(K.(K)=d. 


K,/K, can be calculated if the dependence of t on energy is known. The 
measurement of ( will then yield the value of È, from which the density-of-state 
mass can be obtained. For strongly degenerate carriers, K,/K,= È in the 
first approximation, therefore Q is small. For carriers obeying classical sta- 
tistics, €¢< 0, and 


(4.21) K | Ky Cro E10» 


is small compared to |¢| if the carrier concentration is sufficiently low. 
The above discussion overlooks an important effect, i.e. a temperature 
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variation affects not only the carriers but also the lattice vibration. Phonons 
as well as carriers tend to diffuse from hotter to colder regions. The phonons 
exert, through collisions, a drag on the carriers, thus enhancing the thermo- 
electric power [17]. The importance of this effect was first established by the 
extension of thermoelectric measurements on germanium to low temperatures. 
More recently, this has been confirmed for a number of semiconductors in- 
cluding silicon and ZnO. The thermoelectric power consists of two terms, 
Q, and Q,, which are associated with pure electronic and phonon-drag effects 
respectively. At low temperatures, the observed @ is often many times larger 
than the calculated Y, as shown in Fig. 6 for a germanium sample. The dif- 
ference can be largely accounted for by @,. The phonon-drag effect depends 
on the electron-phonon interaction and the relaxation time of phonons. The 
interaction is effective for low frequency phonons which have wavelengths com- 
parable to the electron wavelength. The relaxation time of these phonons, 
as determined by their collisions with other phonons, increases rapidly with 
decreasing temperature. The fact explains the increased importance of phonon- 
drag effect at low temperatures. Phonons are also scattered at the boundaries 
of the specimen and @ will show a depen- 

dence on the sample dimension if the 18 

dimensions are comparable to the pho- 
non mean free path. Such size effect 
has been observed as expected and 
provides a clear demonstration of the 
phonon effect. The effect of non-equi- 
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5. — Optical properties. 


51. Introduction. — Semiconductors show interesting optical behaviors, 
the investigation of which yields a variety of important information [18]. 
The mechanisms determining the optical properties may be classified in the 


following way. 
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1) Intrinsic excitation. Excitation of electrons from the valence 
to the conduction band gives rise to strong absorption which is responsible 
for the metallic reflection shown by many semiconductors in the optical region. 
The absorption has a long wavelength threshold, the intrinsic absorption edge, 
corresponding to a photon energy equal or larger than the energy gap. At 
longer wavelengths, the polarization associated with the electrons in valence 
band approaches a constant value. For crystals of low impurity concentration, 
the refractive index and dielectric constant have throughout the infrared 
region constant values which are determined largely by the susceptibility 
associated with the valence band electrons. 


2) Carrier effect. Carriers give rise to absorption and polarization 
which are related to the low frequency electrical conduction. Usually the 
‘effect becomes pronounced outside of the intrinsic absorption threshold and 
increases with wavelength. In addition, when there are several branches in 
the energy band, carrier excitation between the different branches may be 
observed. 


3) Excitation of imperfection centers. Carriers which are lo- 
‘alized on impurities or lattice defects give rise to absorption associated with 
excitations or ionization. 


4) Lattice vibration. Beside the electronic processes, absorption 
bands may be produced by lattice vibrations. The absorption is strong when 
‘the crystal is to some extent ionic in character. Impurities and lattice defects 
may give rise to additional absorption bands. 


5) Inhomogeneity. We include in this category effects such as that 
produced by mechanical strains associated with lattice defects and by ag- 
gregates of impurity atoms. 


52. Intrinsic excitation. — Intrinsic excitation obeys the selection rule 
(5.1) k, = k, = k,~ ko , 


where k, is the wave number of initial state in the valence band, k, is that 
‘of the final state in the conduction band, and k, is the wave number of the 
photon which is small compared to the electron wave numbers. The selection 
rule follows directly from the character of the Bloch wave function for electrons 
in a periodic potential field; the matrix element of dipole moment for the 
‘optical transition vanishes unless (5.1) is fulfilled. Because of the selection 
rule, the long wavelength threshold of the absorption may correspond to a 
photon energy larger than the energy gap, if the minimum of the conduction 
band and the maximum of the valence band are not at the same point in 
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k space. However, lattice vibration perturbs the periodic potential and relaxes 
the selection rule. The process may be considered as optical transitions ac- 
companied by the emission or absorption of a phonon. It is commonly called 
indirect transitions, while allowed transitions are called direct. Due to indirect 
transitions, the threshold of measurable intrinsic absorption may be neverthe- 
less related to the energy gap even if the direct transitions should begin at 
shorter wavelengths. 

The intrinsic absorption edge usually shifts in frequency when pressure is 
applied to the semiconductor. This can be interpreted as a variation of the 
energy gap with lattice dilatation. Temperature variation also produces a 
shift. The effect is in part due to lattice dilatation which can be estimated 
from the pressure shift by using the compressibility and the thermal expansion 
coefficient. Another effect is that the change of carrier-lattice interaction 
energy, as a carrier is lifted from the valence to the conduction band, is tem- 
perature dependent. This effect may be more important; the observed tem- 
perature shift is often much larger or even opposite in sign as compared to 
the lattice dilatation effect. In an optical transition, the state of lattice vibra- 
tion remains unchanged, according to the Frank-Condon principle. On the 
other hand, thermal excitation of a hole-electron pair is associated with a 
change in the state of lattice vibration, as the free energy of the system is 
minimized for the initial as well as the final states. However, the quantity E, 
determining the intrinsic carrier concentration is the free energy for hole- 
electron production, which turns out to be approximately the same as the 
energy determining the threshold for intrinsic absorption. 

As an example, we may consider the intrinsic absorption edges of ger- 
manium and silicon, which have been studied in detail. Pure crystals show 
very little absorption at long wavelengths and intrinsic absorption near the 
threshold can be studied down to very low levels. The fact that the near- 
threshold absorption corresponds to indirect transitions is established by the 
fact that with decreasing temperature the curve not only shifts to shorter 
wavelength, but also decreases in magnitude, in agreement with expected 
diminution of indirect transition with decrease of lattice vibration. Further- 
more, the square root of the absorption coefficient plotted against frequency 
shows a tail at low levels which may be interpreted as transitions involving 
phonon absorption rather than phonon emission; the tail diminishes rapidly 
with temperature as may be expected. In the case of germanium, a sharp turn 
of the absorption at ~ 1.5 pm indicates possibly the onset of direct transitions. 
The absorption threshold and its variation with pressure and temperature 
have been determined, the variation being of the order of magnitude expected 
from theoretical calculations. The optical data are in good agreement with 
the information about £, obtained from electrical data on the intrinsic 
‘arrier concentration. 
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52.1. Effect of strong magnetic fields. — It has been found re- 
cently that the transmission inside the threshold of intrinsic absorption shows 
oscillations as the wavelength is varied, when a strong magnetic field is applied. 
The effect has been observed in InSb [19], Ge [20] and InAs [20]. The ab- 
sorption edge itself shifts to shorter wavelengths. The effect is attributed to 
the quantization of electronic energy levels in a magnetic field which is the 
basis of Landau’s theory of carrier diamagnetism. In the presence of a mag- 
netic field along the z direction, the energy levels are given by 


h2 hk? 4 al oh, il 
(5.2) wah a(n 4 5) =e tSH(n +5), 
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where n is an integer. The density of states, number of states per unit energy 
range, varies as 1/VZ. for a given n; it has, therefore, high peaks corre- 
sponding to successive values of n. Optical transitions between two energy 
bands, each having a spectrum of this character, may be expected to show 
oscillations with peaks at 
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where hy, is the absorption threshold for H =0 and subscripts e and v refer 
to the conduction and valence bands, respectively. 

The effect was observed in InSb by BURSTEIN and Picus. Three oscil- 
lations were observed in the transmission curve under applied fields up to 
20000 G. The first minimum was attributed to n,=n,=0. The second and 
third minima were assumed to correspond to (n,=0, n,=1) and (n,=1, 
n, = 0), respectively. According to this assignment, the data yield m,.=0.016 m 
for the conduction band and m,— 0.044 m for the valence band. It should 
be mentioned that the valence band of InSb is believed to consist of two over- 

lapping branches, one of which having 
ariana = an estimated m= 0.12 m plays the im- 
portant role in conduction processes. 
This branch of the valence band did 
not show its effect in the oscillation, 
probably because of the heavy mass. 
ZWERDLING and LAx observed the ef- 


Pavel penton ~ fect in germanium by using magnetic 
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02025 08205 0338 08569 fields up to 36000 G. Fig. 7 shows 
i Cr one of the curves obtained. The oscil- 
Fig. 7.— Infrared transmission of ger- , ; : 
o o I lations were observed in the region of 
under an applied magnetic field of direct transitions, between 1.4 and 1.6 
36000 gauss. um. The frequencies of various minima 
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in the transmission curve vary linearly with the magnetic field, and ex- 
trapolate to a common hy,= 0.803 eV at H =0, which is assumed to be the 
Separation of the conduction and valence bands at k= 0. 


92.2. Effect of high impurity concentration. One of the simple 
effects of impurities on the intrinsic absorption is to change the electron occu- 
pation of the energy levels by giving the sample a large carrier concentration. 
Thus, if the levels near the bottom of the conduction band were occupied by 
conduction electrons, optical transition of electrons from the valence band to 
these levels will be ruled out. Such an effect has been observed in n-type 
InSb by many workers, and in n-type InAs by SPITzER. In samples with 
large carrier concentrations, the edge of intrinsic absorption is shifted to 
increasingly shorter wavelengths. It is readily shown that the photon energy 
corresponding to a given absorption coefficient « is given by 


È kT 1n(% S | , 


where x, is the absorption coefficient at hy in samples of low carrier con" 
centrations. It is assumed in this expression that the absorption is produced 
by direct transitions, and that the maximum of the valence band is at the 
same point in % space as the minimum of the conduction band. However, 
for m,>m,, the ratio m,./m, can be dropped and the resulting expression holds 
approximately without the limitations. Gobeli’s measurements [21] given in 
Fig. 8 show that the experimental points for the sample of large carrier con- 
centrations can be fitted with curves calculated by using this expression and 
the experimental data for the purer sample. The 
value of È is determined by the curve fitting, and 
knowing the carrier concentration, the effective 
mass can be estimated. 

The effect and interpretation are not always 
so simple, and departures from simple behavior 
provide useful information. For example, samples 
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Fig. 8. — Absorption coefficient, x, of InSb as a function 

of photon energy. The circle points were measured on 

a p-type sample with a low carrier concentration; the 

points on A and B were measured at 298 °K and 77 °K i | 

respectively. The dot points were obtained on an n-type sample, having 6.110! em 

electron concentration at 298 °K (a), and 77 °K (0). The curves (a) and (0) were calcu- 
lated according to (5.4) using m* = 0.03m. 
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of InSb having the same carrier concentration should have the same absorption 
edge regardless of the type of conduction, if the conduction and valence bands 
are simple and the transitions are direct. However, the absorption edge of 
p-type samples is quite different from that of n-type samples which have the 
same carrier concentrations. The experimental data indicate that there is an 
admixture of indirect transition. 

The effect of impurities may be more than merely influencing the 
transition probability through the addition of carriers. It may increase the 
probability for indirect transitions by relaxing the selection rule. Also, the 
energy level spectrum may be affected by the presence of impurities. These 
more complicated effects are indicated in some unpublished results obtained 
in germanium and GaSb samples by SPITZER and RAMDAS. 


52.3. Exciton absorption. — On the longer wavelength side of intrinsic 
absorption edge, there may appear a series of absorption bands due to the 
production of excitons. The phenomena are well-known in alkali halide crystals 
where the bands occur in the far ultraviolet. Recently sharp and intense 
exciton bands have been observed in a number of other ionic crystals in or 
near the visible region. The investigation for Cu,0 has been very extensive 
and informative. The subject has been reviewed in a recent paper [22]. 


5°3. Carrier effect. — The motion of a free charge under the oscillating 
electric field of radiation gives a current 90° out of phase with the electric 
field. Energy loss is produced only as a result of collisions suffered by the 
carrier, which give an in-phase current component. Solving the Boltzmann 
equation for an ac field, we get the expression for current, 


2 gs TUZSMMOI, Ob, tv oh, 
(27)* h we + (wt)? dk, a di I + (wt)? dk, dz. 


For semiconductors, usually mt >1 in the infrared region. If 7 is a constant, 
the conductivity, o, which gives the absorption will be proportional to 1/©?. 
However, t depends on the carrier velocity. Furthermore, in view of field 
quantization, the energy of infrared excited carriers is quite different from 
the thermal energy. Therefore, the relaxation time for low frequency con- 
duction phenomena cannot be used directly for 7. The absorption process 
can be treated quantum mechanically by perturbation methods. This has 
been done for the two major types of scattering, lattice vibration and charged 
centers. The absorption varies less with frequency than 1/©? for scattering 
by lattice vibration and close to 1/m*° for scattering by charged centers. 
Experimentally, careful studies of free carrier absorption have been made only 
for n-type germanium. Satisfactory agreements were obtained with the theory. 
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The out-of-phase current which gives the susceptibility is independent of 
the collision time, if wt>>1. The susceptibility 


simple form [23] 


(5.6) n 


mw?’ 


can be expressed in the 


where m, is related to the effective mass parameters: 


Mg ME 


if the effective mass is a constant sealar, 


(5.7) m, = 3(1/m, + 1/m, + 1/ms)- 


for a multi-ellipsoidal energy band, 


(5.8) m, = (mì + mi)/(mì + mi) 


for an energy band with two branches which meet at the band edge, and 


L 


0E 

(5.9) ms = hke (A) 5 
for degenerate carriers the energy of ‘9 
which depends on the magnitude of k. 
Thus the susceptibility gives an esti- 
mate of the effective mass. The sus- i 
ceptibility can be obtained from the 
two optical constants, refractive index, 
n and extinction coefficient, k, 

60 


(5.10) 4ry=e—-e=n°—k— 60, 


where e, is the dielectric constant of 
the crystal without the effect of car- ,, 
riers. The optical constants can be de- 
termined by measuring the reflection 
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and transmission of radiation. Such measurements have been made on a number 
of semiconductors [23]. A sample with sufficient carrier concentration shows a 
reflectivity which with increasing wavelength goes through a minimum and 
rises to high values. The behavior is illustrated by the curves in Fig. 9. For 
germanium and silicon, the values of m, obtained are in agreement with 
values expected from cyclotron resonance data. For n-type InSb, the ef- 
fective mass was found to be energy dependent. Measurements have also been 
made on tellurium, using polarized radiation to obtain components of the 
mass tensor parallel and perpendicular to the optical axis. 


53.1. Cyclotron resonance. Cyclotron resonance absorption has been 
observed at infrared frequencies. In order to observe the resonance absorption, 
it is necessary to use a frequency high as compared to the collision frequency 
of the carriers. For this reason, it may be necessary to use infrared rather 
than microwave frequencies. With higher frequency, higher magnetic field is 
required, according to © = eH/m*C. The required field is reduced proportion- 
ately for carriers of small effective mass. Resonance absorption was observed 
in n-type InSb by BuRsTEIN, Picus and GEBBIE [24] at 41.1 um, using de 
magnetic field up to 60000 G. Using pulsed magnetic field up to 320000 G, 
Keyes et al. [25] observed resonance absorption in Bi and n-type InSb and 
InAs, in the wavelength region from 10 to 22 um. In all these cases, the carrier 
effective mass is small, being of the order of a few hundredth of the free electron 
mass. 


53.2. Interband transitions. — Carriers may also give rise to inter- 
band transitions. Conduction electrons may be excited to a higher energy 
band and holes may make transitions to a lower energy band. In p-type 
germanium, the holes give three absorption bands associated with transitions 
between three overlapping branches of the valences band. An absorption 
band associated with interband transitions of holes has been observed in tel- 
lurium at 10 um; the absorption is dichroic, being present only for light po- 
larized parallel to the optical axis. Recently, an absorption band with a peak 
at 2.3 um has been observed in n-type silicon [26]; the band is associated with 
the excitation of conduction electrons to a higher band. This type of ab- 
sorption seems to be fairly common and provides useful information about 
the energy band structure. 


54. Impurity effect. — It is well known that absorption bands associated 
with defect centers in insulating crystals can be produced by X-ray or electron 
irradiation. In semiconductors, high energy nucleons and electrons produce 
lattice defects by collisions with the atoms. An absorption band associated 
with the defects has been observed at 1.8 um in irradiated silicon. Infrared 
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absorption associated with the ionization of various impurities has been ob- 
served in both germanium and silicon. In the latter material, impurity ex- 
citation bands were observed which are very helpful for the study of impurity 
States. This problem will not be discussed further, since it will be covered 
in other lectures. 

Impurity effect may show up in the radiation which is produced by the 
recombination of excess electrons and holes. Such radiation which is intrinsic 
property of the crystal was first observed in germanium. HAYNES [27] ob- 
served in silicon samples, which were cooled to 77 °K, that there were ad- 
ditional structures on the long wavelength side of the peak of intrinsic radiation. 
The excess carriers were produced by passing a current pulse through a p-n 
junction in the specimen, and radiation from the neighborhood of the junction 
was observed. At the low temperature, some of the donor or acceptor impu- 
rities became unionized and their recombination with the excess carriers gave 
rise to the peaks which differ from the intrinsic peak by the ionization energies 
of the corresponding impurities. Some evidence of similar effect in germanium 
has been reported by AIGRAIN [28]. 


ae © 


5:5. Lattice vibration. — Lattice vibration waves which produce transverse 
polarization in the crystal can be excited by radiation through the interaction 
between the electric field and the polarization. The strength of excitation 
depends on the effective charge of the vibrating atoms. The absorption asso- 
ciated with lattice vibration can therefore be used to determine the effective 
charge. Example of such work are the recent studies of InSb [29] and various 
other ITI-V compounds [30]. These semiconductors have zine blende type 
lattice similar to the diamond type lattice of the monatomic valence crystals, 
germanium and silicon, and it is of special interest to determine the nature 
of binding, homopolar or ionic. It turns out that these compounds all show 
a strong absorption and reflection band in the 30-60 um region, e.g., 5.3 um 
in InSb. The effective charge e* is given by the expression 


Ep — Eo = 


4rnNe* [eo + 2\? 
Fee | 3 3 
where ¢ and e, are respectively the dielectric constants for frequencies much 
lower and much higher than the vibration frequency ©, which corresponds to 
peak absorption and M is the reduced mass of the atoms. & and e, can be 
determined from reflectivities at appropriate frequencies. The value of e* 
obtained is 0.34e for InSb and varies from 0.18 e (InP) to 6.08 e (GaSb) for 
the other compounds. 

The effect of impurity on lattice absorption is playing an important role 
in the investigation of oxygen in silicon. Both germanium and silicon have 
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Fig. 10. — Infrared absorption 

of silicon. A) For sample pulled 

from a quartz crucible. B) For 

sample prepared by floating zone 
technique. 
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a number of rather weak lattice absorption 
bands are temperature dependent, 
becoming weaker as the temperature is 
lowered. In silicon, the absorption band at 
9um is an exception. KAISER [31] showed 
that this band is associated with the presence 
of oxygen and its strength can be correlated 
with the oxygen content determined by va- 
cuum fusion analysis. Oxygen can come 
from the quartz crucible used for the melt 
from which the crystal was pulled, and low 
oxygen content was found in crystals prepared 
by the floating zone technique. Fig. 10 
shows the absorption band for two samples 
prepared by the two methods. The wave- 
length of the absorption band is close to that 
of the absorption in SiO, films, 9.3 um. 
The band was attributed to Si—O bond 
stretching vibration, assuming that two neigh- 


which 


boring silicon atoms give up their covalent bond to bind with an interstitial 


oxygen atom. According to this interpretation, an associated band may be 


expected at a longer wavelength, and it 
has been suggested that this is the 
band observed at 19.4 um [32]. In 
germanium, KAISER observed that as 
the lattice bands became _ generally 
weaker with decreasing temperature 
a band became more pronounced at 
This 
absorption was attributed to Ge—O 


bond 


11.6 um as shown in Fig. 11. 


It was 
shown that the hexagonal form of GeO, 


stretching vibrations. 


has a very strong absorption band 
at 11.5 um. 

Recently, SPITZER observed a new 
absorption band at 20.5 um in silicon 
samples irradiated by reactor neutrons. 
The band is close on the long wave- 
length side of the lattice bands in or- 
dinary silicon. of the 
band increases with increasing neutron 
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Fig. 11. - Infrared absorption in ger- 
manium sample pulled from a cuartz 
erucible. Solid curve was measured at 
300 °K and the dashed curve was 
measured at 90 °K. 
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flux, indicating that the band is due to the effect of neutron-produced 
defects on the lattice vibration. 


5 6. Inhomogeneity effects. — Dislocations in crystals can be made visible 
by «decorating » them with aggregates of some kind of atom. The method 
has been used for silver bromide [33] in which the dislocation was decorated 
with photolytic silver, and for additively colored sodium chloride [34] in which 
the excess of sodium ions served the purpose. DAsSH[35] applied the method to 
silicon which gives good transmission for wavelengths longer than the intrinsic 
absorption threshold at 1.1 um. An infrared image tube was used for visual 
observation and infrared plates were used for taking photographs. Copper 
was used for the decoration. Its high diffusion rate in silicon and decreasing 
solubility with temperature below 1200 °C facilitate precipitation upon cooling 
to room temperature. The specimens were etched in a suitable solution which 
develops pits at points where dislocations meet the surface. Following the 
etching, a small amount of metallic copper or Cu(NO;), solution was placed 
on the specimens, and the latter were heated in a hydrogen atmosphere at 
900 °C for an hour. The specimens were viewed or photographed by trans- 
mitted light. The dislocations show up clearly as dark lines. Crystals as grown 
from the melt and plastically deformed specimens were studied. The dislo- 
‘ations were found to have a strong preference for <110) direction, and they 
connect etch pits on the surfaces. Concentric loops corresponding to the 
pattern associated with volume sources were also observed. 

Boxp [36] obtained infrared photographs of edge dislocations in silicon 
using the photoelastic effect. The crystal becomes birefrangent in the stress 
field around a dislocation. The stress field can thus be photographed by using 
polarized light and crossed Nicols. Photographs were obtained which show 
patterns corresponding to the stress field of a single dislocation and having 
extensions of 10 to 20 um. The method is effective for seeing edge dislocations 
«end on» or at a small angle. Computations show that screw dislocations 
cannot be photographed along the axis and photographs of either dislocation 
in the perpendicular direction would require very long exposures. 

Light scattering produced by aggregates of foreign atoms was observed 
by KAISER [37] in studying the effect of oxygen in silicon. It has been men- 
tioned that the presence of oxygen increases the lattice absorption band at 
9um. It was found that heat treatment of silicon at 1000 °C reduced the 
9um band without changing the oxygen content as determined by vacuum 
fusion analysis. At the same time, the intrinsic absorption edge developed 
a tail with a 77*' dependence. It was shown that the tail was produced by 
Rayleigh scattering; infrared light scattered by a square sample in a direction 
perpendicular to the direction of incident white light was detected by using 
an infrared image tube. The observed wavelength dependence of the tail is 
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reasonably close to Z-! expected for the scattering. The scattering was attrib- 
uted to clusters of oxygen atoms. After heat treatment at 1350 °C, the 
scattering was reduced and the strength of the 9 ym absorption band was 
restored. 


REFERENCES 


H. H. WoopBury and W. W. TyLER: Phys. Rev., 105, 84 (1957); 1-2, 697 (1956) 

C. HeRRING and E. Voet: Phys. Rev., 101, 944 (1956). 

C. S. SMITH: Phys. Rev., 94, 42 (1954); R. W. Keyes: Phys. Rev., 100, 104 (1955); 
F. J. Morin, T. J. GEBALLE abd C. HERRING: Phys. Rev., 105, 525 (1957). 

H. FRORLICH: Advances in Physics, 3, 325 (1954). 

H. EHRENREICH and A. W. OVERHAUSER: Phys. Rev., 104, 331, 649 (1956). 

N. ScLAR: Bull. Am. Phys. Soc., 1, 48 (1956); Phys. Rev., 104, 1548 (1956); 
F. Buatr: Bull. Am. Phys. Soc., 1, 48 (1956); J. Phys. Chem. Solids, 1, 262 
(1957). 

N. ScLAR: Phys. Rev., 104, 1559 (1956). 

J. A. Swanson: Phys. Rev., 99, 1799 (1955). 

For a general discussion of the problem, see H. M. JAMES: Purdue Semicon- 
ductor Research Quarterly Report, Oct. 1 to Dee. 31, (1956). 

The latest measurement was reported by R. M. Broupy and J. D. VENABLES: 
Phys. Rev., 105, 1757 (1957). For theory see C. HERRING and E. Voter: Phys. 
Rev., 101, 944 (1956). 

J. W. McoCLuRE: Phys. Rev., 101, 1642 (1956). 

J. A. SWANSON: Phys. Rev., 99, 1799 (1956). 

For recent work see P. N. Arayres and E. N. Apams: Phys. Rev., 104, 900 (1956). 

H. P. R. FrepEertcKse and W. R. Hosier: Canad. Journ. Phys., 34, 1377 (1956). 

R. W. Keyes and R. J. SLADEK: Phys. Rev., 100, 1262A (1955). 

C. GoLpBERG, E. N. ApAms and R. E. Davis: Phys. Rev., 105, 865 (1957). 

A comprehensive survey has been given by C. HERRING: paper presented at Inter- 
national Conference, Garmisch 1956 (in print). 

A more detailed discussion with extensive references has been given by the author 
in a previous article, Infrared Absorption in Semiconductors, in Rep. Progr. 
Phys. (London, Physical Society), 19, 107 (1956). References will be given 
here only to more recent works. 

E. Burstein and G. 8. Picus: Phys. Rev., 105, 1123 (1957). 

S. ZwERDLING and B. Lax: Phys. Rev., 106, 51 (1957); B. Lax, S. ZWERDLING 
and L. M. RotH: Bull. Am. Phys. Soc., 2, 141 (1957). 

H. Y. FAN and G. W. GoBELI: Bull. Am. Phys. Soc., 1, 111 (1956); G. W. GOBELI 
and H. Y. Fan: Bull. Am. Phys. Soc., 2, 121 (1957). 

E. F. Gross: Suppl. Nuovo Cimento, 3, 672 (1956). 

W. G. SpirzeR and H. Y. FAN: Phys. Rev., 106, 882 (1957); for tellurium see 
R. S. CALDWELL and H. Y. FAN: Bull. Am. Phys. Soc., 2, 135 (1957). 

E. BurstEIn, G. 8. Picus and H. A. GEBBIE: Phys. Rev., 103, 825 (1956). 


[25] 


[26] 

27] 
[28] 
[29] 
[30] 
[31] 
[32] 
[33] 
[34] 
[35] 
[36] 
[37] 


RE 


PROPERTIES OF SEMICONDUCTORS 695 


J. Keyes, 8. Zwerprine, H. H. HoLm and B. Lax: Phys. Rev., 104, 1804 
(1956). 


. G. SPITZER and H. pa FAN: Phys. Rev., 108, 268 (1957). 


R. Haynes and W. C. WESTPHAL: Phys. Rev., 102, 1676 (1956). 


. AIGRAIN: Physica, a 1010 (1954). 

. SPITZER and H. Y. FAN: Phys. Rev., 99, 1893 (1955). 

. S. Picus and E. Burstein: Bull. Am. Phys. Soc., 2, 66 (1957). 

. KAISER, P. H. KEcK and C. F. LANGE: Phys. Rev., 101, 1264 (1956). 

. G. Hrostowskr and R. H. RAISER: Bull. Am. oe Soc., 1, 295 (1956). 
. N. HEDGES and J. W. MircHELL: Phil. Mag., 44, 233 (1953). 


AMELINCKX: Phil. Mag., 1, 269 (1956). 


. C. DasH: Journ. App. Phys., 27, 1193 (1956). 


. L. Bonp and J. AnDRUS: Phys. Rev., 101, 1211 (1956). 


7. KAISER: Phys. Rev., 105, 1751 (1956). 


oe 

SUPPLEMENTO AL VOLUME VII, SERIE X Ne 25 LOS 
(o) A as 

DEL NUOVO CIMENTO 1° Trimestre 


Semiconducting Compounds. 


G. A. BUSCH 


Swiss Federal Institute of Technology - Zurich 


General considerations. 


1. — Historical remarks. 


Research on semiconducting compounds started 50 years ago when BAE- 
DECKER observed semiconducting properties in Cul, while investigating its 
equilibrium in the presence of iodine-vapour. Much work was done sub- 
sequently by GUDDEN, KOENIGSBERGER, JOFFE and others dealing generally 
with oxydes, sulphides and selenides. 

For a long time the physics of semiconducting compounds had a rather 
bad reputation because of the importance of chemistry in the reproducibility 
of its results. The chemical equilibrium with oxygen for instance is most im- 
portant for compounds like ZnO, Cu,O and other oxides. It is well known 
that ZnO is an excess semiconductor (conduction by electrons) while Cu,O 
is a deficit semiconductor (conduction by holes). A third case, also well known, 
is that of amphoteric semiconductors like PbS. With exactly stéchiometric 
composition PbS is a poor conductor, however, its electrical conductivity 
increases rapidly with increasing as well as with decreasing sulphur-concen- 
tration. Renewed interest in the relation between chemical reactions and semi- 
conductor properties was shown in recent years. 

A few years ago an extremely important field of research has been opened 
by the observation of the so-called « semiconducting intermetallic compounds ». 
Today it seems that the term intermetallic is not really adequate, since no 
semiconductor is a compound of two true metals, unless one of them has some 
sort of allotropic non-metallic modifications. 


wm 
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2. — Semiconductivity and chemical bond. 


The distinction between insulators and semiconductors is quite arbitrary. 
A more important distinction has to be made, however, between solid ionic 
conductors and semiconducting compounds. For a compound to be called a 
semiconductor the electronic conductivity o, should be much larger than the 
ionic conductivity o;. Since in general the mobilities 4, > u;, the energy to 
release an ion must be larger or at least equal to that necessary to release an 
electron: Q; > AF. As a rule Q; is of the order of 1 to 2eV. One would 
expect therefore substances with intrinsic activation energies AH higher than 
about 2eV to be ionic conductors. For lower values of AH electronic con- 
ductivity should be predominant. This change of the character of conductivity 
is shown in Fig. 1 for the isoelectronic sequence Sn, InSb, CdTe and AgI. 
Room temperature values for the intrinsic conductivity are plotted against the 
difference of atomic number of the components, 
which means increasing ionicity. CdTe is still a 


typical semiconductor whereas in the case of AgI ahr 

ionic conductivity predominates. Experimentally ol ? 7T=300°K 

the distinetion between electronic and ionic con- se ia Sad: 

ductivity and the determination of the ratio of za n 

the two contributions is often difficult. Careful 

measurements of transport numbers are neces- ay ji 

sary. 7 
A still more important problem is the question el o i 

whether a given compound is metallic or non- | 

metallic, i.e. semiconductive. At the present time 16 | he 

there is no theory which allows in a strict manner A Wa, Sha Ast 

AES) 02% BI 26 eV 


to predict metallic or non-metallic conduction for 
a compound, even if its crystallographic structure Fig. 1. — Intrinsic electronic 
is known. This is essentially a question of the conductivity compared with 
chemical bond, which can not be answered a priori. ionic conductivity for iso 
: electronic compounds. 

Tf one allows Mn to react with Te, for example, 

it is impossible to predict what kind of compound 

will be formed. All one can do so far is to grow the crystal and to try to 
explain its properties a posteriori. There are some interesting rules, however, 
which shall be. discussed here. A first rule is due to ZintL: For a binary 
compound to be non-metallic at least one component must have a valence 
equal to or larger than 4. Table I shows a list of compounds of Mg 
where the first three columns represent metallic compounds, and the last 
four represent semiconductors with the structure indicated at the bottom of 
the respective columns. The structures indicated are not exclusively metallic 
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or non-metallic. There are cases like that of AuIn,, which has the structure 


of CaF, but is a metal. 


TABLE I: 
| I II SAME IV VI VANI 
Mg,Al; Mo,Si Mg;P, Megs MgCl, 
MgAl 
Mg;Al, | | 
MeAl, 
Mg,Cu Mg,Zn, Mg,Ga, Mg,Ge Mg, As, Mose MgBr, 
MgCu, MgZn Mg,Ga | 
Meg,Zn, MeGa | 
| MgZn, MgGa,+x | 
| Meg,Zn | 
Mg, Ag Meg,Cd Mg;In, Mog,Sn Mg,Sb, MgTe Meo 
| MgAg MgCd Mg,In | 
| MgCd, Men | 
MgIn, | 
Mg;Au Me,He Meet. || Ms;Pb Mg;Bi, 
Mg;Auy Mg,He Mo,Tl | 
Mg,Au MeHg MeTl 
MgAu MeHg, 
Characteristic structures CaF,- Mn,0;- NaCl. CdCl,- 
| for metals and alloys || type and and and 
| | La,0,- Zns- CdJ,- 
| | type type type 
| 
| Characteristic structures for | 
| salt-like compounds. 
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Fig. 2. — Phase diagram of the alloy-system In—Sb. 


The line  separating 
column III and IV is the 
so-called Zintl-boundary. 
The compounds on the 
left side are really inter- 
metallic whereas those on 
the right side are typical 
semiconductors. 

Compounds show up 
clearly in the phase dia- 
gram. In Fig. 2 a typical 
example is shown. The 
compound InSb shows a 
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relative maximum of the liquidus-curve at 540 °C. 


Ks) 


It crystallizes with the 


zincblende structure, which is entirely different from the structures of the 


log @ QO cm 
solid 
(at roomtemperature) 


fea) 
j 


liquid 
J (at melting point) 
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3 

2 
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"620° 0 50 80100 mg 
Fig. 3. — Electrical conductivity 


in the alloy-system Mg—Sn in the 


solid and the liquid state. 


components In and Sb. 

Measurements of the conductivity as a 
function of the concentration give precise 
information about the existence of com- 
pounds. Fig. 3 shows a very sharp notch in 
the curve of conductance for Mg,Sn against 
concentration of Mg. This minimum is evi- 
dent even in the liquid state (dotted curve) 
and is probably due to the presence of 
molecules in the melt. 

The transition between the solid and 
the liquid state is connected with rather 
striking effects. Fig. 4 shows the variation 
of the conductivity and the Hall-coefficient 
for InSb in the solid and the liquid state 
as a function of temperature. 

Below the melting point we find posi- 
tive values for do/dT, above the melting 
point do/dT is negative, however. The Hall 
coefficient is large and decreases with tem- 
perature in the solid state, while it is small 
and practically constant in the liquid state. 
This means that a complete breakdown of 
the lattice occurs in the liquid accompanied 


by an increase of co-ordination number. The liquid state is practically me- 
tallic with a very low Hall effect due to the high concentration of electrons. 


In contrast Mg,Sn shows 
increasing conductivity also 
in the liquid state, which 
can probably be explained 
by progressive dissociation 
of the molecules in the melt, 
the latter becoming more 
and more metallic. 


Fig. 4. — Electrical conductivity 

and Hall-coefficient for InSb 

in the liquid and the solid 
state. 
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The question, whether a compoound is a metal or a semiconductor, has 
been studied very recently by MooseR and PEARSON [1] by extending 
Pauling’s valence-bond theory of metals to the more appropriate case of semi- 
conductors. These authors emphasize the importance of the covalent bond 
for the formation of non-metallic structures. If a compound is to be a semi- 
conductor, at least one atom must have completely filled s- and p-shells. For 
elementary semiconductors like Si and Ge this condition is the same as the 
well known octet-rule of moleuclar chemistry. It means for example that 
each Ge-atom can form covalent bonds with its four nearest neighbours in 
the lattice. 

The situation in a compound is more complicated. In the case of InSb 
for instance, there are two possible types of chemical bonds. In one of these 
one electron shifts from the Sb atom to the In atom, thus creating In~ and 
Sbt atoms, each with four valence electrons. The formation of covalent bonds 
necessary to explain the zincblende structure of InSb is thus possible. The 
second type has all the electrons shifted from In to Sb producing In** and 
Sb* ions. The bond would be completely ionic in this case. The actual chem- 
ical bond, however must be interpreted as a mixture of these two extreme 
types, both satisfying the condition of completely filled s- and p-shells. 

As an atom cannot form more electron-pair-bonds than the number of its 
valence electrons, a semiconducting compound must contain at least one atom, 
the valency of which is equal or larger than four. This is the reason for Zintl’s 
rule. The condition just mentioned leads to the following simple rules. If 
one has a compound ABO” ... of this kind and if «, f, y, ... are the numbers 


of valence electrons of A, B and ©... the compound should be a semicon- 
ductor if 


Aa + BB+ Oy +... = 8n, 


where is an integer and equal to the number of atoms with valence 4 or 
higher in the formula. Examples are 


in Spe IM Tn Teo MS 
Mg" Sb®? SR Begin’ tes eas thy 


This rule does not always hold, as, for example, in the case of CdSb. Mooser 
and PEARSON have given a more general rule, namely 


n 
aa VAS 


Na 


Here », is the number of valence electrons available in the chemical formula, 
n, is the number of atoms whose valence is equal or greater than 4, and b is 
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the number of bonds formed between atoms of this kind. An examination of 
the lattice of CdSb indicates in this case n,= 7, n, = 1 and b=1, which sat- 
isfies the above condition. The are no equivalent rules so far for compounds 
containing transition elements. 

Following Mooser and Pearson’s rule it is possible to derive semiconductors 
with more complicated structures, starting out for instance from the zine- 
blende-structure. By doubling the elementary cell of ZnS one has 


2ZnAS® SL ZS. : 


which still satisfies the rule. We now can replace two divalent atoms by two 


Fig. 5. — The chalco- 
pyrite structure. 


An example is 


different atoms having, namely, valence 1 and 3. So 
we get the formula 


(1) BR (3) WZ (5) 
PRATO 
like for instance 


(1) (3) Q(6) 
Cul Eos 


which still gives the right amount of 16 electrons 
and is proved to exist and to be a semiconductor. 
Such ternary compounds with chalcopyrite structure 
were first investigated by GOODMAN and DOUGLAS [2]. 
If one again doubles the elementary cell one obtains 
Cu,Fe,8,, where we can replace Cu, by one divalent 
atom, thus obtaining a new compound of the type 
ARROSTO 


He In® Te® 


which is again a really existing semiconductor [3] 
with the structure of the chalcogenides [4]. 
In Fig. 5 the chaleopyrite structure is shown. 
It can be readily derived from the zincblende- 
structure by putting two elementary cells on 
top of each other, which leads to a tetragonal 
cell containing 4 molecules. Each sulphur atom 
is still surrounded tetrahedrally by 4 atoms, 
but only two of them being equal. As Fig. 6 
shows the chalcogenide structure is closely 
related to the foregoing and we arrive at it 
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Fig. 


6. 


OMO Xen 


The chalcogenide 
structure. 
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in a similar way. The elementary cell contains only two molecules and it can 
be clearly seen that two atoms are missing in the basis of the structure. 
With the following components 


Zia AL 
Cd Ga Se 
Hg In Te 


one gets 23 possible compounds of the same structure, and all of them should 
be semiconductors. This has been confirmed for the following compounds 
with intrinsic activation energies AH, as indicated, 


Zn In,Se, 2.6 eV 
HgIn,se, 0.6» 
ZnIn,Te, 1.4 » 
Cd In, Te, 0.9 » 


The preparation of all of these compounds needs some careful techniques. 
The common practice of melting together the components can be applied 
only in a few cases. Completely sealed-off systems to prevent volatile com- 
ponents from escaping are often necessary. Growth by reaction from the 
vapour phase also may be possible. The standard technique of crystal growth 
and zone melting may be used. Controlled atomsphere of the volatile com- 
ponents is necessary in most cases. 


8. — Characteristic data of some compounds. 


Table II shows the characteristic data so far known of compounds of the 
type A"B™ with zincblende-structure. It appears that the activation energy 
AE; decreases systematically when going from the lighter to the heavier com- 
ponents. 

It has to be pointed out that Hg-compounds, like HgSe and HgTe show 
an extraordinarly high mobility d, of the electrons, which is one of the most 
striking features of these compounds. Furthermore CdS and CdSe are inter- 
esting photoconductors. 
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TABLE II. 
Zn Cd Hg 
AE;= 3.7 2 a | 
Di — 210 a | 
S Lila ee dA 
TE 1850 1750 583 
NH 2.6 1.8 1 
b= MO — 10000 
Se ba e) De 
IE = TOO) 1350 690 
AE; = ges 1.45 1 
= — 300 10 000 
Te bites ee 100 100 
IL a= AB) 1045 670 
4H: intrinsic activation energy (eV) 
T;: melting point (°C) 
b,: mobility of the electrons (cm*/Vs) 
by: mobilitity of the holes. 


Table III shows some data about compounds with CaF, structure. The 
activation energies again decrease with the atomic weight of the components. 
For Mg,Pb AF; is unmeasurably small and it therefore seems to be a metal. 
This is indeed surprising, because this compound has exactly the same crystal 
structure as the others in the table, so that it is perhaps preferable to consider 


TaBLe III. 
li Lattice- 
(eta DSi Sa ed Tao da ja 
(CO) (À) (eV) (eV/°K) 

Mgsi 1102 6.338 0.77 — 6.4-10-4 3.8 2.75 1.38 
Mg, Ge 1115 6.378 0.74 — 7.6-10-4 8.3 3.96 2.1 
Mg,Sn 775 6.760 0.36 — 2.8-10-4 0.17 0.44 0.38 
Mg,Pb 550 6.794 0 
CaySi 1.9 
Ca,Sn 0.9 
Ca,Pb 0.46 
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it as a highly degenerate semiconductor. Since we know nothing about the 
charge distribution in the crystal, it is hard to explain this anomaly. 

A most interesting case is represented by Ag.Se and Cu,Se, which at low 
temperature actually are semiconductors. In Fig. 7 the position of the Se- 
atoms in the lattice of Ag,Se is shown. It is tetragonal below 130 °C 
and cubic above. During this transition the crystal expands very little 
in one direction, but the lattice parameters are only slightly changed. 

Fig. 8 shows the conductivity 
plotted against temperature and at 
the above mentioned temperature 
one notices a sharp discontinuity 
in the curve corresponding to a 


Fig. 7. — The positions of the Se-atoms Fig. 8. — Electrical conductivity and 
in the elementary cell of Ag,Se below Hall-coefficient of Ag,Se as a func- 
and above the transition temperature. tion of temperature. 


transition from a semiconductig to a metallic state. The same happens to the 
Hall coefficient. 

In order to get these results, the samples had to be prepared very carefully, 
and the temperature had to be changed very slowly. If these conditions are 
not observed, results may be completely unreliable, and it seems that this 
is why this effect was discovered only recently [5]. 
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DIS 


Special properties of semiconducting compounds. 


1. — Magnetic susceptibility. 


As a first approximation the magnetic susceptibility of a semiconductor 
can be written as a sum of the following terms: 


L= More ale 96; Ax bs 
The first term is the contribution due to the electrons of the core of the 
atoms involved in the erystal, and is given by the Langevin formula: 


Ne? Lia 
Die 0, 


Xi core == aa 
6me = 


N being the number of atoms per mole and Z the number of electrons in the 
core. r? is the mean square distance of an electron from the centre of the core. 

The second term is the contribution due to the valence electrons, and 
cannot be well determined, because one ignores the exact charge distribution 
of the valence electrons. Roughly one can write a similar formula: 


Ne? L 
6me? = 


SS 


Kova. = ZW, 
r; being the average radius of the orbits, and V the number of valence electrons. 
Both contributions are negative. 

y, due to free charge carriers depends 
on the temperature. For the intrinsic 
range it can be shown that; 


ya OL EXP. — DET 


sir 


The term Ay due to impurities and 
lattice imperfections depends in a rather 
complicated manner on the nature and 
concentration of the lattice imperfections 
(donors, acceptors) and is also temper- 
ature dependent. It will not be dis- 
cussed here. 205 700 800 1200 T °K “0 Z00 800 1200 T *K 

ig sO: gives Tesults of DIGI SII Fig. 9. — Magnetic susceptibility of 
of x on intrinsic semiconductors. The several Srernond li sieemivonduororsss 
negative value of x is plotted against a function of temperature. 
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temperature for different substances. The shape of the curves varies for 
different compounds but it can be interpreted as the sum of a linearly increas- 
ing contribution at low temperature, and a non-linear one at high temper- 


ature, the latter being 
due to free charge car- 
riers. The temperature 
variation of y is most 
pronounced for Ge, InSb 
and grey tin. 

DROPS SUT Yee tA vat 
can be determined for 
pure samples at suffi- 
ciently low temperatures 
directly from the curves, 
neglecting the contribu- 
tion due to the free 
carriers, since this di- 
minishes very rapidly 
with temperature. Fig. 10 


Ce, i 100 Z 
Ri : AT rn; > 
Pegg oe Ge 
vamant x 
i N 
TRN 
x 
20} csi) i 
ber (Ge) da Soe 
RETI 
a = GaSb 
yay + 
40 Te = = 
InN ~ x. 
In In 2 ASog 
InAs 
A ET 
x 
InSb 
80 A 
- 10 
Fig. 10. — The sum x%uwret Xa, for several semicon- 


ductors as a function of the total number Z of elec- 


trons per molecule. 


shows a plot of —y against the number of valence electrons Z. 

In Fig. 11 one sees that for isoelectric sequences — y increases with in- 
creasing ionicity of the compounds. In each sequence the sum of the covalent 
radii (after PAULING) is essentially con- 


0 50 
+8 (ALP?) 
S/Beo aoe 
Qi 
S (MgS?) | 
SÌ xNacl IGaas 
rs) SA 2) 
40- = (CuBr?) 
Gor 2xa-Sn 
L 2inSb 
| (Cd Te?) 
80- | 
x*AgJ(?) 


Fig. 11. — The sum ore + X%ra. for 
isoelectronic compounds. 


The contribution of the atoms dt 


stant, 
can be seen from the following table 


but their difference varies as 


Ya + % tarato 
SnSn 2.80 À 0 A 
InSb 2.78 » 0.08 » 
CdTe 2.80 » 0.16 » 
AglI 2.80 » 0.25 » 


= Xoore + Xva. Can be written approximately as 


Xa =~ C- (72 + 15) 


2 


(e eee: 
dato r,)? 4 (7, — n}, 


7, and 7, being the effective atomic radii. Since Ya +7 = const, it follows that 
Xa is proportional to the difference of the covalent radii. The results repre- 
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sented in Fig. 11 clearly show that in fact the experimental values for y, 
vary in the direction expected. 

For a non-degenerate semiconductor in the intrinsic range the susceptibility 
due to the free carriers is given by the formula 


rnb) 


eh 
2m ¢’ 


where 


B 


m, is the rest mass of the electron, and 


1 /(2mkT\} A 
n 2 nf IE exp |— 


AE, 
2KT|’ 


represents the number of free carriers. 

The positive terms represent the paramagnetic contributions due to spin- 
orientation both of electrons and holes, whereas the factors containing the 
quantities 7? and F? represent the diamagnetic contribution. F? is defined 
as follows: 


ra = IT = Pe 
where f,, are the components of the effective mass tensor 


Fill aa 
“ht, Ok, ols 


To interpret the actual value of the charge contributions one has to know the 
average values of the effective masses, which can be determined if the shape 
of the energy-surfaces is known, or by means of effective masses obtained from 
cyclotron resonance experiments. In the case of Ge, the parameter being well 
known, a rigorous computation yields results in good agreement with experi- 
ments [6]. No computations have been made for other elements and compounds 
so far. 

Fig. 12 shows a reduced diagram of y, against temperature for different 
semiconductors. In the expression for y, we introduce the following variables 
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where T,=AE;/2k, and 


where y, contains all the constants characterizing the semiconductor. Then 
we get y —=— # exp [— 1/z]. 


see ee St 03 x, The curves in Fig. 12 show the experimental 
eae value for Ge, x-Sn and the mixed compound 

omit ye I InP,A80g- It can be seen that within a limited 
a 4 temperature region the results are well represented 

wal ba n \ by the reduced function. There are deviations, 
5 i : i however, at high and low temperatures. The de- 

one CE viation occuring in the case of InSb is partly due to 
ae Ke ii degeneracy of the electron gas which is known to 

: RENE be strong. Atlow temperature the situation seems 

da x \nSb to be more complicated. A temperature depen- 


: dent Van Vleck-paramagnetism as suggested by 
Re KRUMHANSL and Brooks [2] may be responsible. 
carrier susceptibility for se. On the other hand the influence of lattice defects 

veral semiconductors. have been definitely excluded by experiments. 


2. — Thermal conductivity. 


The thermal conductivity of semiconductors at high and low temperature 
is very important for the understanding of energy transport phenomena in 
solids. Theoretical discussions are given in the literature mentioned below. 

Since one may assume that a semiconductor consists of an atomic lattice 
and an electron and hole gas, one may consider as a first approximation, that 
the total heat conductivity is the sum of two terms: 


A 3 Aiton # 40: carriers * 


This assumption is reasonable as long as scattering of phonons by electrons 
is not too strong. 
For a non-degenerate semiconductor with a single type of carriers one 
may write 
Ai lio 


where L is the Lorentz number and is given by 
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one would expect a fast increase of 4, at high temperature. Since 7,, 
decreases with temperature approximately as 1/7, the total 7 curve 
Should show a minimum. 


logue 
32 
x Specimen 1(n-ty pe) 
20 4 2(near intrinsic) 
3(near intrinsic) 
4 (p-type, Il bascl 
pidhe) 
| 5 (p-type. 1 basa/ 
plane) 
28 6(p type, Lbasal 
plane) 
logA 
-0 + =i —— i Oo 
26 
-0.8 =I = 
-0. g + 
2.4 
-10 + 
= 
22 
-12 
20 
] 2 3 1000” 
i 100 200 300 
Fig. 13.—Thermal and electrical conductivity Fig. 14. — Thermal conductivity of 
as a function of temperature for different spec- Bi,Te, as a function of temperature 
imens of InSb (after BuscH and SCHNEIDER). (after GOLDSMID). 


Fig. 13 shows thermal and electrical conductivity curves for different spec- 
imens of intrinsic InSb against 1/7. One sees in fact that the conductivity 
increases with increasing temperature and reaches very high values. 

At low temperatures 2 is found to vary linearly with 1/7. At high tem- 
peratures, however, there is a strong deviation from linearity. As can be seen 
from Fig. 14 for different specimens, the same effect is observed for Bi,Tes 
which was studied by GoLpsmIp [8]. Curves 2 and 3 refer to nearly intrinsic 
specimens while 1 and 4 refer to higly doped n- and p-type specimens for con- 
duction parallel to the basic plane of the hexagonal structure. The conductivity 
is smaller (curve 5 and 6) for conduction perpendicular to the basal plane. 
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‘Similar observations for PbTe, HgSe and Sb,Te; have been reported by JOFFE. 
In contrast Mg,Sn does not show this effect and there is no increase of 7 with 
temperature (Fig. 15). 


A xplanation may be given for 
i (cal em! s grad) A> Pana y gl 


opel ees a the intrinsic range using the two-band 
fa) © 29.3% Mg model. Li the high Vos Dara Mo end 
of the specimen there is a high con- 
0.04; centration of carriers and therefore re- 
002Ì combination of carriers occurs towards 
TK) , the low temperature side, which leads 

0 70 200.. 300 400 500 


to an energy transport (heat flow) by 

Fig. 15. - Thermal conductivity of pairs. This effect is typical for semicon- 

Mg,Sn as a function of temperature ductors and is not present in metals. 

SEs A Theoretical results can be obtained by 

proper solution of the Boltzman equation 

-giving two equations for the electric current density and for the heat current 
density respectively: 


4 
i sa (Als Soe an La 


Ias — fu) EE DI, dH . 


The signs used have the following meaning: 


Ti relaxation time, 

ee total energy of electrons and holes, 
E.ans: translation energy of the carriers, 
D: density of states, 

i: Fermi function. 


‘The above integral splits into two integrals limited by the band edges re- 
‘spectively. 

The integration can be carried out by assuming a special mechanism of 
‘scattering of electrons and holes and knowing the variation of 7 with energy. 


Setting j, = 0 (i.e. no electric current flowing through the Specimen) one 
obtains: 


DS a bg Vora 


a 4mT IL 
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Introducing the appropriate function (2) for different mechanisms of 


Scattering, one obtains for pure thermal scattering by acoustical waves for 
the total heat conductivity by free carriers 


Ave i L(0n 3h Op) ne 2L goes (Ge a 2) 7} 


O, +0, \2kT 
L being the Lorenz number, 
Un the conductivity due to electrons, 
Oy the conductivity due to holes, 


AE; the activation energy. 


The first term is due to electrons and holes, the second due to pairs. The 
second term is a quite substantial addition and it is interesting to see whether 
it explains the observed anomalies. 

In the case of InSb, AE,=0.25 eV at T=300°K. One has therefore 
((AE:/2kT) +2)? — 50. 

However, the factor 0,0,/(01+0,) (= 0, because pairs do not move in- 
dependently) approaches o, when o, >o,. Since, in fact 0, a 800,, because 
of the very different effective masses, the low conductivity of the holes cancels 
approximately the correction ((AE;/2%T)+2)?. 

For this case one obtains approximately 


dy = Mo+0){1+%; a gee +2) } 


Thus the observed discrepancy between theory and experiment cannot be 
explained by the influence of recombination of pairs. For InSb the first exper- 
imental values appeared to be nearly 100 times larger than was expected. 
According to more recent experiments the discrepancy is much smaller but 
there seems to be still a factor of the order of 10 to be explained. 

Apparently one has to look for a mechanism that is able to transfer heat 
through a semiconductor without transferring charge. That such an effect 
should exist has been shown by a preliminary experiment. The heat con- 
ductivity of InSb has been studied in a strong magnetic field, thus substantially 
reducing the carrier conductivity. Consequently one would expect a large 
decrease of the contribution of holes and electrons, the magneto-resistance 
being very large in this kind of semiconductor. In fact one observes no change 
of the heat conductivity within the limits of experimental error. 

The following additional effects have to be considered: Firstly heat can 
be transfered by radiation, the cold part of the specimen receiving energ 
from the hot part, because the specimens are transparent in the infrared 
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region of the spectra. This contribution has been calculated, but it has been 
found to be too small to explain the effect. 

A second reason is based upon the flow of excitons. As for the phonons, 
also an exciton-drag-effect is possible. Unfortunately too little is known about 
these effects at the present time, and the experiments are not yet reliable 
enough. Very careful experiments will be necessary with specimens containing 
different amounts of impurities of » and p-types. 
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Shallow Impurity States in Semiconductors. 


W. KOHN 
Carnegie Institute of Technology - Pittsburgh, Pennsylvania 


In recent years there has been a rapidly increasing interest in the nature 
of impurity states in semiconductors. These states have a profond influence 
on electrical properties and also are fascinating objects for study in their own 
right. There are two kinds: Those whose energy levels lie somewhere near 
the middle of the forbidden gap, the so-called deep impurity states, and those 
whose levels are either very close to the conduction band or to the valence 
band, the shallow impurity states. At present the latter are much more com- 
pletely understood and in my lectures I shall confine my attention to 
them. I shall touch on only a few of the many interesting studies which 
have been made of these states and would like to refer to a forthcoming 
review article for further details and references [1]. 


= itati i i Bottom of Empt 
1% Qualitative considerations. Bottom of Emp 


SS Donors 
When an impurity atom is introduced into 
a semiconductor, it is sometimes found that 


an electron can be released from this atom into 
i Se ee Acceptors 


the conduction band with a rather small expend- Top of Filled 
È È 4 WYLIE IEE: Valence Band 
iture of energy. Such an impurity is called 
a shallow donor and the weakly bound state 
of the electron is represented by a level just 
below the conduction band (See Fig. 1). 
To form a qualitative picture of this state 
let us adopt the following imaginary procedure. We first introduce the 
This positive ion will 


Fig. 1.— Donor and acceptor 
levels in the band gap of a 
semiconductor. 


donor minus one electron into the semiconductor. 
polarize the medium in its vicinity and, at large distances, set up an 
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electrostatic potential, 
(1.1) U=—, 


where x is the static dielectric constant of the medium. 

When we now introduce the missing electron it is possible that because of 
the exclusion principle it cannot occupy a localized orbit in the immediate 
vicinity of the ion, but will move in a larger orbit in which the equation (1.1) 
is approximately valid. As the valence band of the semiconductor is comple- 
tely filled, the wave function of the impurity electron must be composed of 
conduction band functions and so one would expect that it satisfies a Schro- 
dinger equation of the form 


2 
(1.2) (vl) paar 
ht xr 


where m* is an appropriate effective mass of the conduction band. The solu- 
tions of (1.2) are of course the familiar hydrogenic wave functions with an 
effective Bohr radius of 


h? x 
13 a* = ————_ = =e 
ed, m*(e2/x) ° m*/mo 
and an ionization energy of 


CEE 
ae Ho Sham — xe(m*/m,) °F” 


Here a, is the usual Bohr radius and Ry the Rydberg, 13.5 eV. In Si and Ge, 
because of their large dielectric constants and small effective masses, a* is of 


the order of 30 A and E, of the order of 0.01 eV. The lowest solution of (1.2) 
18 


1 
(1.5) ‘RE Ga? exp [— r/a*]. 

It must however by no means be supposed that the function F is the com- 
plete impurity electron function. Rather, a more detailed analysis shows. 
that when the conduction band has a single minimum at k=0 the impurity 


state wave function is a wave-packet made up of Bloch waves near k—0. 
That is it has the form 


(1.6) y = > A(k)(exp [ik-r]u,(r)) , 


k 


SHALLOW IMPURITY STATES IN SEMICONDUCTORS 715- 


where wu, is the periodic part of the Bloch wave and A(k) is zero except in 
the immediate vicinity of k=0. Because of this latter fact we can approx- 
imate u,(r) by u(r) which is identical with the Bloch wave po(r) at k=0. This. 
gives 

(1.7) yp = (> A(k) exp [ik-r])q,(r) . 


k 


The first factor can be shown to be the F(r) of Eq. (1.2), so that the total 
wave function becomes approximately 


(1.8) y(r)=F(r)-go(r). 


The two factors in Eq. (1.8) have a simple physical meaning. @(r) describes. 
the fact that the main forces acting on the impurity electron are those of the 
periodic lattice in which it is embedded, so that locally its wave function is. 
just that of a conduction electron at k=0. This has the usual nodes and rap- 
idly varying amplitude within each atomic cell. On the other hand, the 
factor F(r) which varies much more slowly, namely over a distance of the- 
order a*, describes the gentle influence of the reduced Coulomb potential, —e?/xr,. 
which holds the electron in a large orbit around the donor ion. 

So far we have discussed only the donors, which can give up an electron 
to the conduction band. Some other impurities, the so-called acceptors have 
the ability to extract an electron from the valence band, with a rather small 
expenditure of energy, allowing the remaining hole in the valence band to- 
conduct. This can be done for example by raising the temperature. When 
the temperature is lowered again the electron will be returned to the valence: 
band, or one can speak of the hole being bound by the acceptor. As in the- 
case of the donors it can now be shown that the energy levels of the bound 
hole satisfy the equation 


| i 
(1.9) È dia vi-Z\ P= BP, 
Z NY 


where m** is an appropriate effective mass of the valence band. 


2. — Band structures in silicon and germanium. 


Before we can be more quantitative we must look somewhat more care- 
fully at the effective masses. In silicon and germanium, in which impurity 
states have been studied in the greatest detail, the band structures are unfor- 
tunately fairly complex and we summarize here the relevant facts which have 
been obtained primarily from cyclotron resonance experiments [2]. 
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91 Conduction bands. — In silicon the conduction band has 6 equivalent 
minima, located in the (0, 0,1) and equivalent directions in k-space. Near 
the minimum in the (0, 0, 1)-direction the energy is given by 


(21) A (ks + hy); 


where % is reckoned from the position of the minimum and the effective masses 
have the values 


(2.2) Mm, = 0.98 Mo, mM, = 019 Mm. 


In germanium the minima are located in the (1, 1,1) and equivalent direc- 
tions, very likely at the edge of the Brillouin zone, in which case there are 
four of them. Near each minimum the energy is again given by expressions 
of the type (2.1) with 


(2.3) (i, 60007 me — OLOSiSem ny. 


The surfaces of costant energy in these materials are evidently ellipsoids of 
revolution. 


2°2 Valence bands. — In both silicon and germanium the valence bands 
have a single maximum at k=0. However this point is 4-fold degenerate, that 
is, four different bands come together and touch there, and the energy is de- 
termined as a function of k by the solution of a determinantal equation of 
the form 


(2.4) Dyjk,k, — Eò,,|=0, ji =1,...4, 


3) a 


where the D’s are certain known constants of the dimensions h2/m, . 


3. — Effective mass theory for impurity states in silicon and germanium. 


In view of the somewhat complex band structures in silicon and germanium, 
the simple effective mass equation (1.2) must be modified [3]. 
For elliptical energy surfaces (donor states) the appropriate modification is 


(1 2 
(3.1) (z, | v) =) F,=EF,, 


where £;(k) is the energy near the j°th minimum. A typical equation is 


{ jie a2 he (22 02 e?| 
(3.2) | 2m de DE tà) mi in 


~I 
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The total wave functions of the impurity electron are then of the form 


i 
(3.3) wy=Da;Fg;, 
p=1l 

where N is the number of minima, g; is the Bloch wave at the 7’th minimum 
and the «;, are numerical coefficients. In the ground state it is known in silicon 
and likely in germanium that all 
a superposition of wave-packets from each conduction band minimum. 

For the degenerate valence band (acceptor states), the simple effective 
mass equation (1.2) must be replaced by the system of equations 


x;| are equal. Thus the wave-function is 


hel Nol 9G / e? 
(3.4 Dif (= 2); Ne | | SIE 
A 22 i Ou,) \t dxg | al) NI le 
and the total wave function of a bound hole is 
y 
(3.5) (7) = DI FQ; ’ 
j=1 


where the g; are the four degenerate Bloch waves at the top of the valence 
band. 


4. — Results for energy levels and comparison with experiment. Donor states. 


When the effective mass equation (3.2) is solved by variational methods 
(with a precision of a few per cent), one obtains the following results. 

In germanium the theoretical ground state energy is 0.0092 eV. Experi- 
mental values have been obtained for several donors from the temperature 
dependence of the Hall coefficient [4] and range from 0.0097 to 0.0127 eV. 
The agreement is fairly good. No experimental evidence for excited energy 
levels in germanium is as yet available. 

For silicon the theory gives the following spectrum of energy levels (Table I). 


TABLE I. 
| | Energy differences 
| Theoretical energies (in units of 0.01 eV) 
| (da mais ot OKO OW) e — =< dr n culo» 
| | Theory | le | As | Sb 
Is | 32.9 
| 1.8 3.45 4.21 3.18 | 
| 2p,m=0 109 | | 
0.50 0.50 | 0:53 | 0.47 
2p,m= +1 | — 0.59 | 
| 20:30 O31; |) O32" | 0.84 
3p, im == 1 | — 0.29 
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This table shows also the result of infrared absorption experiments on P, As 
and Sb donors, in which the donor electrons were excited from the ground 
state to various p-like levels [5]. It is at once evident that the spacings between 
excited states are very similar for all three donors and in excellent agreement 
with the theory, while the position of the ground state varies substantially 
from one impurity to the next and in all cases is in serious disagreement with 
the theoretical prediction. 

This state of affairs is not surprising. For while the 1s orbit of the lowest 
level penetrates into the immediate vicinity of the donor nucleus, where the 
potential certainly is not given by — e?/xr, the p-like orbits of the excited states 
all have a node there and therefore are not appreciably affected by this region. 
For this reason the 1s-level shows strong specific effects of each impurity, 
while the p-levels are well described by the effective mass equation with an 
— e*/xr potential. 


4°1 Acceptor States. — In silicon, the ionization energies of Group III ele- 
ments have been measured and vary from 0.45 eV for B to 0.16 eV for In [6]. 
This large variation shows that they cannot be adequately described by the 
effective mass theory. The excited acceptor states have been studied in 
beautiful measurements by HRosTOoWSKI and KAISER [7], who have observed 
as many as 7 infra-red absorption lines for some acceptors. The theory 
suffers from a number of difficulties, among them the absence of accurate 
cyclotron resonance data, so that no conclusive comparison with experiment 
is yet possible. 

The Group III acceptors in germanium have ionization energies in the 
range 0.0102 to 0.0112 eV, the theory gives 0.0089 eV in quite satisfactory 
agreement. Infrared absorption measurements on the excited states have 
not yet been reported. 

One unambiguous result of the theory might be mentioned, namely that 
the acceptor ground state is 4-fold degenerate in both silicon and germanium. 
This conclusion has not yet been experimentally tested. 


5. — Spin resonance experiments. 


A few years ago Fletcher and co-workes observed spin resonance absorp- 
tion by the donor electrons in silicon [7]. A sample containing bound donor 
electrons was placed in a static magnetic field H, and resonance absorption was 
observed for microwave frequencies given approximately by 


(5.1) lio = 2H , 


where x, is the Bohr magneton. In fact Fletcher et al. found for each of seve- 
ral donors a number of absorption peaks, this number being in all cases equal 
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to 2/4-1, where J was the spin of the donor nucleus in question. This left 
no doubt that the multiplets were due to the hyperfine interaction of the 
electrons with the donor nuclei. The observed resonance frequencies were 
given by 


ip) ho = 2u,\H + a Fm, | (0) e) 5 

which differs from the simple expression (5.1) by the addition of the hyperfine 
interaction term. Here uw, J and m, are respectively the magnetic moment, 
spin and magnetic quantum number of the donor nucleus and |w(0)? is the 
probability density of the donor electron at the donor nucleus. A typical 
resonance pattern is shown in Fig. 2. From such measurements one obtains 


Fig. 2. — Electron spin resonance on phosphorus donors in silicon. 7=1.2 °K; 
y, =9000 MHz. 


the following experimental values of |p(0)|? (Table II), to which we have 
added the value produced by the effective mass theory. 


TABLE II. 
n = > = A 
Donor | \(0)|? (em?) 
| P | 0.44 -1024 | 
| As | 1.80 -1024 | 
Sb | 1.20 -1024 
Effective mass theory | 0.042 - 1024 


You will notice that the theoretical value is about one order of magnitude 
too small. We shall come back to this discrepancy in the following section. 


6. — Corrections of the effective mass theory. 


Let us focus our attention on a P-donor in silicon, the simplest one for 
our present purpose. This may be thought of as produced by starting from 
a perfect silicon lattice, adding a proton to one of the silicon nuclei, and adding 
an electron. Now in the immediate vicinity of the donor ion we expect the 
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effective mass equation to be substantially in error. For one thing, the effec- 
tive additional potential is certainly not given by — e?/xr, in fact for very 
small » it becomes — e?/r. Furthermore, as a consequence of this rapid change 
of the potential, one finds that the whole concept of the effective mass does 
not apply to this region. 

However, a lattice spacing or so away, the effective mass equation should 
be applicable but it must be solved with the actual binding energy of the donor 
electron which differs from the effective mass energy because of the compli- 
cated state of affairs in the neighborhood of the donor ion. This energy we 
take from experiment, — 0.045 eV, instead of the effective mass value of 
— 0.029 eV. When solving the effective mass equation with this energy and 
the boundary condition F(co)=0, the resulting function F(r) tends to infinity 
as r > 0. It is reasonable to consider this outside solution as valid up to the 
radius r, of the Wigner Seitz sphere containing the donor ion. At this value 
of r, | F(r) |? is 9.8 times as large as when calculated by the effective mass theory. 
Taking this enhancement into account gives 


2 


(6.1) |p(0) 


_ 9.8 | p(0) 


corrected a 


2 ora = 0-41-1024 em-?, 
in very good agreement with the experimental value of 0.44-1024 cm-* for 
phosphorus. 

The values of | y(0)|? for other donors can also be roughly understood, 
if one allows for their different ionization energies and the different behavior 
of the donor electron in the cell of the donor ion. 


7. — Many electron theory of impurity states. 


In our discussions so far we have used a single electron wave function to 
describe the impurity states. For the excited states the results were so good 
that one suspects that the validity of the effective mass equation may be 
greater than the independent electron model from which it was derived. This 
is actually the case. One can prove the following theorem [10]. 

Consider a perfect semiconductor, with fixed nuclei, in its ground state. 
Now add an electron and a small additional positive point charge, q. Then, 
provided only that q is small enough, all low-lying energy levels of the entire 


many electron sistem are determined by an effective mass equation of the 
form 


a A 
(7.1) (— mv) = EF, 
“Yr 


where m* is an effective mass and x is the static dielectric constant. All effects 
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of exchange and correlation are completely included in the two constants m* 
and x. The same equation can also be rigorously derived for the energy levels 
of a hole. 

The smallness of the charge q guarantees that all electron orbits are large 
compared to the lattice spacing, which is the basic prerequisite for the validity 
of the effective mass equation (7.1). This prerequisite is also satisfied when q 
has the finite value |e|, provided we restrict ouselves to highly excited orbits. 
This accounts for the good agreement, for such orbits, between theory and 
experiment. 


8. — Miscellaneous experiments. 


I should like to conclude by mentioning briefly a number of experiments 
which throw some light on the nature of the shallow impurity states. 


81 Double Resonance. — In an electron spin resonance experiment the ef- 
fective magnetic field acting on a donor electron is given by the parenthesis 
in Eq. (5.1’). It depends not only on the external magnetic field but also on 
the orientation of the donor nucleus. 

FEHER [11] has devised the following ingenious technique. In a fixed 
external field H, he varies the microwave frequency © until he finds one of 
the resonances given by (5.1). He now holds this frequency fixed and increases 
the intensity of the signal until partial saturation occurs. In addition he now 
applies a radio-frequency signal of frequency ©,, and varies ©, until it equals 
one of the resonance frequencies of the donor nucleus, given by 


har Squali 
(8.1) hOn = 2Ug; [x È 3 Mo 19(0) :) 


(cf. Eq. (5.1’). At such a frequency the magnitude of the electron resonance 
absorption, A, is altered. 

By measuring A as a function of @, one can therefore again obtain the 
value of |y(0)|?, if the moment of the donor is known. Conversely, the ratio 
of the effective moments of two isotopes may be very accurately determined 
by this technique [12]. 

Actually, the electron spin interacts not only with the donor nucleus but 
also (more weakly) with the magnetic moments of the 2°Si nuclei within its 
orbit. Whenever ©, equals the resonance frequency of one of these moments, 
A is altered. In this way the values of all |y(r,)|? are obtained, where r, is 


any lattice site. 
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812 Strong magnetic fields. — Since in some semiconductors the effective 
masses are very small, external magnetic fields have a strong effect on the 
orbital motion of impurity electrons [13]. Thus their ionization energy is 
appreciably increased when the parameter 


eh 


(3.2) vi H/E,, 


2m*e 


becomes comparable with 1. (£, is the ionization evergy in the absence of 
a magnetic field). In silicon and germanium fields of the order of 10° to 10° 
oersted are required to see appreciable effects, and no such measurements 
have yet been reported. But in InSb, where m*/m,=0.013, the increase of 
ionization energy has been established by KEYES and SLADEK [14], working 
with fields of the order of 1000 Oe. 


83 Stark effect. — Because of their large orbits, the perturbing potential 
due to an external field €, 


(8.3) SV =— ez, 


should have a large effect on impurity states, but no measurements have as 
yet been reported. 

The first order Stark effect vanishes when calculated in the effective mass 
approximation. The second order energy shift is given, approximately by 


(CER) 


oH FY 
ds AZIO 


where È is the radius of the orbit and AF is an average energy denominator. 
Substituting typical numbers for a highly excited impurity state in silicon 
(R=10-* em, AE=5-10-? cm), gives an energy shift of the order of 2-10-? eV, 
comparable to the total energy of such a level. 
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1. — Introduction. 


The recombination of minority carriers with majority carriers in a semi- 
conductor, or the inverse process of hole-electron pair production is a problem 
of great physical and technological interest. Indeed the recombination rate 
of excess minority carriers is one of the most important properties of a semi- 
conducting crystal for device use. 

This recombination rate is often specified in terms of « lifetime for re- 
combination » 7, i.e. the mean time a minority carrier spends in the crystal 
as a free carrier before recombining. The words «as a free carrier» are of 
importance as a minority carrier, before recombining, may very well get 
« trapped», then later released, on crystal defects. These trapping phenomena, 
when present, complicate seriously the measurement of t since a minority 
carrier may spend a time much larger then t in traps before recombination. 
To make certain that the time measured is t one is led to measure, instead 
of a time, the length a minority carrier travels before recombination or « dif- 
fusion length» L. The quantities L and t are related by 


(1) LR 


where D is the diffusion constant of the minority carrier. 

Methods for measuring either lifetime or diffusion length are numerous 
and their study would be outside the scope of this lecture. But one must 
realize that only those methods which are basically diffusion length measure- 
ments can be considered perfectly reliable in the presence of trapping pheno- 
mena. 
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it has long been recognized that the recombination rate of minority carriers 
near the surface of a semiconductor was much larger than in the bulk. Thus. 
one is led to study separately bulk and surface recombination. 


2. — Bulk recombination. 


Recombination in the bulk may occur both through intrinsic processes. 
(independent of the presence of a few crystal defects) and extrinsic processes 
(recombination catalysed by defects). 


21. Radiative recombination. — Of the intrinsic processes the most easily 
understood is radiative recombination whereby the gap energy is carried away 
by a photon. This is the inverse process of hole-electron pair production by 
photons, which is responsible for the absorption edge. Thus SHocKLEY and 
V. RoosBROECK showed that recombination rate through this process could 
be computed by applying the principle of detailed balancing, once one knows 
the absorption constant versus wavelength. 

It can thus be shown that in a high purity crystal of germanium or silicon 
at low injection levels, this process is completely unimportant in controlling 
lifetime. In germanium the radiative lifetime is about 0.750 s at room tem- 
perature, while the observed lifetimes range only up to 0.005 s. However,. 
radiative recombination is important in semiconductors with low gap, such 
as InSb, where it might be the most important process. Furthermore radia- 
tive recombination is a bimolecular process, so that it increases with injection 
level. This is well shown in recent experiments by BENOIT in which, at ex- 
tremely high injected densities of injected carriers, radiative recombination 
took over as the main recombination process. 

Tt should be remarked that band to band recombination in a semiconductor 
is usually a first order forbidden process unless the valence and conduction 
band extrema lie at the same point in K space (usually A= (000)). This 
is not the case for Ge so that recombination occurs through a second order 
process involving the emission of a photon and the simultaneous emission or 
absorption of a phonon. But the presence of a high lying conduction band 
at K — (000) (in Ge such a band exists only 0.10 eV above the conduction band 
minima) can act as a catalyst: any electron scattered into the (000) band 
recombines very quickly with a hole. At room temperature in Ge, 65% or 
radiative recombination occurs through the (000) band. As a result band to 
band recombination light is often strongly reabsorbed, with the production 
of a hole electron pair: instead of a true recombination one has a sudden 
transfer of excitation. In the limit where the recombination light is very 
strongly reabsorbed one has a diffusion of the excitation. 
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22. Auger processes. — PINCHERLE has studied theoretically the possibility 
of a recombination process whereby the excitation energy is transferred to a 
third free particle: this is the equivalent of an inverse Auger process. Such 
a recombination process depends critically on the exact band shape: indeed 
it is easily seen that crystal momentum 
E and energy are usually hard to conserve 

CS simultaneously. 


sia | Lara, One case where Auger recombination 
DELE 


i | 8 may be operating is that of Tellurium. 


DE CARVALHO, using a PME technique 
showed that tin Te is structure insensitive 
c and varies very fast with temperature (from 


I 50us at 77 °K to 10-8 s at room temperature). 
In fact t varies exponentially, with an acti- 
ration energy which is precisely the band gap 
of Te (0.34eV). An explanation can be found 
if recombination is through an Auger process 
si and if the third particle must be an electron 
(minority carrier). Why one type of carrier 
Fig. 1. — Hypothetical profile of | may be much more efficient in this than the 
energy bands in a semiconductor. other, can be explained with the help of 
the hypothetical band shape (Fig. 1). 

A process in which two electrons in A and B collide with a hole in ©, thus 
‘exciting an electron in D while the other electron and the hole recombine, 
conserves both energy and momentum. This also shows that Auger recom- 
bination can only be expected to be effective when some accidental near co- 
incidence in gap energy occurs. 


2°3. Defect catalyzed bulk recombination. — This is the most important re- 
combination process in crystals like Ge, Si etc.. SHOCKLEY, READ and HALL 
have given a phenomenological theory of this type of recombination assuming 
that the defect produces a deep lying level in the forbidden band and recom- 
bination is a two step process, whereby a free particle gets trapped and then 
recombines with a carrier of opposite polarity. They show that 


(2) ite gt aa 


I) ’ 
No + Po "No + Po 


where » and py are the electron and hole densities at equilibrium, and n; 
and p, the electron and hole densities in a sample in which the Fermi level 
would lie at the trap level. Formulae for the recombination rate far away 
from equilibrium (n >; p>> po) are also available. T,3 T,, are parameters, 
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related to the trap capture cross-sections 0, for electrons and o, for holes. 
(Usually CRT) because 0,< 0)). 

Although this theory can explain most of the bulk recombination processes 
one still has to answer the following questions: 


A) What are the traps? 
B) Where does the trap level lie? 
C) How is the trapping energy dissipated? 


Answers to the first question can be found by introducing intentionally 
some defects, or studying the correlation between the presence of defects and 
high recombination rates. Thus for Ge dislocations, vacancies, copper, nickel 
were found to be efficient recombination centers. 

The second question can be answered by studying the temperature de- 
pendence of t (but one has to make assumptions on the temperature dependence 
of Tt, , T,,) or the dependence of 7 on the Fermi-level, which can be varied by 
doping (but one has to maintain the trap density constant at the same time). 
When the trapping energy is dissipated as light, this quantity is obtained 
directly from spectroscopic measurements. A rather curious experimental fact 
is that, in germanium, most of the recombination centers studied give levels 
0.15 to 0.25 eV above the valence band. As concerns the third question, light 
emission from recombination through traps at liquid air temperature has been 
picked up at 2.35 um (0.52 eV) by BENOIT, and later by NEWMANN. NEW- 
MANN has showed that the traps involved were dislocations. Copper also pro- 
duces radiative recombination at liquid air temperature, at 0.47 eV. But at 
room temperature no light is observed, thus showing that recombination is 
usually a non-radiative process, in which the energy is carried by numerous 
phonons. The temperature variation of radiative efficiency, measured by 
BenoIT for dislocations agrees well with the idea of a competition between 
a temperature independent radiative process, and a non-radiative process 
having a cross-section which varies exponentially with temperature (activation 
energy 0.14 eV) as expected from the theory of multiphonon processes. 

In silicon HAYNES has shown that donor and acceptor centers can act as 
rather inefficient recombination centers, and the trapping is radiative. 


8. — Surface recombination. 


It has long been known that the surface of a semiconductor was a region 
of high recombination. Surface recombination is usually specified by the 
surface recombination velocity S, which being the ratio of recombinations per 

‘unit time per unit area to the density of excess minority carriers has the 
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dimensions of a velocity. The high values of S (from 20 to 10° cm/s) are of 
course to be associated with a high surface density of recombination centers, 
and a theory of the Shockley-Read type should apply. Complications occur, 
however, because the density of surface traps is high enough for a barrier to 
be formed at the free surface, so that hole 
and electron densities at the surface differ, 
from those in the bulk, even at equilibrium. 

In the case shown in Fig. 2 the elec- 
S[ rap {Fermi level” tron density will be increased by the factor 
exp |—w/kT7'],and the hole density increases 
correspondingly. Furthermore, for those 
semiconductors of most interest (Ge, Si, 
SbIn ete.) the free surface is covered by 


W 
Conduction band 


valence band 


Fig. 2, an oxide layer which may itself contain 
Energy barrier at a free surface. charged traps, the presence of which 


modifies the barrier height. Thus S will 
depend not only on the nature and density of surface recombination centers, 
but also on previous history, atmosphere ete., which control the charge per 
unit area in the oxide layer, and thus the barrier height. 

The modification of the Shockley-Read theory for treating surface re- 
combination is due to BARDEEN and SHOCKLEY. It introduces barrier height 
W as a parameter. 

A further complication, about which little has been done is connected 
with the fact that a one electron theory is actually not expected to hold too 
well in a space charge layer. For example if a negatively charged surface 
trap releases an electron thermally, to be conduction band at the surface, the 
energy of the system is not changed by the amount ZH, (Fig. 2) but by a smaller 
amount, since making one trap neutral also reduces the mutual repulsion 
energy of the charged surface traps. In the bulk free electrons shield out 
this interaction, but this cannot occur in a space charge layer. This point 
is not properly taken into account in existing theories. 

Assuming the Bardeen-Shockley theory to hold, it is obvious that surface 
recombination can be studied more easily than bulk recombination, because 
one can, by applying a transverse field vary the barrier height and thus the 
parameters , Po (eq. (2)) without changing the trap density. Many has 
carried out such experiments which show that the kind of behaviour predicted 
by eq. (2) is obeyed. It is hard to know whether the trap levels #, given by 
these experiments are to be trusted in view of the objection of the preceeding 
Section. 

At any rate MANy’s results show that surface recombination centers, like 
those in the bulk, are usually acceptors like (high cross-section for capture 
of holes 0,/o, = 10-?) on germanium. 


REDSOIMBINATION PROCESSES IN SEMICONDUCTORS 


I 
bo 
Voi 


Nothing is known about the nature of these traps, the density of which 
(10% to 10% ecm? in general) excludes any possibility that dislocation exit 
points might be involved. The traps may be region of mismatch between the 
semiconductor and the oxide layer. 

Attempts to observe light emission from surface recombination have failed 
to date, but the possibility that the transition may be partially radiative 
cannot be ruled out. 


4. — Conclusion. 


This short review of recombination processes in semiconductors shows that 
one is still very far from having a complete understanding of these processes. 
Furthermore nearly all the experimental work has been on Germanium, with 
Silicon a poor second. The problems of surface recombination may be expecially 
difficult because a one electron picture is not expected to hold. 
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Unter den charakteristischen Parametern eines Halbleiters nimmt die 
scheinbare Masse m* der Ladungstràger eine wichtige Stellung ein. Es sind 
im wesentlichen drei Stellen, an denen sie in den Formalismus der Halbleiter- 
theorie eingeht. Einmal ist sie mitbestimmed ftir die Beweglichkeit mw der 
Ladungstrager, also fiir deren Verhalten unter dem EinfluB auSerer Felder 
durch die Gleichung 


(1) ur et/m* , 


wo t die Relaxationszeit ist, die ebenfalls von m* abhangt. Fir die durch 
die Wechselwirkung der Ladungstrager mit dem Gitter begrenzte Beweglichkeit 
gilt beispielsweise u — m*-3. Weiter ist die Beschleunigung, die ein Ladungs- 
trager in einem Magnetfeld B erfahrt, proportional der Cyclotron-Resonanz- 
Frequenz 


(2) Oo = eBlm* . 


Alle magnetischen Effekte hangen also quantitativ von der GréBe der 
scheinbaren Masse ab. Insbesondere tritt in allen galvanomagnetischen und 
thermomagnetischen Prozessen immer das Magnetfeld in der Kombination 
wt ~ wb auf. Diese Effekte sind also besonders groB in Halbleitern kleiner 
scheinbarer Masse bzw. groBer Beweglichkeit der Ladungstrager. SchlieBlich 
ist die Beziehung zwischen Energie und Wellenzahl im Béndermodell in der 
Nahe der Bandrinder in erster Naherung gegeben durch 


(3) E = hk?/2m*. 


Hier bestimmt also die scheinbare Masse die « Krimmung » der H(k)- 
Abhangigkeit und damit die Energieverteilung der in dem betreffenden Band 
befindlichen Ladungstrager. 
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Der Begriff einer konstanten skalaren scheinbaren Masse ist jedoch nur in 
erster Naherung im Baàndermodell des isotropen Halbleiters anwendbar. Werden 
in einem Band auch Energieterme mit Ladungstràgern besetzt, die nicht mehr 
durch die Approximation (3) beschrieben werden kònnen, so wird die mittlere 
scheinbare Masse der Ladungstriger-Gesamtheit abhingig von der Besetzung 
des Bandes, also etwa von der Ladungstràgerdichte bzw. der Temperatur. 
Bei Bericksichtigung der Anisotropie eines Halbleiters wird schlieBlich 1/m* 
ein Tensor. Bei der Untersuchung eines Halbleiters kann man jedoch immer 
zunachst zur Gewinnung allgemeiner Informationen tiber seine Figenschaften 
mit einer konstanten skalaren scheinbaren Masse rechnen. 

Die numerischen Werte der scheinbaren Massen liegen im allgemeinen bei 
Halbleitern zwischen 0.1 und 1 m,, wo m, die Elektronenmasse ist. Bei einigen 
Halbleitern (Mg,Sn, Mg.Sb, u.a.) treten auch Werte > m, auf. Scheinbare 
Massen < 0.1 m, sind bisher nur in Ge, HgSe, HgTe, InSb und InAs gemessen 
worden. In Ge ist lediglich die transversale Masse der Elektronen < 0.1 mo. 
(m,,= 0.082 my), sowie die scheinbare Masse der Lécher des zweiten Teilbandes 
des Valenzbandes (m,,= 0.044 nm). Hier liefert jedoch die wesentlich gròBere 
longitudinale Masse der Elektronen von 1.58 m ein mittleres m, = 0.22 Mo, 
wihrend im Valenzband die Dichte der «leichten » Lòcher nur wenige Prozent 
der gesamten Lécherdichte betragt. In Ge sind also keine Besonderheiten 
durch kleine scheinbare Massen zu erwarten.  Wihrend fiir HgSe und HgTe 
noch keine genauen Werte vorliegen (m,< 0.1m), n > 10000 cm?/Vs), sind 
die Werte bei InSb und InAs recht genau bekannt. Man findet als mittlere 
scheinbare Massen der Elektronen in InSb den Wert 0.037 m, und in InAs 
0.064m,, aber in beiden Fallen m,> 0.1m). Wir werden uns im Folgenden 
mit diesem beiden Halbleitern beschaftigen. 

InSb und InAs gehéren zu den sogennanten III-V-Verbindungen, die zuerst 
von H. WELKER [1] untersucht wurden. Diese Halbleiter sind Verbindungen 
zwischen Elementen der dritten Gruppe und der fiinften Gruppe des perio- 
dischen Systems der Elemente, insbesondere zwischen B, Al, Ga, In einerseits 
und N, P, As, Sb andererseits. Sie kristallisieren in der Zinkblendestruktur, 
die in die Diamantstruktur der halbleitenden Elemente Diamant, Si, Ge und 
a-Sn ibergeht, wenn man die ungleichartigen Atome der Verbindung durch 
gleichartige ersetzt. In diesen Strukturen ist jedes Atom von vier nachsten 
Nachbarn umgeben und die chemische Bindung erfolgt durch abgesattigte 
Elektronenpaare zwischen je zwei naichsten Nachbarn. Aus dieser Ahnlich- 
keit des Bindungsmechanismus erklart sich die enge Verwandtschaft der 
TII-V-Verbindungen zu den halbleitenden Elementen der IV. Gruppe. Wahrend 
in den elementaren Halbleitern die chemische Bindung weitgehend homoo- 
polar ist, macht sich beim Ubergang zu den ITI-V-Verbindungen ein (durch 
die ungleiche Elektronegativitàt benachbarter Atome bedingter) heteropolarer 
Bindungsanteil bemerkbar, der sich beim Fortschreiten in der « isoelektro- 
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nischen » Reihe IV-IV, III-V, II-VI, I-VII verstàrkt. Eine quantitative 
Theorie der chemischen Bindung in den III-V-Verbindungen und damit eine . 
exakte Erklirung der Unterschiede zwischen den Figenschaften der Elemente 
der IV. Gruppe und den ITI-V-Verbindungen steht noch aus. Kennzeichnend 
ist vor allem ein Anwachsen der Breite der verbotenen Zone und der Elektro- 
nenbeweglichkeit, sowie ein Abfall der scheinbaren Massen der Elektronen 
beim Ubergang von den Elementen zu den III-V-Verbindungen. Theoretische 
Ansiitze zur Erklirung dieser letzteren Tatsache blieben bisher erfolglos [2, 3]. 
Lediglich GuBANow [3] konnte zeigen, daB selbst bei konstant bleibender 
scheinbarer Masse mit wachsendem heteropolarem Bindungsanteil die Beweg- 
lichkeiten anwachsen kéònnen. 

Wir betrachten nun die Auswirkungen der kleinen scheinbaren Elektronen- 
massen in InSb und InAs auf deren physikalische Eigenschaften. Als erstes 
zu erwàhnen sind die mit den kleinen scheinbaren Massen verbundenen extrem 
hohen Elektronenbeweglichkeiten von 77000 cm?/Vs in InSb und 27000 cm?/Vs 
in InAs. Da die Lécherbeweglichkeit in beiden Halbleitern relativ klein ist 
(InSb: etwa 1000 cm?/Vs, InAs: 280 cm?/Vs), ist neben der hohen Elektronen- 
beweglichkeit ein groffes Beweglichkeitsverhaltnis charakteristisch. Dies hat 
z.B. zur Folge, dab bei einer gegebenen Temperatur der Halbleiter nicht im 
Zustand der Eigenleitung seinen hòchsten Widerstand besitzt, sondern im 
Gebiet der vorwiegenden p-Leitung, genauer bei p/n = ,/u,. Messungen der 
Temperaturabhangigkeit der Leitfahigkeit zeigen also bei p-leitenden Proben 
ein Unterschreiten der Eigenleitfàhigkeits-Geraden vor Eintritt in die Eigen- 
leitung [4]. Entsprechend kénnen p-leitende Proben bei gegebener Tempe- 
ratur einen hòoheren Wert des Hall-Koeffizienten annehmen, als eigenleitende 
Proben. 

Wichtiger als diese Anomalien sind die Auswirkungen der hohen Beweglich- 
keit auf die galvanomagnetischen Effekte. Dies gilt vor allem fir die Wider- 
standsanderung im Magnetfeld, die ja proportional dem Quadrat des Pro- 
duktes w-B ist. Sie wird hervorgerufen durch die Tatsache, daB die Ladungs- 
trager im Halbleiter keine einheitliche Geschwindigkeit besitzen. Da die zur 
Kompensation der auf die Ladungstràger wirkenden Lorentz-Kraft im Halb- 
leiterinneren auftretende Hall-Feldstàrke nur die Ablenkung der Ladungs- 
trager einer mittleren Geschwindigkeit kompensieren kann, werden Ladungs- 
trager mit einer héheren Geschwindigkeit doch durch das Magnetfeld abgelenkt, 
wahrend die Ablenkung langsamerer Teilchen durch das Hall-Feld iberkom- 
pensiert wird. Dies fuhrt zu einer Verlangerung der Bahn der Ladungstràger 
und damit zu einer Widerstandserhéhung. Bei Halbleitern hoher Beweglich- 
keit tritt aber noch ein zusàtzlicher Effekt auf. Bei der tiblichen MeBanordnung 
des Hall-Effektes werden dinne Stàbe benutzt und die Hall-Spannung tritt 
auf, um die Ladungstrager trotz der Einwirkung der Lorentz-Kraft zu zwingen, 
in Richtung der Stabachse zu flieBen. Wir betrachten jetzt dagegen den Fall, 
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da8 der Halbleiter die Form einer breiten Platte besitzt und legen speziell das 
Magnetfeld senkrecht zur Platte in die 2-Richtung und das primàre elektrische 
Feld in die #-Richtung. Dann tritt keine Hall-Spannung auf, da die Elektronen 
jetzt ungehindert in die y-Richtung abgelenkt werden kénnen und unter 
einem Winkel % zur «-Richtung flieBen. 

Dies ergibt aber wiederum eine Bahnverlàngerung und somit eine Wider- 
standserhòhung 0,/0,, Widerstandserhéhung des oben 


betrachteten Falles um den Faktor (14-tg? 7) gréBer ist. 


die gegentiber der 
Fir te 2? ergibt die 
Theorie in erster Naherung den Wert 10-54 B, wenn mw in em?/Vs und B in 
GauB gemessen wird. Man erkennt sofort, daB die Anderung der Geometrie 
der Probe keinen wesentlichen EinfluB auf die Widerstandsinderung hat, so- 
lange wB klein gegen 10° ist, also in praktischen Fallen, bei welchen Magnet- 
felder der GréSenordnung 104 GauB benutzt werden, solange jw kleiner als 
10000 cm?/Vs ist. Dieser Wert wird aber von InSb und InAs weit tiberschritten, 
Hier findet man im Grenzfall eines unendlich breiten 
Praparates Widerstandsinderungen, die die ibliche 
Widerstandsinderung weit iibertreffen. Dieser Grenz- 
fall 148t sich leicht realisieren durch die sogenannte 
Corbino-Scheibe (Fig. 1). Benutzt man nàmlich eine 
kreisfòormige Scheibe, deren Zentrum die eine Elek- 
trode und deren Peripherie die andere Elektrode 
bildet, so kann sich ebenfalls keine Hall-Spannung 
ausbilden. Die Aquipotentiallinien des elektrischen 
Feldes bleiben Kreise und die Ladungstràger laufen 
auf spiralformigen Bahnen. Fig. 2 zeigt die Geometrieabhangigkeit der Wider- 


Fig. 1. Corbino-Scheibe. 


standsiinderung an vier verschieden geformten Proben aus InSb  sonst 
gleicher Parameter (4, n usw.). 
Eine hohe Elektronenbeweglichkeit ist jedoch pa 


nicht nur zur Erzielung einer groften Wider- Re ». iadinm=Ansinegit rama 


‘ : o 
standsinderung wichtig. Die Hall-Spannung i i 
- malt 
selbst wichst ja auch mit zunehmender Beweg- 
lichkeit der Ladungstrager. Wihrend bei den 
10} 


meisten Festkérpern die Hall-Spannung nur mit 
empflindlichen Galvanometern gemessen werden 
kann, ist bei InSb und InAs V, so groB, dab 51 
der iiblichen Anordnung zur Messung des Hall 
Effektes eine Hall-Leistung entnommen wer- 
den kann (Hall-Generator). Der Wirkungsgrad 


trici ab 7g 900 
Magnetische Induktion (G) 


einer solchen Anordnung ist der Quotient aus 
"i ye nr Arn ae Agajcve 
Hall-Leistung (L, ~ Vj,o, wir vernachlassigen 
im weiteren alle Geometrie- und Anpassungs- 
faktoren) und Primàrleitung (L,, ~%,,/6), also 
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Fig.. 2. — Relative Wider- 

standsiinderung von vier InSb- 

Proben verschiedener geome- 
trischer Form. 


vé 
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wegen V,~ Ri,,B, (R = Hall-Koeffizient ~ u/c): Wirkungsgrad ~ (wB,)?. Der 
Wirkungsgrad des Hall-Generators ist also bei InSb um mehr als zwei Zehner- 
potenzen gròBer als bei Germanium. Auch die weiteren Forderungen, die zur 
technischen Anwendung an den Hall-Generator zu stellen sind (hoher spe- 
zifischer Widerstand d.h. hoher Hall-Koeffizient aus Anpassungsgrinden, 
geringe Temperaturabhingigkeit des Hall-Koeffizienten), werden von diesen 
zwei Halbleitern erfiillt. Die technische Anwendung erstreckt sich vornehm- 
lich auf: 


1) Messung von Magnetfeldern bei konstant gehaltenem Primarstrom. 
Hier konnte ein Geràt entwickelt werden, daB geeignet ist, Magnetfelder bis 
herab zu 10-5 GauB zu messen [5]. 


2) Multiplikation zweier elektrischer GròBen, die proportional zum Mag- 
netfeld und zum Primàrstrom sind. Beispiel: Leistungsmessung, Messung des 
Drehmoments eines Elektromotors. 


Neben den hohen galvanomagnetischen Effekten treten dank der grofen 
Beweglichkeiten auch hohe thermomagnetische Effekte, wie der Nernst- 
Effekt auf. 

Bei den galvanomagnetischen Effekten in InSb und InAs sind noch drei 
Anomalien zu erwahnen, deren Deutung bisher aussteht. Dies ist einmal 
eine doppelte Vorzeichenumkehr des Hall-Koeffizienten von InAs-Proben im 
Gebiet der vorwiegenden p-Leitung [6], eine im Gegensatz zur Theorie viel 
zu kleine magnetische Widerstandsànderung in stabfòrmigen InAs-Prapa- 
raten [7] und das Auftreten einer negativen Widerstandsànderung im Magnet- 
feld in InSb bei tiefen Temperaturen [8]. Die Klarung der beiden erstgenannten 
Anomalien hangt sicher mit dem Problem der Bandstruktur des InAs zusammen, 
die noch nicht in dem gleichen Masse bekannt ist, wie etwa die des Germa- 
niums oder des Siliziums. Zur Klarung der negativen Widerstandsainderung 
liegen bereits theoretische Ansàtze vor, doch steht eine quantitative Theorie 
noch aus [9]. 

Hin weiterer Effekt, der zuerst an InSb gefunden wurde, ist der sogenannte 
magneto-optische Eftekt. Er beruht auf der Tatsache, daB in einem Magnet- 
feld, die quasikontinuierlichen Terme eines Energiebandes sich zu diskreten 
eindimensionalen Teilbàndern zusammenschlieBen. Liegt das Magnetfeld in 
der ¢-Richtung, so haben diese Teilbànder die Form 


hk? 


alt 
(4) Es AE ho, (n + 3) 3 


Hier ist ©, wieder die Cyclotron-Resonanzfrequenz eB,/m*. Man erkennt 
aus (4) sofort, daB das unterste Teilband gegeniber dem magnetfeldfreien Fall 
um AH, =hw,/2 angehoben wird, die Breite der verbotenen Zone also um 
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AE,+ einer entsprechenden Absenkung des Valenzbandes AH, wiichst. Dieser 
Energiezuwachs und die Aufspaltung der Teilbinder ist umso gròBer, je kleiner 
die scheinbare Masse der Ladungstràger ist. 


7 ata od Fig. 3 und 4 zeigen die experimentelle Bestà- 
10 A H=58600 G ù : - i 
H=62900 »_| tigung dieses Effektes. In Fig. 3 [10] ist die 


=28700 


Photon Energy (eV SS 
130 0140 0150 0160 0170 0180 0190 


Verschiebung der Absorptionskante (also die 
Verbreiterung der verbotenen Zone) von InSb 
im Magnetfeld gezeigt. Die GròBe der Ver- 
schiebung entspricht angendhert der Theorie. 
Fig. 4 zeigt die relative Durchlissigkeit von 
InSb bei Zimmertemperatur aufgetragen ge- 
gen die Energie der eingestrahlten Phononen 


fur verschiedenes Magnetfeld [11]. Charak- 


Fig. 3. — Absorptionskante von 
InSb fiir verschiedene Magnet- 
felder. 


teristisch sind die drei Durchlassigkeitsmi- 
nima, deren Lage magnetfeldabhangig ist. 


Sie werden optischen Ubergingen von ver- 
schiedenen magnetischen, Teilbindern des Va- 
lenzbandes in verschiedene Teilbànder des Leitungsbandes zugeschrieben. 
Mit den bekannten Werten der scheinbaren Massen lassen sich diese Minima 
deuten als Ùberginge zwischen Teilbindern mit den Quantenzahlen 0 + 0, 


12>0, 0-1. 


Mit dem Auftreten der scheinbaren Masse in Gl. (3), also in der Abhingig- 
keit der Energie von der Wellenzahl sind zwei weitere Anomalien verkniipft. 


Kleine scheinbare Masse bedeutet in (3) eine 
starke Kriimmung der £(k)-Abhangigkeit und 
damit eine geringe Zustandsdichte am Bandrand. 
Mit wachsender Elektronenkonzentration im Lei- 
tungsband steigt also die Energie des jeweils 
tiefsten besetzbaren Terms wesentlich schneller 
an, als dies bei Halbleitern mit gròBerer schein- 
barer Elektronenmasse der Fall ist. Dies hat z.B. 
zur Folge, daB die Absorptionskante, deren Lage 
dem energetischen Abstand zwischen dem héchsten 
mit Elektronen besetzten Term des Valenzbandes 
und dem tiefsten freien Term des Leitungsbandes 
entspricht, sich mit wachsender Elektronenkon- 
zentration, also auch mit wachsendem Donatoren- 
gehalt nach kiirzeren Wellenlangen verschiebt [12]. 
Weiter hat die geringe Zustandsdichte am Rande 
des Leitungsbandes zur Folge, daf mit wachsender 
Besetzung des Bandes auch Gebiete erreicht wer- 
den, in denen die Approximation (3) nicht mehr 
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Fig. 4. — Relative Durchlis- 
sigkeit von InSb bei Zim- 
mertemperatur in Abhén- 
gigkeit von der Energie der 
eingestrahlten Phononen bei 
verschiedenem Magnetfeld, 
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zulissig ist. Die mittlere scheinbare Masse der Elektronen wird dann abhangig 
‘von der Elektronendichte selbst bzw. von die Elektronendichte bestimmenden 
Faktoren, wie Donatorenkonzentration oder Temperatur. Als ein Beispiel 


zeigt Fig. 5 eine Zusammenstellung von 


Da 
m 


experimentellen Ergebnissen verschiedener 
Autoren iber die scheinbare Elektronen- 
masse in InSb. Die Punkte sind Ergeb- 
nisse von Cyclotronresonanz-Messungen, die 


ausgezogenen Linien stammen aus Thermo- 
kraftmessungen, wahrend die gestrichelten 


an An RR Linien aus indirekten Verfahren herrihren 


Fig. 5. — Zusammenstellung ver- (Suszeptibilitàtsmessungen, Beweglichkeits- 

schiedener experimentell gewon- messung im Bereich der Ionenstreuung u.a.). 
16 a i aN ‘Jalz. . . . ; . 

nener Werte der scheinbaren Elek- Qhne auf eine genaue Diskussion der ein- 


tronenmasse in InSb. 


zelnen Kurven einzugehen, làBt sich aus 
der Figur bereits deutlich erkennen, daf 


die scheinbare Masse mit wachsender Temperatur, also wachsender Besetzung 
des Leitungsbandes mit Elektronen ansteigt. 


E. 


E. 
E. 
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